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PHEEACE. 


T he appearance of this second and concluding volume has 
"been delayed by pressure of other worh that could not well 
he postponed. As in Vol i. the additions down to § 348 are 
indicated by square brackets, or by letters following the number 
of the section. Trom that point onwards the matter is new 
with the exception of § S81, which appeared in the first edition 
as § 348. 

The additions to Chapter xix. deal with aerial vibrations in 
narrow tubes where the influence of viscosity and heat conduction 
are important, and with certain phenonaena of the second order 
dependent upon viscosity. Chapter xx. is devoted to capillary 
vibrations, and the explanation thereby of many beautiful obser- 
vations due to Savart and other physicists. The sensitiveness of 
flames and smoke jets, a very interesting department of acoustics, is 
considered in Chapter xxx, and an attempt is made to lay the 
foundations of a theoretical treatment by the solution of problems 
respecting the stability, or otherwise, of stratified fluid motion. 
§§ 371, 372 deal with bird-calls,” investigated by Sondhauss, and 
with aeolian tones. In Chapter xxii. a slight sketch is given of 
the theory of the vibrations of elastic solids, especially as regards 
the propagation of plane waves, and the disturbance due to a 
harmonic force operative at one point of an infinite solid. The 
important problems of the vibrations of plates, cylinders and 
s]iheres, are perhaps best dealt with in works devoted specially to 
the theory of elasticity. 

The concluding chapter on the facts and theories of audition 
could not well have been omitted, hut it has entailed labour out of 
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CHA-PTEH XI. 


jlerial vibrations. 

236. Since tie atmosphere is the almost universal vehicle of 
sound, tie investigation of tie vibrations of a gaseous medium 
has al-ways ieen considered the peculiar problem of Physical 
Acoustics ; bat in all, except a few specially simple questions, 
chiefly relating to the propagation of sound in one dimension, the 
mathematical difficulties are such that progress has been very 
slow. Even 'when a theoretical result is obtained, it often happens 
that it cannot be submitted to tie test of experiment, in default 
of accurate methods of measuring the intensity of vibrations. In 
some parts cf the subject all that we can do is to solve those 
problems whose mathematical conditions are sufficiently simple to 
admit of solution, and to trust to them and to general prmciples 
not to leave us quite in the dark with respect to other questions 
in which we may be interested. 

In the present chapter we shall regard fluids as perfect, that is 
to say, we shall assume that the mutual action between any two 
portions separated by an ideal surface is norwaZ to that surjace. 
Hereafter we shall say something about fluid friction; but, in 
general, acoustical phenomena are not materially disturbed by 
such deviation from perfect fluidity as exists m the case of an- 
and other gases. 

The equality of pressure in all directions about a given point 
is a necessary consequence of perfect fluidity, whether there be 
rest or motion, as is proved by considering the eqmlihrinm of a 
small tetrahedron under the operation of the fluid pressures, the 
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impressed forces, and the reactions against acceleration. In the 
limit, when the tetrahedron is taken indefinitely small, the fluid 
pressures on its sides become paramount, and equilibrium requires 
that their whole magnitudes be proportional to the areas of the 
faces over which they act. The pressure at the point x, y, -s* will 
be denoted by p. 


237. If pXdVj pYdV, pZdV, denote the impressed forces 
acting on the element of mass pdV, the equation of equilibrium 
is 

dp^ p{Xdx-V Fc?y + Zdz), 

where dp denotes the variation of pressure corresponding to 
changes dx, dy, dz in the co-ordinates of the point at which the 
pressure is estimated. This equation is readily established by 
considering the equilibrium of a small cylinder with flat ends, the 
projections of whose axis on those of co-ordinates are respectively 
dx, dy, dz. To obtain the equations of motion we have, in accord- 
ance with D’Alembert's Principle, merely to replace X, &c. by 
X — DujDt, &c., where DujDt, &c. denote the accelerations of the 
particle of fluid considered. Thus 


dp 

dx 



\ 


dp 

dy 

dp 

dz 



0 ), 


In hyclrodyuamical investigations it is usual to express the veloci- 
ties of the fluid % v, w in terms of x, y, z and t. They then 
denote the velocities of the particle, whichever it may be, that at 
the time t is found at the point x, y, z. After a small interval of 
time dty^ new particle has reached x, y, z] duldt.dt expresses 
the excess of its velocity over that of the first particle, while 
Du/Dt . dt on the other hand expresses the change in the velocity 
of the original particle in the same time, or the change of velocity 
at a point, which is not fixed in space, but moves with the fluid. 
To this notation we shall adhere. In the change contemplated in 
djdt, the position in space (determined by the values of x, y, z) is 
retained invariable, while in DjDt it is a certain particle of the 



EQUA.TION OF CONriNUITY. 


3 


237.] 


fluid on which abteation is fixed. The relation between the two 
hinds of differentiation with respect to time is expressed by 
D d d d d 



and must be clearly conceived, though in a large class of impor- 
tant problems with which we shall be occupied in the sequel, the 
distinction practically disappears. Whenever the motion is very 
small, the terms &c. dimmish in relative importance, and 

ultimately D/Dt == djdt 

238. We have further to express the condition that there is 
no creation or annihilation of matter in the interior of the fluid. 
If a, /9, 7 be the edges of a small rectangular parallelepiped 
parallel to the axes of co-ordinates, the quantity of matter which 
passes out of the included space in time dt in excess of that which 
enters is 

^ dx dy djz ) 

and this must he equal to the actual loss sustained, or 


Hence 


dp , dipn) , d{pv) d{p'iu)_ . 

<k> ® 


the so-called equation of continuity. When p is constant (with 
respect to both time and space), the equation assumes the simple 
form 

dn .dv dw 

+ 

In problems connected ^vith sound, the velocities and the varia- 
tion of density are usually treated as small quantities. Putting 
p = s), where s, called the condensation, is small, and neg- 

lecting the products udsjdoc, &c., we find 

ds du dv dw ^ 

S^d{c~^dy hz 

In special cases these equations take even simpler forms. In 
the’ case of an incompressible fluid whose motion is entirely 
parallel to the plane of xy, 

^ + ( 4 ), 

dx dy 
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STKIOAM-FUKCTIOK. 


from which wo infer that the exprcsHion tultj - u ji.-rf’*'! 

differential. Calling it wu havens the (‘ijuivnli’uf nf l4i 


?{ = 


d^lr 
(Ijj ’ 



cru. 


where is a function of the c(>-(>nlinat**s whlc’h ho far in jiiTft-rily 
arbitrary. The function -x/r is eall<‘(l the sireiiui4’nuvlhni, iIp^ 
motion of the fluid is uverywli<u-c in tlm dirri^tinn of flip tmmvi 
= constant. When tluj motion is steady, tliai ih, ahvny.^ llir 
same at the same point of .s|iace, tin* ourvos *4|r ('oMHlaiii mark 
out a system of pipes or channels in which fluid iirty Hiiji* 
posed to flow. Analytically, the suhsliiutinn uf rmn fiinrtiMfi ^ 
for the two functions u and v istdicn a Hiop of grrJtl ciui^^rjjnrnrr'. 

Another case of iinportunee is when tkvm is nytuimiry nuiiid 
an axis, f(.»r exmnple, that of x Kvery thing is ihiui exjU'f'SsHih' in 
terrns of 1?; and r, where*, r— aini tli«? inolion takrs jiliicr 
in planes jiassirig through the axis of Kynmintry. If tli«* rphiKitipH 
resfiectivcly parallel and perpentiicular to the axis of sytiiiiitdry lie 
'll and q, the ecpiation of continuity is 


H (rit) 
(hr* 


-f 


dr 




(ill 


which, as before, is e(j;uival<?nt 

drik 

dr’ 


■\fr being the Htreaiti-functioii. 


239. In alrne.st all the cawn with whieh wi- .<41 m} 1 Iwi. i.* 
deal, the hydrwljnainiml oipiatiotiH uiiil)!rg<» n r»iiiJirJ{nb!>- m«i* 
plificatieri in virtue ef a projioNitioii first <'|jiiin!iat.'il by 
If for any i>arfc nf a fluid laaHH ud-x + vdij + wdz hn at ofii? 
a perfect diffcnaitial d<f>, it will risnitiiti ho for all 
time. In particular, if a Haiti bti originally at rfwl.mnl to thru 
set in motion by connervative forcea atul presaunw 
from the exterior, the quantititw 

dv _dw dw du dn dii 
d 2 dy ’ diC dz’ dy~ dx' 

(which we shall denote by f, y, can never depart fraia »r(». 


LAOHAN<iK’H THK( »IIKM. 
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We assume that p is a function 

of /e i 

unl 

w * * 

^dlrii! 

V. rit«' !*e' 

brevity 





. ..I I 1 

J p 

The equations of motion obi.ain<*d 

frtua ( 

i ). 

rlK 

*; :i:f7 

, ar»“ 

-,r 

dx = " “ dt- " <!■'■ " 

dll 

■ " 'i.'f 

pf 

d H 

d : 


j:!e 

with two others of tlui same form 

r.-l.'il 

in- 

hi 

y and l«y 

hypothesis, 

^ dX dV _ 






d;i ■ d.r. ' 






SO that by differentiating tlu^ first i 

)f the 

hU. 

iVi- 

rqna! IMli-:* V. Ifh 

respect to y and tiuj s<*con<l with n 


tu 

j\ and 'OjLi ra»'e nii,% 

we eliminate ist and tint inqirossed 

furc«* 

■i, t * 

bfmning 

*'qine h <n-%' 

which may be put into the form 






J)^ (h( y f/n 

/dll 

U '■ 

d r 
dy 

* 

1 * 


irie 

with two others of tlu^ Harm* form ^j^iviug 1 

: Dt 

. /hi /)(. 


In the case of an innomprossihlo 

fluid. 

W>' 

may ■nifr* 

|.4 

duldx + dvldy its ecjuivalcnt --(hud;:. 

and thn < 

(<hi 

am 


Dt dn dn 

dr.id-'-.h"^ 

dti' ^ 
d z 



....... 

oli. 


which are the equations uni^d by I leliiih*»it/, nn th*- 
of his theorein.s rctHfHtciiiig V(aliee.N. 

If the motion be eoiitiriuoiiH, th«* ut P, i/, f in 

the above equatioriH are all finite. Let f, itenr 

numerical value, and il tile nuni of tfje riuiueriea! vabi*'--*» of I", f|, p 
By hypothesis, fi is initially ?;ero; the iti 

the course of time it can bt»e,nnte finite. Tie-- jir»-e*'Kiiii|,# 
tions shew that it auinot; for its rate of f^r a 

particle is at any timi! Ichh than 'AfAl, all tlni ipnint.if i»h-« *y 4 i-, 
cerned being positivcj. N«>w €*ven if its mf-e ‘A-i-i-*- 

as great as ftXfl, 11 would never become linitf.', lyi a|»jj*'- 4 r«i ff^ 4 ii 
the solution of the liquation 


rm 

m 


nm.. 


. i3| 


A fortiori in the actual castj, il (*ainiot depart from zero, and 
the same must be true of t;, 

It is worth notice that this conclusion would not be disturbe<l 
by the presence of frictional forru^s iu^ting on each particle pro- 
portional to its velocity, as may be* se<*n by snbstituting X fc u, 
Y — kv, Z-fcw, for X, Z in (t)K iJut it is otherwise witli 
the frictional forces which actually exist in fluids, and are de- 
pendent on the relative vdoc.ities of their parts. 

The first satisfactory dernonstrafion tpf the important pro- 
position now under discussion was given l)y Cauchy; but that 
sketched above is due.* to Sif)kes% It is not sufficient merely to 
show that if, and when<‘V(‘r, r;, f vanish, their difftu'ential 
coeflScients D^//>/., &e. vanish also, though this is a point that is 
often overlookcid. When a lasly falls frfun rest under th<? aetiori 
of gravity, « ; l)ut it does not follow that h never becomes 

finite. To justify that. (!onclusiou it would be iieceHsary to prove 
that s vanishes in the limit, iM>t iiutrely to the first order, but 
to all orders of the small quantity t; which, of course, cannot 
be done in the case of a falling Iswly. If, liowevcr, the (jcjuation 
had been s x all the difiV*rential cottffieb.mtH of ^ with respect 
to t would vanish with t, if ♦v did ho, and then it might bo in- 
ferred legitimately that s could lutver vary from zero. 

By a theorem due to Htokes, the uiomentH of momentum about 
the axes of cf)-ordinat<‘H {)f any infinitesimal spherical portion 
of fluid are ecpial to nmlfiijdied by the mormuit of 

inertia of the mass; and thus thesi* <|uantities may bo regarded 
as the component rotatory velocities of the fluid at the point to 
which they refer. 

If if Vf i vanish ihrouglunit a space occupied by moving 
fluid, any small sphctrical portion of the fluid if suddenly solidified 
would retain only a motion of translation. A proof of this 
proposition in a generalisefl fonn will hv, given a little later. 
Lagrange's theonun thus consists in the assertion that particles 
of fluid at any time destitute* of n>iation can never acqiiim it. 

^ By introducing imeh fomm and n&gh-rtiiig tliw term» diipendcnt on Inertift, we 
sboold obtain CKimtionB applicable to t\w molion of elocirielty througb uniform 
conduetorB. 

^ Cambridge Tram. VoL viiL p. i07» B. A, Beporfc m Hjdrodynainica, 

1847. 
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ROTATORY VELOCITIES. 


240 . A somewhat different mode of investigation has been 
adopted by Thomson, which affords a highly instructive view 
of the whole subjects 

By the fundamental equations 

dvT = Xdx + Ydy + Zdz ^ dy - ~ dz. 

Now Xdx + Tdy-hZdz — dR, if the forces be conservative, 


and 


Du , Dv , Diu 7 
~j^dx+jy^dy+-^ dz 


~ ^ -f wdz) 


Ddx Ddy Ddz 


in which 


Ddx tDx j p 
-^=d^^ = du,&o. 


Thus, if ?7- = w- 4“ -y- 4- W-, we have 

d-ET = dR — ^^(;udx+vdy -f wdz) -I- ^dU" (1), 

or ^ (udx 4- vdy + wdz) — d (R + ^ U- — (2). 

Integrating this equation along any finite arc PiP^y moving 
with the fluid, we have 

^ J (udx + vdy + wdz) — (R + ^U^ — zr)^ — (R + ^D'^ — tErX. . .(3), 


in which suffixes denote the values of the bracketed function 
at the points Po and P^ respectively. If the arc be a complete 
circuit, 


P 

Dt 


j (udx +vdy-\-w dz) 


= 0 


(4); 


or, in words, 


The line-integral of the tangential component velocity 7'ound 
any closed curve of a moving fluid remains constant throughout all 
time. 


The line-integral in question is appropriately called the circu- 
lation, and the proposition may be stated : — 

The circulation in any closed line moving with the fluid re- 
mains constant. 


^ Yortex Motion. Edinburgh TraTisactiom, 1869. 
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CIRCULATION. 


240 . 


In a state of rest the circulation is of course zero, so that, 
if a fluid be set in motion by pressures transmitted from the 
outside or by conservative forces, the circulation along any closed 
line must ever remain zero, which requires that adx + vd^~h wds 
be a complete differential. 

But it does not follow conversely that in irrotational motion 
there can never be cnculation, unless it be known that <j> is single- 
valued ; for otherwise Jd(f> need not vanish round a closed circuit. 
In such a case all that can be said is that there is no circu- 
lation round any closed curve capable of being contracted to 
a point without passing out of space occupied by irrotational ly 
moving fluid, or more generally, that the circulation is the same 
in all mutually reconcilable closed curves. Two curves are said 
to be reconcilable, when one can be obtained from the other 
by continuous deformation, without passing out of the irrota- 
tionally moving fluid. 


Within an oval space, such as that included by an ellipsoid, all 
circuits are reconcilable, and therefore if a mass of fluid of that 
form move irrotationally, there can be no circulation along any 
closed curve drawn within it. Such spaces are called simply- 
connected. But in an annular space like that bounded by the 
surface of an anchor ring, a closed curve going round the ring is 
not continuously reducible to a point, and therefore there may be 
circulation along it, even although the motion be irrotational 
throughout the whole volume included. But the circulation is 
zero for every closed curve which does not pass round the ring, and 
has the same constant value for all those that do. 


[In the above theorems “ circulation ” is defined without 
reference to mass. If the fluid be of uniform density, the moymn- 
turn reckoned round a closed circuit is proportional to circulation, 
but in the case of a compressible fluid a distinction must be 
drawn. The existence of a velocity-potential does not then imply 
evanescence of the integral momentum reckoned round a closed 
circuit.] 

241. When udcc + vdy wdz is an exact differential d<f>f the 
velocity in any direction is expressed by the corresponding m%e 
of change of <^, which is called the velocity-potential, and 

du dv . dw 


241.] velocity-potejS-tial. 9 

may be replaced by 

d^(j> dr4> 
dx^ dy^ dz- ' 

If 8 denote any closed surface, the rate of flow outwards across the 
element dS is expressed by dS. d<\>ldn, where dcj^ldn is the rate of 
variation of (p in proceeding outwards along the normal. In the 
case of constant density, the total loss of fluid in time dt is thus 


the integration ranging over the whole surface of 8. If the space 
8 be full both at the beginning and at the end of the time dt, 
the loss must vanish; and thus 


r r 

j j 


d<j) 

dn 


d8=0 


( 1 ). 


The application of this equation to the element dxdydz gives for 
the equation of continuity of an incompressible fluid 


.(2), 


A. - n 

dx^ dy- "dz^ 
or, as it is generally written, 

(3); 

when it is desired to work with polar co-ordinates, the trans- 
formed equation is more readily obtained directly by applying (1) 
to the corresponding element of volume, than by transforming (2) 
in accordance with the analytical rules for effecting changes in the 
independent variables. 

Thus, if we take polar co-ordinates in the plane xy, so that 
x — r cos 6, y — o' sin 9, 


we find 


r ^^3 rjfA ^^2 ^^2 * 


dr^ r dr 

or, if we take polar co-ordinates in space, 

= r sin ^ cos co, ?/ = r sin 0 sin ew, z = r cos i 


■W; 




dr^ r dr r^sin 


_1_^ 

dOj ^ r^ sin^ 0 dco^ 


...(5). 


Simpler forms are assumed in special cases, such, for example, as 
that of symmetry round ^ in (5). 
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PROPEETY OE IRROTATIONAL MOTION. [241. 

When the fluid is compressible, and the motion such that the 
squares of small quantities may be neglected, the equation of con- 
tinuity is by (3), §238, 

«»• 

where any form of may be used that may be most convenient 
for the problem in hand. 

242 . The irrotational motion of incompressible fluid within 
any simply-connected closed space iS is completely determined by 
the normal velocities over the surface of S. If be a material 
envelope, it is evident that an arbitrary normal velocity may be im- 
pressed upon its surface, which normal velocity must be shared 
by the fluid immediately in contact, provided that the whole 
volume inclosed remain unaltered. If the fluid be previously at 
rest, it can acquire no molecular rotation under the operation of 
the fluid pressures, which shews that it must be possible to de- 
termine a function (j), such that = 0 throughout the space 
inclosed by S, while over the surface d<j>ldn has a prescribed value, 
limited only by the condition 

w 

An analytical proof of this important proposition is indicated 
in Thomson and Tait's Natural Philosophy , § 317. 

There is no diflSculty in proving that but one solution of the 
problem is possible. By Green s theorem, if = 0, 



the integration on the left-hand side ranging over the volume, 
and on the right over the surface of S». Now if and 
be two functions, satisfying Laplace’s equation, and giving pre- 
scribed surface-values of dcfyjdn, their difference A<^ is a function 
also satisfying Laplace’s equation, and making vanish 

over the surface of 8. Tinder these circumstances the double 
integral in (2) vanishes, and we infer that at every point of S 
dAcf>/da;, dA^ldy, dA^jdz must be equal to zero. In other words 
A(]b must be constant, and the two motions identical. As a par- 
ticular case, there can be no motion of the irrotational kind 


MULTIPLY-COIS^NECTED SPACES. 
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242 .] 


witLm the -valume S, independently of a motion of the surface. 
The restriction to simply-connected spaces is rendered necessary 
hy the failure of Green’s theorem, which, as was first pointed 
out hy Helmholtz, is otherwise possible. 

When the space S is mult ipty- connected, the irrotational 
motion is still determinate, if besides the normal velocity at 
every point of S there be given the values of the constant 
circulations in all the possible irreconcilable circuits. For a 
complete discussion of this question we must refer to Thomson’s 
original memoir, and content ourselves here with the case of a 
doubly-connected space, which will suffice for illustration. 

Let A BOD be an endless tube within which fluid moves 
irrotationally. For this motion there must exist a velocity-poten- 
tial, whose differential coefficients, 
expressing, as they do, the com- 
ponent velocities, are necessarily 
single-valued, but which need not 
itself he single-valued. T he simplest 
way of attacking the difficulty pre- 
serated by the ambiguity of is to 
conceive a harrier AB taken across 
the ring, so as to close the passage. 

The space ABCDBAJOF is then 
simply continuous, and Green’s theo- 
rem applies to it without modifica- 
tion, if allowance be made for a possible finite difference in the 
value of (j) on the two .sides of the barrier. This difference, if it 
exist, is necessarily the same at all points of AB, and in the 
hydrodynamical application expresses the circuldtmi round the 
ring. 


Eig. 54. 



In applying the equation 


-( 2 ), 


we have to calculate the double integral over the two faces of 
the barrier as well as over the original surface of the ring. Now 

since ^ has the same value on the two sides, 

(over faces of AB) = dS, 


12 MULTIPLY-CONNECTED SPACES. [ 242 . 

if ic denote the constant difference of <^. Thus, if k vanish, 
or there be no circulation round the ring, we infer, just as for 
a simply-connected space, that ^ is completely determined by 
the surface-values of dcf^/dn. If there be circulation, is still 
determined, if the amount of the circulation be given. For, 
if and ^ -f Ac/) be two functions satisfying Laplace's equation 
and giving the same amount of circulation and the same normal 
velocities at S, them difference A^ also satisfies Laplace's equa- 
tion and the condition that there shall be neither circulation 
nor normal velocities over S. But, as we have just seen, under 
these circumstances A^ vanishes at every point. 

Although in a doubly-connected space irrotational motion 
is possible independently of surface normal velocities, yet such 
a motion cannot be generated by conservative forces nor by 
motions imposed (at any previous time) on the bounding surface, 
for we have proved that if the fluid be originally at rest, there 
can never be circulation along any closed curve. Hence, for 
multiply-connected as well as simply-connected spaces, if a fluid 
be set in motion by arbitrary deformation of the boundary, the 
whole mass comes to rest so soon as the motion of the boundary 
ceases. 

If in a fluid moving without circulation all the fluid outside 
a reentrant tube-like surface of uniform section become instan- 
taneously solid, then also at the same moment all the fluid 
within the tube comes to rest. This mechanical interpretation, 
however unpractical, will help the student to understand more 
clearly what is meant by a fluid having no circulation, and it 
leads to an extension of Stokes’ theorem with respect to mole- 
cular rotation. For, if all the fluid (moving subject to a 
velocity-potential) outside a spherical cavity of any radius be- 
come suddenly solid, the fluid inside the cavity can retain no 
motion. Or, as we may also state it, any spherical portion of 
an irrotationally moving [incompressible] fluid becoming suddenly 
solid would possess only a motion of translation, without rotation^. 

A similar proposition will apply to a cylinder disc, or cylinder 
with flat ends, in the case of fluid moving irrotationally in two 
dimensions only. 


^ Thomson on Vortex Motion, loc. cit. 


ANALOUr WITH IIKAT AXi» 'TUK 'IT V. 


242.] 

The inotiou of an in(‘om|>n*ssihl»* flni<l whieh ha^ l<« ♦ n 
at j)an;ak(\s of the roniarkahio |)n»j)»Tlv < 7!U ••MiijiiiMii Im 
of all Hjst^eans which an* si-t iu m<>tit»n with |n'rH<‘rih»'‘l \ *'h f*’ii i» ■ . 
namely, that, tin* ener;.(y is tin* least [>n.> !f‘ an} nfh* i 

motioti 1 h; pro|joS(*d satisfyinp^ tin* »’‘|ualinn oi runfiieiify ajt»l 
the boundary conditions, its eiiert^y is m’o<*v4arily ;u4a!» r flmii 
that of thii motion which would ho LCt-m'ratod tnua r*'Hf ' 

24:3. The fact that the irrotationa) motiuii ‘»f ino..io|#i r ; ihh 
tluid (h'jnaids upon a, vidocity-pot «*n! ial uali dyini} Lapte-* ’ 
t*(|uation, is tin*, foundation <»f a hir roarhim^ analo;}} !>r?y, ..n 
the motion of snaii a fluid, anti that of rlreincity f<i h« .u lu 
a uniform conductor, whitdi it is oftiuj of •H ii ns- Im h>. 41 

in mind. Tht^ same may h<* saicl of the inn h.svunj 

all the branclies of Physi{*H whieh <l»*p»'ini maUieniaf f«',d| v nu 
a potential, f<u* it ofttm happens that th*' .MiaJo^piU'; th»w|.iM . 
are far from ctpndly fdn’ious. loir ev.jnjph'^ tfi,- 
theorem that., if Vh/> ^ h, 



over a closed surface, is most rradil} 'a3;e.;;*‘.afd l»v tl.e'' ihiid 
int<*rpretat.ion, hut oih’o obtained may i>e- }nf*apn-f.rd Imi 
or inaj^neti<t fonres. 

Aijaiin in the fln'raw of the f’Mndfteti.fn of heat o| 1 j.-n y, 

it IS ol)V|f)its that) t-liei’e ^’nn h** Jio Hte,ad\' neCetij jii fhi'' 

(jf w ithoiifi t raii'^m I ss ion aej‘^»>H smih*" parf »>f tliif 

Hurlace, hut this, when interpreit-d fbr meompis-H-.;ibl" ifuid*;, iU'v*'s 
an important and rather reeondiie law 


244. Wieii. a, \'elnr*ity •• potent iiil ih*- ^'^piafiMU 1*. 

mine the pressur*^ inav he piu- into a simph-r tojm W*' 

(1 hi 240. 


f/ nj ■ 

whence by integ-nilion 


J P 


It 


u 


I eae 

j>^ 


.1 j 


In 


h c. 


' {Thii roador wlio wishi H t« l>ut»ii«- ih.- litmly nl a 

rfifem-d to the truttliuir’i of a.irl I}»!n» t | 
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EQUATION OF ITtES.sriU:. 

Now 


so that 




which is the form ordinarily •(ivi-n. 


[ 244 . 


( 2 ), 


If p he constant, j is rcplac.-d, uf rutirM-, liy . 

The relation between p ami ^ in lie- rn-f iniiinl-ivi' motiuii 

from rest may 1 h^ dcdiuu'd fi’um (2) l»y \\r that 


j p (It — <!> Hhiitia!«'!y. 


The same e(mclusion may Im* arrivrd af hy a aji|»li*m! iuy of 

mechanical principles to tie- cirriim^-tanoi v impoKiv*^ 

Ifjjss/cp, (Kpiaiion ( 2 ; lakos the jurm 




.m 


If the motion such tlait the eompoiiMui Y»d»»eiti*'s hit always ihf» 
same at the sanuj pt»int of space, it in called ami Insnirnes 

indepeiuhait of the tine^ 'Fhe eijuatioii mF pr» ‘^Hare is ihtii 



J p 

or in th(^ case when there an* an impressi ij iWo’es, 


Mh 


r''’-.o--ip (3,. 

J P “ 


In most acoustical applications of |2|. the %“»-!« eomliaisii- 
tion an? small, and then wi» may negh-et the fc-nn |£/^ iiiif! siili- 

stitutet for 

pu 


denoio the Miiiil! ViU'ialde j«»rt *4' pi thus 

(C). 




which with 


pu 

(h 


di 


ill 




are the etiuatioriH by means uf whiefi th*f sinii!! vilimtioiw of an 
elastic fluid am to he iiiveHtigatefl 
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If (i- - dpjdp, so that Sj) - d-p„s, (fi) laicoiivjs 

dcf) 


(li<i =: ii - 

and we get on elimination of .s*, 

_ (Ui 
(U- Tit 


(it 


4 


.(B), 

.(9). 


24:5. The* siinpl<*st kiii<l of wav<!-inoliion Ih that in whieh the 
excursions of every partieJo ani parallel to a fixed line, and are the 
saiue in all planes j^erpendicular to that line. .L(‘.t ns thercvfore 
(assuniing that R-i)} supposi* that ^ is a function of a; (and t) 
only. Our ecpiation (il) § 244 h(‘conies 

d-<h .,d-6 

(f ). 


the same as that already considiu'ctd in the chapter on Strings. 
W(* tin an found that the general S(flution is 

—y (. 7 ; a, t) F (x -p r//.) (2), 

representing the propagation of ind<'p(‘ndc‘nt waviis in th(i positives 
and negative* directions with the eonnuon vc^locity a. 

Within sue.h limits us allow tln^. application of the approximate 
(‘(piathm (i ), tin* velocity of sound is entirely indep(jndent of the 
form of tin* wave, hiding, for examph.*., tin*, same, for simple waves 


(b = A (tos (d), 

A 


whatiwau’ th<* wave-length may h<‘. The condition Hatisfied by th(5 
positive wave, and therefore by tin*, initial disturbance if a posi- 
tive wave aloin? In* g(*iM!ratech is 


or by (H) § 244 


<16 (16 
^ dt 


u; — 2= 0 


0 , 


,( 3 ). 


Similarly, for a negativi* wave 

fi * 4 * (1$ ..•*#. ( 4 )* 

Whatev<‘r the initial disturbancfj may be. (imd u and s arc both 
arbitrary), it always be dividcxl into two parts, mitisfying 
re.Hpectiv«dy (3) and (4), which are i>ropagated undisturbed. In 
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each compO-iient wave the din*c.tion t.»t propagat inu is tie* Hjiire* as 
that of the motion of the condensed parts ot tie* fluid. 

The rate at which energy is transniittfd arr‘>ss luiit of aroa of 
a plane parallel to the front of a ])rogn'ssivo wave may la* re- 
garded as the mechanical measure of tie* int4‘tisity ot the 
In the case of a simple wave, for wliicdi 

A = Aci>i^ (x — dt) (■>), 

A, 

the velocity ^ of the particht at ;i: {<m[U!i1 P* <I^ <l.r) is giviat hy 

A (6). 

and the diyplaciauent f is giviai hy 

^ Stt 

1==:— eus 

^ a X 

The pressure p=p„*f where hy W) § 244 

Sp — — p,, (lA niii (m- at}... * .(H ). 

A. A 

Hence, if W denote the work traiisiiuited neroHs unit; area nf thi* 
plane w in time t, 

irr 
X 

If the integration with nmpeet to tinn? axUmd over any number of 
compkitci periods, or pnictically whi*tM*ver its range in siiHic!ti*ntly 


long, the pciriodic terms may be omitted, and w«* may teke 

( 0 ); 

or by (3) and (G), if | now denote the inaxinimn value of the 
velocity and s the maximum vnlne of the eonde.timtioii, 

ir » ® (10). 


Thus the work consumed in generating wavttM of harmonic type 
is the same as would bo required to give the umxiiiiunt velocity | 
to the whole mass of air through which the waves extend*. 

^ The earliest atatemeut of the rriueirle emhodlicil In (lOf thiil f lUrf® 

met with in in a paper by Bir W. Thomson, “On the p^niblif of 111 # 

luminiferous medium, and on thi mtchaiiiesl rala# of » cubk talte of «aia.4%it/* 
FhiL Mag. ix. p. B6. IMB. 


y 4* purindic 




dW 

di 
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In terms of the maximum excursion f by (7) and (9) 

W = 27rV„ ~ = 27rV„ai K (ll)h 

A“ T“ 


where t(=X/(x) is the periodic time. In a given medium the 
mechanical measure of the intensity is proportional to the square 
of the amplitude directly, and to the square of the periodic time 
inversely. The reader, however, must be on his guard against 
supposing that the mechanical measure of intensity of undulations 
of different wave lengths is a proper measure of the loudness of 
the corresponding sounds, as perceived by the ear. 

In any plane progressive wave, whether the type be harmonic 
or not, the whole energy is equally divided between the potential 
and kinetic forms. Perhaps the simplest road to this result is 
to consider the formation of positive and negative waves from an 
initial disturbance, whose energy is wholly potentials The total 
energies of the two derived progressive waves are evidently equal, 
and make up together the energy of the original disturbance. 
Moreover, in each progressive wave the condensation (or rare- 
faction) is one-half of that which existed at the corresponding 
point initially, so that the 'potential energy of each progressive 
wave is one-quarter of that of the original disturbance. Since, as 
we have just seen, the whole energy is one-half of the same 
quantity, it follows that in a progressive wave of any type one- 
half of the energy is potential and one-half is kinetic. 

The same conclusion may also be drawn from the general 
expressions for the potential and kinetic energies and the relations 
between velocity and condensation expressed in (3) and (4). 
The potential energy of the element of volume cZF is the work 
that would be gained during the expansion of the corresponding 
quantity of gas from its actual to its normal volume, the expansion 
being opposed throughout by the normal pressure _po. At any 
stage of the expansion, when the condensation is s\ the effective 
^pressure hp is by § 244 a^pos', which pressure has to be multiplied 
by the corresponding increment of volume dV,ds', The whole 
work gained during the expansion from dV to c?F(l4-5) is 
therefore a^pQdV.j^s'ds' or \a“podV,8’^, The general expressions 
for the potential and kinetic energies are accordingly 

BosaiKiuet, Phil. Mag. xlv. p. 173. 1873. 

2 Phil. Mag. (5) i. p. 260. 1876. 

R. II. 2 


18 newton’s investigation. [245. 


potential energy = 

(12). 

kinetic energy = i po j j j 

(13). 


and these are equal in the case of plane progressive waves for 
which 

-16 = + as. 

If the plane progressive waves be of harmonic type, u and s 
at any moment of time are circular functions of one of the space 
co-ordinates {x), and therefore the mean value of their squares 
is one-half of the maximum value. Hence the total enei’gy of 
the waves is equal to the kinetic energy of the whole mass of 
air concerned, moving with the maximum velocity to be found in 
the waves, or to the potential energy of the same mass of air 
when condensed to the maximum density of the waves. 

[It may be worthy of notice that when terms of the second 
oi'der are retained, a purely periodic value of u does not correspond 
to a purely periodic motion. The quantity of fluid which passes 
unit of area at point x in time dt is pudtt or po(l If u 

be periodic, fudt=^0, but Jsudt may be finite. Thus in a positive 
progressive wave 

Jsudt =^afs^dt, 

and there is a transference of fluid in the direction of wave 
propagation.] 

246 . The first theoretical investigation of the velocity of 
sound was made by Newton, who assumed that the relation be- 
tween pressure and density was that formulated in Boyle’s law. If 
we assume p = Kp, we see that the velocity of sound is expressed 
by or in which the dimensions of p (= force -- area) 

are [if] [X]"^ and those pf p (= mass -r- volume) are [M] 
Newton expressed the result in terms of the 'height of the homo- 
geneous atmosphere, defined by the equation 

9ph=p ( 1 ). 

where p and p refer to the pressure and the density at the earth’s 
surface. The velocity of sound is thus f(gh), or the velocity which 
would be acquired by a body falling freely under the action of 
gravity through half the height of the homogeneous atmosphere. 

To obtain a numerical result we require to know a pair of 
simultaneous values of p and p. 


Laplace’s coppECTioisr. 
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[It is found by experiment^ that at 0° Cent, under the pressure 
due (at Paris) to 760 mm. of mercury at O'* the density of dry air 
is *0012933 gms. per cubic centimetre. If we assume as the 
density of mercury at O'" 13*5953-, and ^= 980*939, we have 
in c.G.S. measure 

p = 760 X 13*5953 x 980*939, p = *0012933, 

whence a = '^{p^lp) = 27994*5 ; 

so that the velocity of sound at O'" would be 279*945 metres per 
second, falling short of the result of direct observation by about a 
sixth part.] 

Newton’s investigation established that the velocity of sound 
should be independent of the amplitude of the vibration, and also 
•of the pitch, but the discrepancy between his calculated value 
(published in 1687) and the experimental value was not explained 
until Laplace pointed out that the use of Boyle’s law involved 
the assumption that in the condensations and rarefactions ac- 
companying sound the temperature remains constant, in contra- 
■diction to the known fact that, when air is suddenly compi*essed, 
its temperature rises. The laws of Boyle and Charles supply only 
one relation between the three quantities, pressure, volume, 
and temperature, of a gas, viz. 

pv=^R6 ( 2 ), 

where the temperature 6 is measured from the zero of the gas 
thermometer ; and therefore without some auxiliary assumption it 
is impossible to specify the connection between p and v (or p). 
Laplace considered that the condensations and rarefactions con- 
cerned in the propagation of sound take place with such rapidity 
that the heat and cold produced have not time to pass away, and 
that therefore the relation between volume and pressure is sensibly 
the same as if the air were confined in an absolutely non-con- 
ducting vessel. Under these circumstances the change of pressure 
•corresponding to a given condensation or rarefaction is greater 
than on the hypothesis of constant temperature, and the velocity 
of sound is accordingly increased. 


i.On the Densities of the Principal Gases, Proc, Boy. Soc. vol. lxii. p. 147 , 
1893. 

- Volkmann, Wied. Ann, vol. xm. p, 221, 1881. 
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! 24 r,. 


In equation (2) let denote till' voluiuf and /• th> [m’s-nn- 
the unit of mass, and let 6 lie exjiressi'd in e.'iit iqiad*- i s 

reckoned from the absolute zero'. Tin- eoiidiiioii o( the p'i> (if 
uniform) is dehned by any two of tln' three quaiititie-, p, v. 0. ami 
the third may be cxpres.sed in terms of them, 'i'he relatiost 
between the simultaneous variiitions of tite tiiree quatuitj< s is 


(10 
0 ' 


(Ip dr 

' i- 




In order to effect tlm chan;(t' hy J/# and tli\. it 

in general necessary to coiuiuimicutt^ hi%at !«» ili*' ralliiil4 

the necessary quantity of heat dil, wr tjia.y writ*' 


d(i^ 


I dv 4- 


dp 


)dp 




Suppose now (a) that dp = (h Equation*^ ( *1) anil 1 1 1 


clQ 


dQr 

(/i const,) 


((IQ , V 
UvJ 0 ' 


where (j) const.) expressc^s the sj)ecifie hi'iit of ih** giin ii 

constant pressure. This being demoted by we have 


fdQ) A’ 


Ur 


.lot 


Again, suppose thatr6j=a0. We ffnd in a riiaiiiior 

that, if denote the specific heat under a ciuiHlani %'oliiiiir% 

MQ p 

'^'>^\(Q ,)0 

In order to obtain the relation b-tw.-i-u dp uti<] dr whe-n 
there is no communication of heat, \v«; have only to }>n! dq m (J, 
Thus 



or, on substituting' for the diflerentiiil coeHicients of their vafyijf. 
in terms of k^, k,„ 



(Ib dp „ 



--.fU. 

Since v^^ljp, 

dt'/r =» — dpip ; 


so that 

ap p Kt p ' 

Ol, 


* On the ordinary centigrade ecalc the absolute isero U alwjtit - 3781', 
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if, as usual, the ratio of the specific heats be denoted by 7. 
Laplace’s value of the velocity of sound is therefore greater than 
Newton’s in the ratio of Vt = 1- 


By integration of (8), we obtain for the relation between 
p and p, on the supposition of no communication of heat. 


Ih 


•(9)h 


where po are two simultaneous values. Under the same 
circumstances the relation between pressure and temperature is 
by (3) 


1 = 
Po 




( 10 ). 


The magnitude of y cannot be determined with accuracy by direct 
experiment, but an approximate value may be obtained by a 
method of which the following is the principle. Air is compressed 
into a reservoir capable of being put into communication with 
the external atmosphere by opening a wide valve. At first the 
temperature of the compressed air is raised, but after a time 
the superfluous heat passes away and the whole mass assumes 
the temperature of the atmosphere ©. Let the pressure (measured 
by a manometer) be p. The valve is now opened for as short 
a time as is sufficient to permit the equilibrium of pressure to 
be completely established, that is, until the internal pressure 
has become equal to that of the atmosphere P. If the experiment 
be properly arranged, this operation is so quick that the air in the 
vessel has not sufficient time to receive heat from the sides, and 
therefore expands nearly according to the law expressed in (9). 
Its temperature 0 at the moment the operation is complete 
is therefore determined by 


P 

Jj 



( 11 ). 


The enclosed air is next allowed to absorb heat until it has 
regained the atmospheiic temperature 0, and its pressure (jp') is 
then observed. During the last change the volume is constant, 
and therefore the relation between pressure and temperature 
gives 


P' ® 


( 12 ); 


1 It is here assumed that y is constant. This equation appears to have been 
given first by Poisson. 
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SO that by elimination of 0/©, 

F \fJ ’ 


whence 


logy^^ogP 

log_p-logj.- 


By experiments of this nature Clement and Desormes de- 
termined 7 = 1*3492 ; but the method is obviously not susceptible 
of any great accuracy. The value of 7 required to reconcile 
the calculated and observed velocities of sound is 1*408, of the 
substantial correctness of which there can be little doubt. 

We ?ire not, however, dependent on the phenomena of sound 
for our knowledge of the magnitude of 7 . The value of fCp 
— the specific heat at constant pressure — has been determined 
experimentally by Regnault; and although on account of in- 
herent difficulties the experimental method^ may fail to yield 
a satisfactory result for the information sought for may be 
obtained indirectly by means of a relation between the two 
specific heats, brought to light by the modern science of Thermo- 
dynamics. 

If from the equations 


we eliminate dj), then 


dQ_ 

6 V 

dd _ dv 
e ^ V 
results 


dv . 


-f* 


dp 

P 

dp 

P 


.(14) 


pdv 


dQ-(fCp- +K„d0 (15). 


Let us su})pose that dQ^O, or that there is no communication 
of heat. It is known that the heat developed during the com- 
pression of an approximately perfect gfis, such as air, is almost 
exactly the thermal equivalent of the work done in compressing 
it. This important principle wjis assumed by Mayer in his 
celcbmted memoir on the dynamical theoiy of heat, though 
on grounds which can hardly be considered adequate. However 
that may be, the principle itself is very nearly true, as has since 
been proved by the experiments of Joule and Thomson. 

If we measure heat in dynamical units, Mayers principle may 
be expressed -- K^dO on the understanding that there is 


1 [See, however, loly, Phil. Tram. vol. clxxxila, 1891.] 


HA-FKIKE’s CALCULA.TION. 
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no commimication of heat. Comparing this with (15), we see 
that 

““ Ky — -It , m -.(l(3)j 

and therefore 


_ ICp 

Ki) 




The value of pu in gravitation measure (gramme, centimetre) 
is 1033 — ’001293, at 0° Cent, so that 




1033 


■001293 X 272-85* 


By Regnanlt’s experiments the specific heat of air is *2379 
of that of water ; and in order to raise a gramme of water one 
degree Cent., 42350 gramme-centimetres of wort must be done 
on it. Hence with the same units as for R, 


a:^=:-2379 X 42350. 

Calculating from these data, we find 7= T410, agreeing almost 
exactly with the value deduced from the velocity of sound. This 
investigation is due to Eankine, who employed in it ISoO to 
calculate the specific heat of air, tating Joule's equivalent 
and the observed velocity of sound as data. In this way he 
anticipated the result of Eegnault’s experiments, which were 
not published until 1853. 


247 . Laplaces theory has often been the subject of mis- 
apprehension among students, and a stumblingblock to those 
remarkable persons, called by De Morgan ‘ paradoxers.' But there 
can be no reasonable doubt that, antecedently to all calculation, 
the hypothesis of no communication of heat is greatly to be 
preferred to the equally special hypothesis of constant temperature. 
There would he a real difficulty if the velocity of sound were 
not decidedly in excess of Newton’s value, and the wonder is 
rather that the cause of the excess remained so long undiscovered. 

The only question which can possibly be considered open, 
is whether a small part of the heat and cold developed may not 
escape by conduction or radiation before producing its full effect. 
Everything must depend on the rapidity of the alternations. 
Below a certain limit of slowness, the heat in excess, or defect, 
wonld have time to adjust itself, and the temperature would 
remain sensibly constant. In this case the relation between 
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147 . 


pressure and density would l)i‘ that, whirh loads to Nowfuii^^ viiiiii* 
of the velocity of sound. On the ot.hor hand, a!»ivi* ii coutiiin 
limit of quickness, the ^as would hidiave as if c-Motined lu ii 
non-conducting vessel, as supposecl in l^iplaoi-’s tlnscy. Xnw 
although the circunistancc/s <q‘ the actual pi*o}iletu lire lutlter 
represented by the latter than by the former su|ijMmi!i«iii, lliere 
may still (it may be said) be a sensible fleviation from tlie hm of 
pressure and density involved in Laplacos theory, lUitnilliig n 
somewhat slower velocity f»f propagation of wuind. This 
has been carefully discussed by Stokes in a pi4}H*r juiyinheil 
in 1H51\ of which thi? following is an outline. 

The mechunieul efpiations for the snitfll motion of air are 


dp 

(U 


(Iff 

'■ .11 "‘'■ 


.« 1 1 . 


with the equation of continuity 


(Is (la do 
(It (lx djj 





.rJh 


The temperattirc is suppmed toht* uniform texrepf in fur m 
it is disturbed by the vibrati«>nH theinselvt^s, so ihai if If diutnit 
the excess of tempe!‘atitre, 


p (1 

The effect of a small amhlert ecmdeiiHation ^ in In |ir««lurt* an 
elevation of temperature, which may Im‘ ilen«#fei| by 00 , l.d*l 
(IQ be the quantity of heat lUitering the eienieiit of in 

time dtj measured by th<* rise of tenij'STature lliat it 
produce, if there were no condensatium Thtui fthu rlintinetioii 
between DjDt and djdt being iieglected) 


d0 (k dQ 

. as O 

(It ^ (It ^ (it 


(O, 


(IQjdt being a function of 6 and itH difFcrentfial c<»frffici«nt»t with 
respect to space, dejjerulent on the speciar,. character of th® 
dissipation. Two extreme cases may be. mei ibned ; ihe first 
when the tendency to equalisation of temperature is <lue u# 
conduction, the second when the ojKjrating cauM in radiation, 
and the transparency of the medium such that radiant hmt w 


Phil. Mag. {i) i. m. 


247.] 


OF EFFECT OP EADIATIOX. 


not sensibly absorbed within a distance of several wave-lengths. 
In the former case dQ/dt cc V-6, and in the latter, which is that 
selected by Stokes for analytical investigation, dQ dt x (-- 6), 
Newton's law of radiation being assumed as a sufficient approxi- 
mation to the truth. We have then 

dd ds . 

‘•3)- 


In the case of plane waves, to which we shall confine our 
attention, v and w vanish, while u, p, s, 6 are functions of x (and t) 
only. Eliminating p and u between (1), (2) and (3), we find 


a-5 c(ra\ 
dx“ ^ dar/ * 


from which and (5) we get 


/d 

. d-s 

/ d \ 


' dt- 



" ( 6 ), 


if 7 be written (in the same sense as before) for I -f a/3. 

If the vibrations be harmonic, we may suppose that 5 varies 
as and the equation becomes 

tl + t.l±±\s = 0 (-). 

K q-^ iyn 


Let the coefficient of s in (7) be put into the form p-e 
where 

= f + ”1 (S'l,- 

^ q- + 'y-n- 

and , ^ . 

yn . . 1 (7 “ -i) ' /o v 

2ylr = tan-”" ~ - tan”^ - = tan"^ 

^ q q 7/1- + ^ 

Equation (7) is then satisfied by terms of tbe form 

(COS sin iff) X, 

y 

but (/4 being positive, and less, than^Tr) if we wish for the 
expression of the wave travelling im^e positive direction, we 
must take the lower sign^/Ilis^T&ng the imaginary part, we 
find appropnat>>§olutigii 

^t^ cos (nt-iJi cos yfrx) 


( 10 ). 
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2 17 . 

The first thing to b«* s tljat f}i>- ui!, <* }u~ 


propagated to ii distance unless siu\^ 

1... 

in*-*i 

i-ii 



The velocity of propagat !< m M'l i- 






T— //g ‘^ef 




<11 


which, when is iusonsibh*. rvdur 


f , , 




r — ng 




d2 

f 

Now from (^)) \v<‘ so* lhat « 

■;uiJ{*»i 1 

it • 

IliMlolbb. 

liVur 

q/nis either very groat, or \i-ry >ni;i 

,11. 

On 

tls 

• Viljijrws 


from ( 11 ), or directly fmm ( 7 ), wt* 

itav 

'** oppr*^ 

\iliiae*h, r 


(Newton); and on the si-ettnd. T 

\ * 

0 

(l.r 

Ipl.'ir* i a 'i 


evidently to be tin* case, whi-n ilu* 

!lO', 

uniia. 

Ml 

7 iu i Vi r'^ 

e-^ll 

si<letX5d. What wo now learn thai, 

if 

7 an« 

1 

ttrf*- <->, |4ij,:0 

•diidr. 

the effect would b(* not iii«*r»'lv a d*- 

'viapMi* 


1 * Il'Mlli rod, 

cl- Ml 


the limiting vahios, hut a rapid ’'1' ^ vJr*‘'l2 

kiiowdocK uot take placi* in imtur#% 

Of this theortjiiual result w** laay eMuviu*'*.' 

Stokes explaiuH, without tliu u-** «»t‘ ati;ih'U\ 1% hiiv^'< 

of air to be conlined within a ehiM^d in wjurfi n 

is worked with a r<.?riproeut iii^' laotiMii. It lin' '*4 !li«- 

motion be very long, the leiii|H'ratsire- mI’ \ h^ uiv r^-iiiaiir*^ n*'ariy' 
constant, tin* hf;at (hfveluped by o»mjfre-ueii !in.r^- i** 

CBCapc by couduetib/u or radial mn. f'lnbu’ the^*** 
the proKsure is a funetion of vuluar-. iui«l v.ri wnrl, 

to be expended in producing a rrinu-h '4 

■vhen the piston piiHses thrungh the n, ibr 

’’rection; no work is eonsiinnol in tb^ long |•3|||, X«-ii 
thau the motion is so ra|.nd that tbi'** lei tim,. ly.- 
and ct)/l d(?Vf.doped hj the f’f^ndensUioiiH jupl r»'ir<"l'4ei im 
escape. pressure* is still a fmieuVui of rrdulll«^ fiiifl ti>, w^tk 

is dissipated. The (mly difii-rj'nn* finit n»#'^v ilir' tarintirfiiH. 
of pressure are "niore etmMde'mlik* tlutii m 

with the variations of voiimn*. ^Ve lem- it, ibn liriiji 
iSTowtoiis and ori LaplaecX hypithe^HiH the miii-e# tm %4 iriihiiuf 
dissipation, though with diffeivmt veh^^ities 

But in intennediatt* oaseH, wdlnn the lui^inn nf ilii- pmhAU 
is neither so slow- tlmt the tenip.'raUire reiiiii,.iii.*» e*ue'4iifif n-^r 
so ({aick that the heat hm no tiinc to lit ^"r-ewiili 

is different. The work expi*udof! in pri-^^liieiiig Miwiil 'ipa- 
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ion is no longer completely refunded during the corresponding 
‘^refaction on account of the diminished temperature, part of 
heat developed by the compression having in the meantime 
^^caped. In fact the passage of heat by concluction or radiation 
^''om a warmer to a finitely colder body always involves dissipa- 
tion, a principle which occupies a fundamental position in the 
'^«:iience of Thermodynamics. In order therefore to maintain the 
ttiotion of the piston, energy must be supplied from without, 
if there be only a limited store to be drawn from, the motion 
^^Yiist ultimately subside. 


Another point to be noticed is that, if q and n were com- 
l^a.rable, Y would depend upon n, viz. on the pitch of the sound, 
state of things which from experiment we have no reason to 
^Xispect. On the contrary the evidence of observation goes to 
t>rove that there is no such connection. 

From (10) we see that the falling off in the intensity, esti- 
^>“iated per wave-length, is a maximum with tan i/r, or i/r ; and 
( 9 ) ^fr is ^ maximum when q : n = a / t - c^xse 

/X = nK'' i = tan“"^ 7^ — tan~^ 7~ ( 1 8 ), 

Whence, if we take 7 = 1*36, = S'" 47'. 


Calculating from these data, we find that for each w'-ave- 
longth of advance, the amplitude of the vibration would be 
clxminished in the ratio *6172. 


To take a numerical example, let 

of a second, X = wave-length = 44 inches [112 cm.]. 

In 20 yards [1828 cm.] the intensity would be diminished in 
tlie ratio of about 7 millions to one. 

Corresponding to this, 

^ = 2198 (14). 

If the value of q were actually that just written, sounds of 
"tlxe pitch in question would be very rapidly stifled. We there- 
jfore infer that q is in fact either much greater or else much less, 
even so large a value as 2000 is utterly inadmissible, as 
may convince ourselves by considering the significance of 
^^.qxiation (5). 
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EFFECT OF CONDUCTION. 
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Suppose that by a rigid envelope transparent to radiant heat, 
the volume of a small mass of gas were maintained constant, 
then the equation to determine its thermal condition at any 
time is 


dt 




whence 




,(15), 


where A denotes the initial excess of temperature, proving that 
after a time Ijq the excess of temperature would fall to less than 
half its original value. To suppose that this could happen in a 
two thousandth of a second of time would be in contradiction to 
the most superficial observation. 

We are therefore justified in assuming that q is very small 
in comparison with and our equations then become ap- 
proximately 

/C 2 ^ y n 


5 = 



(Vt-x) 


(16). 


The effects of a small radiation of heat are to be sought for 
rather in a damping of the vibration than in an altered velocity of 
propagation. 

Stokes calculates that if 7 = 1'414, V =1100, the ratio {N : 1) 
in which the intensity is diminished in passing over a distance w, 
is given by logio ^ = *0001156 qx in foot-second measure. Although 
we are not able to make precise measurements of the intensity of 
sound, yet the fact that audible vibrations can be propagated for 
many miles excludes any such value of q as could appreciably 
affect the velocity of transmission. 

Neither is it possible to attribute to the air such a conducting 
power as could materially disturb the application of Laplace^s 
theory. In order to trace the effects of conduction, we have only 
to replace q in (5) by —q'd^ldx^. Assuming as a particular 
solution 

we find m^iuKy = -f q^nrm^ — Kq'm\ 
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whence, if q' be relatively small, 


— ?i 



7 — 1 qn >, 

7 2/C7 / 


Thus the solution in real quantities is 






COS ( nt - 


ViX 


\ U7V 


.(ISi. 


leaving the velocity of propagation to this order of approxiinaiioii 
still equal to V(^7). 


From (18) it appears that the first effect of conduction, as 
of radiation, is on the amplitude rather than on the velocitv of 
propagation. In truth the conducting power of gases is so feeble, 
and in the case of audible sounds at any mte the time duriii;^' 
which conduction can take place is so short, that disturbance from 
this cause is not to be looked for. 


In the preceding discussions the waves are supposed to be 
propagated in an open space. When the air is coiiiiDed within 
a tube, whose diameter is small in comparison with the wave- 
length, the conditions of the problem are altered, at least in the 
case of conduction. What we have to say on this head wilL 
however, come more conveniently in another place. 


248 . From the expression 's/ipyjp), we see that in the same 
gas the velocity of sound is independent of the density, because if 
the temperature be constant, p varies as p{p = Rp6\ On the 
other hand the velocity of sound is proportional to the square 
root of the absolute temperature, so that if a,, be its value at 



where the temperature is measured in the ordinary manner from 
the freezing point of water. 

The most conspicuous effect of the dependence of the velocity 
of sound on temperature is the variability of the pitch of organ 
pipes. We shall see in the following chapters that the period 
of the note of a flue organ-pipe is the time occupied by a pulse 
in running over a distance which is a definite multiple of the 
length of the pipe, and therefore varies inversely as the velocity 
of propagation. The inconvenience arising from this alteration 
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of pitch is a^^gravatod by the fact that the reed pipes are not 
.siinilarly affected ; so that a change of temperature puts an organ 
out of tune with its(.‘lf. 

Prof. Mayer ^ has propost *< I to make the connection between 
temperature and wave-length the foundation of a pyrometric 
method, but I am not aware whether the experiment has ever 
been carried out. 

The correctness of ( 1 ) as rtigards air at the temperatures of 0° 
and 100 ' has b(M*u verified experimentally by Kundt. See § 260. 

In ditfert'nt gases at given temperature and pressure a is 
ixivtu’sely proportional to the scpiare roots of the densities, at least 
if 7 be constant". For tho non-condensable gases 7 does not 
sensibly vary from its vahn.* for air, [Thus in the case of hydrogen 
the velocity is greater than for air in the ratio 

: V(-08993), 

or 3-792 : L] 

The velocity of sound is not entirely independent of the 
degree, of dryness of the air, since at a given pressure moist air 
is somewhat liglitcu* tlian dry air. It is calculated that at 50 ' F. 
[10 C.], air saturab'd with luoisture would propagate sound 
hetw<*(‘n 2 and 3 fc*<‘t per second faster thjin if it were perfectly 
dry. [1 foot — 30'5 cm.] 

The formula ar^dp/dp may be applied to calculate the velocity 
t>f smmd in liquids, or, if that be known, to infer conversely the 
coefficient of comprt'SHibility. In the case of water it is found by 
experinuuit that the «‘ompreHHiou per atmosphere is *0000457. 
Thus, if d.p^ 1033 x 9«SI in ab.solute ctu.s. units, 

dp ^ *0000457, since p = 1. 

Hence o. 5 = 14H9 nietres per second, 

which dot‘H not differ tnuch from the observed value (1435). 

249. In the. |>reeeding sections the theory of plane waves 
has been dmived from th<j general erpiations of motion. We 

^ On an Accm»tic Parameter. Phil. Mag. xlv. p. 18, 1873. 

- According to the kinetic theory of gancB, the velocity of sound is determined 
solely by, and m pro]K>rtional to, the mean velocity of the molecules. Preston, 
Phil Mag. (5) III. p. Ml, 1877. [Bee also Waterston (1846), Phil Tram. voL 
CLXIXIII. A, p. 1, 181)2.] 
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no^Y proceed to an iriclepencleiit investigation in wliicli blie motion 
is expressed in terms of the actual position of the lajers of air 
instead of by means of the velocity-potential, whose aid is no 
longer necessary inasmuch as in one dimension there can he no 
question of molecular rotation. 


If y, 2 / -f dylclx . define the actual positions at time t of 
neighbouring layers of air whose equilibrium positions are defined 
by ^ and x -h dx, the density p of the included slice is given by 


whence by (9) § 246, 


9 ' Po 


-1 . ^ 


p : iJo = l : 



( 1 ). 

.( 2 ). 


the expansions and condensations being sapj>osed to take place 
according to the adiabatic law. The mass of unit of area of 
the slice is podx, and the corresponding moving force is 

— d2:ildx . clx, 

giving for the equation of motion 


-> + ^=0 
dt- dx 


( 3 ). 


Between (2) and (3) is to be eliminated. Thus, 

d-y _y,7 d-y 

\dxj (dt“ Po dx^ 

Equation (4) is an exact equation defining the actual abscissa 
y in terms of the equilibrium abscissa x and the time. If the 
motion be assumed to be small, we may replace {dy I dx)y'^^, which 
occurs as the coefficient of the small quantity d-yjdt^ by its 
approximate value unity ; and (4) then becomes 

(5), 

df po doc- 

the ordinary approximate equation. 

If the expansion be isothermal, as in Newton’s theory, the 
equations corresponding to (4) and (5) are obtained by merely 
putting y=l. 

Whatever may be the relation between p and p, depending on 
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the constitution of the medium, the equation of motion is hy 
(1) and (3) 

fdyX (a\ 

\dx) clP ~ dp d.>r 

from which p, occurring in dpjdp, i.s to be eliminated by means of 
the relation between p and clyjilx exi^rensed in (1). 


260. In the preceding investigations of aerial waves we 
have supposed that the air is at rest except in so far as it is 
disturbed by the vibrations of sound, but we are of course at 
liberty to attribute to the whole mass of air concerned any 
common motion. If we suppose that the air is moving in the 
direction contrary to that of the waves and witli the sixine actual 
velocity, the wave form, if permanent, is stationary in space, 
and the motion is steady. In the present section we will consider 
the problem under this aspect, as it is important to obtain all 
possiblti clearness in our views on the mechanics of wave propaga- 
tion. 


If Y/g, po denote respectively the velocity, pressure, and 
density of the fluid in its undisturbed state, and if p b(3 the 
corresponding (piantities at a point in the wave, we have for the 
etpiation of continuity 

pic==PoU, ( 1 ), 


and hy (5) § 244 for the equation of energy 

( 2 ). 

^ P 

Eliminating u, we get 

= (3), 

determining the law of pressure under which alone it is possible 
for a stationary wave to maintain itself in fluid moving with 
velocity Uy. From (3) 

ip. -. 7/2 P^. \ 
dp “ p^ W. 

or = constant — ^2^ (5). 


Sineci the relation between the pressure and the deasity of 
actual gases is not that expressed in (6), we conclude that a self- 
maintaining stationary aeiial wave is an impossibility, whatever 

4AH(»/i^iuonr « 


Mm. 
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may "be the velocity of the general current, or in other words that 
a wave cannot be propagated relatively to the undisturbed parts 
of the gas without undergoing an alteration of type. Nevertheless, 
■when the changes of density concerned are small, (o) may be 
satisfied approximately ;• and we see from (4) that the velocity of 
stream necessary to keep the wave stationary is given by 

-V(l) 

which is the same as the velocity of the wave estimated relatively 
to the fluid. 


This method of regarding the subject shews, perhaps more 
clearly than any other, the nature of the relation between velocity 
and condensation § 245 (3), (4). In a stationary wave-form a loss 
of velocity accompanies an augmented density according to the 
principle of energy, and therefore the flaid composing the con- 
densed parts of a wave moves forward more slowly than the 
undisturbed portions. Relatively to the fluid therefore the 
motion of the condensed parts is in the same direction as that in 
which the waves are propagated. 


When the relation between pressure and density is other than 
that expressed in (5), a stationary wave can be maintained only 
by the aid of an impressed force. By (1) and (2) § -237 -we have, 
on the supposition that the motion is steady, 




(ho 1 
diic ^ p dx 


dj) 


(n 


while the relation between u and p is given by (1). If we suppose 
that = (7) becomes 


X —(li/ 


cl log u 
dx 




shelving that an impressed force is necessary at every place where 
u is variable and unequal to a. 


251. The reason of the change of type which ensues when a 
wave is left to itself is not difficult to understand. Trom the 
ordinary theory we know that an infinitely small disturbance is 
propagated with a certain velocity a, which velocity is relative 
to the parts of the medium undisturbed by the wave. Let us 
consider now the case of a wave so lon^^ that,;.t}ig variations of 
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velocity and density are insensible for u considerable distance 
along it, and at a place when* the velocity (?/) is finite let us 
imagine a small secondary wave* to In* superi>osed. The velocity 
with which the secondary wave is projjagated tliruugli the 
medium is c-, but on account nf the local niotion (»f the medium 
itself the whole velocity t>f advance is and depends upon 

the part of the long wavo at whi(*li the small wave is placed. 
What has been said (T* a secondary wav< * ap})lies also to the parts 
of the longwave itself, an<l thus wi* s(.n* that after a time t the 
place, where a certain velocity f' is to be found, is in advance of 
its original position by a distance e<|ual, not to irt^ but to (a-f- w) t; 
or, as we may express it, u. is propagated with a velocity a-i-ii. 
In symbolical notation ?/ — — (r/ -f ) win* re / is ati arbitrary 
function, an equation first ohtainc'd by Ihiissonq 

From tln^ argnnieut just eiuplnyed it might appear at first 
sight that alteration c;f typi* was a necessaiy incident in the 
progress of a wave, iu<lepi‘ndi‘ntl 3 ’ of any |}a rtir*ular suj)i)osition as 
to the I’elation between i)r(‘.ssure and (hnsity, iind yet it was 
proved irji § 2oD that in the utse om* particular law of pressure 
there would be no alteration of type. We have, however, tacitly 
assumed in the present section that a is cunstaiit, which is tanta- 
mount t(j a restriction to lioylc s law. Undtu’ any <jther law of 
pressure \/(f/p/dp) is a function of and thercfcrc, an bIuiH see 
presently, of a. In th(* cast* of tlu* law cxprijssed in (a) | 250, the 
i*elation between v and p a pn>grf*ssiv(^ wave is such that 
\/(dj[)jdp) i-u Is constant, uuudi atlvanca: l.)eing lost by slower 
propagathm due loan gmeuted denhity as is gained by Huperposi- 
tion of the velo(dty //. 

8o far ns the constitution of tin* medium itsedf in concerned 
there is nothing to prevent inn* as(*ribing arbitrary values to both 
1 C and p, but in a progri'ssive wave a ridatk m betwet;n these two 
(juantities must be Hatislie.d \\\* kumv already (§ 245) that this 
is the case when the dis^turbanci! is Hinall, and the following 
argument will not only shew that such a. ndation is to he expected 
in cases where the srpuinj fif the niotion must be retained, but 
will even define the form of the redatiom 

Whatever may he the law of | ireHsurc, the velocity of propaga- 
tion of small disturbances is by | 245 ccpial io aJ ( dp jdp\ and in 

^ MCmoirc Bar la TMorie du Bon. fhmrmd de Vtkde t* vii. 

p. m. 18 D 8 . 
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11 pi *si t i Vi ‘ ] ir< *ssi vt* 

ioii is 


wiivi.^ the r(.‘lation between velocity and 



If this ivi at inn h<* vinlut<‘(l at any point, a wave will emerge, 
travi'lling in tin* u<‘gutive (lir<*ctiou. Let us now picture to our- 
Hi*!ve> tin* fast* nf a. positive progressive wave in which the changes 
of velocity and density are very gradual but become miportant by 
acciuiiulat ion, ainl li*t u.s inquire wJiat conditions must be satisfied 
ill order to prevent tin* ibnnation of a negative wave. It is clear 
that fin* answer to tin* (pn‘stiou wh<*ther, or not, a negative wave 
will he geut*nited at any point will depend upon the state of 
things in tin* inaueclijite neighhourliood of the point, and not upon 
the* state of things at a distaina* from it, and will therefore be 
fh*tf*niii!ied by the (‘riteriou a])plical)le to vsmall disturbances. In 
applying thi*^^ criterion wf* are to consider the velocities and 
condensations, not absolutely, hut r<.‘latively to those prevailing in 
the tn*ighhonring parts of tJn* nnslium, so that the form of (1) 
proper lbr tin* presout ptu’posi* is 


f///r= 





(Jp 

P 


( 2 ); 


"".l\/C/p)'t 

ifhich i- tin* flatieii ln*twet*n k and p necessary for a positive 
prngre-sivi- wav»^ lv|nation ( 2 ) was obtained analytically by 

Enriisiiaw^ 

In tin* ea-e uf lloyles law, ^/{dp/dp) is constant, and the rela- 
tion between velncitv aiid dcusity, given first, I believe, by 

Helmholtz i'- 

n »a log ^ W, 


Af pn bi» the di'iiHity correspoiifling to a = 0. 

Ill this Foi'»sou’s integral allows us to form a definite idea 
bif the* diaiige fif type* accfuupauying the earlier stages of the 
■'|>riigres,s of tin* wave, and it finally leads us to a difficulty which 
not yet bf*.*ii Hurmountedl If we draw a curve to represent 

^ Phil, Tr^m, iH.l'i* p, 110. 

? * ffifUfhrtiit* drf PhyMik, p. KHJ. 1852. 

* •• Dit 11 ilifflculty ill the Theory o£ Sound.” PMl. Mag. Nov. 1843. 
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the clLstribiitiun oi velocity > takiuLt a!» * , ' ' , 

ordinate, wc may lii.d the eurresiM.mliuK .-ui v- .d-. j ' .e ^!a| 
time i by the following eoiistrueU.m. llmmgh an. i.-.im .o, r 
original curve (Irawast.uighl line in th- .i.r-nm. lamll..! 

to and of length oinal to (a+>’U, or, a. v.. .ulh 

the shape of the curve only, e.i>ml to « t. 1 h- e.euv ..! ih-- .md. ol 
these lines is the velocity curve afl.T a tun.- t 

But this law of derivation eaimot li'h! good uei* nniiriy Ihe 
crests of the velocity curve gain e....tintml!y -m th- inmgh. m.d 
must at last overtake them. After thm ilm eurv,- v.-end .mimate 
two values of a for one value of e.-:i.sing !■- r.-iu. - s,i ^.uy thing 
that could actually take ihn-e. In faet we are n-.? .U- hh. riy to 
push the application of the integral he\ond th- jiom! at v.hiej, th.- 
velocity becomes disconlimious, or th-- v> loejty eui-..- ha*, a v.-rijeal 
tangent. In order to finil wln-n thi- happ.-i*.- !■ * n- tnk. tavo 
neighbouring points on any ptirt of the eurv, whieh *.]..}„•■. down- 
wards in the positive direction, .and ii4.|tiii-' a|t, i what ihj.. 

part of the curve heconie.s verlieal. If tlf dtif. f im. -t ah-an..,- 
be dx, the hinder point will ov.-riuke tie f.-nv-aoi p unt^ in the 
time (lx-r-{—dn). Thus tlie motion. d- 1, rnui.. d hv Boi oon- 
equation, becomes di.seontinmms alter n tim.- • jua! t.- tie- j.,} 
procal, taken positively, of the greafe«t negativ. aio. -.j .h.- ,l,r. 

For example, let. n> suppoo- tlial 

it ^ IJ ru.H If — Ui -!■ in f , 

X 


where (/ in the gn^ateHi iuilml vibtriiy. Wleit f . tli<- 
negtative value of ebt^dr in — A. thrrt ui't«’i..|.i!|ie.r5ii 'ivill 

coinmeiiee at the tiiue f^X^2Trl*, 

When (lisctfniinuity hotn la, a »4 Li 

the UBual differeutial <**iuatiou.H ar*' iiiap|ilifnhh'' . lie.- 
(pient progreHH of the laoiioa law ici! Lr-*ii 4* tviiianrii i,% 
jirobable, as Huggested by Stok*'.Hjthai Hfiiii** -^ori «il 
ensue. In rcjgani to thi> iiiail*‘r %re lie r^irr-bil 

purely inatheniatifral (ptestioitH d.i?»iiiiei frunt j#!iy^i«nl niii*-.# .In 
practice vvi.; havi* to cio with .nphi’iim! 

may of itself be siiffieii'iit h*»ld in rfirek i^t 

disc(.)ntinuity. In actual gasi-'* iii** it. m rr-rLiiii tlint 
continuity could iuiter, tiv* law^ uf l., 

its form, and the infliieiico of vi^oMHly etmlii ii*i Iw' iifgh-rn-ff, 

But these considerations have nofhiiig iod^> wiili ilir inailnn'iitila’iti 
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liiMhi* Hi , 4 ' ii*'!* rnuiiiiiL( what would hap|H‘U to waA^iS of fiiiiti* 
>tNi|*li! ut!»“ ill a UM'diuiu, fr'<M' from visco.sitj', whose pressun^ is 
tuirhr all (ureuru-^tajicos r.\-a(‘t.ly proportrional to its density; and 
tiiH juatf^hio lias not heoii solvod. 

It is wmiiIiv of romark t hat, althoti^h \vi; may of eourse. conceive, 
a \va\«‘ of linilo tli^t urlnmee to «‘xist a.t any moment, the.n* is a 
limit fo fh.* riuratioii cjf its previouH irahtpcnuhait existcnc(‘. By 
drawiii;^ linos in t he negative innirtad of in tht^ positive direction 
wr may iraeo tho history of the v(*locity cairvi*; and we see, that 
O'- \v*' push our intpiiry further and furtlnu* into past tinn^ the 
harvard -inpi.-w lu'r'oiin* easier and the hac^kvvard slopes stei^per. 
At a liuio, etpnd to the ^ifreatest positive* value of antecedent 

to that at wliieh tin* curve is Hrst contemplated, the veh>city 

Would lie discont inuoiis. 


262. Hie f^ompleti* intej^u’atiou of the (‘xaet t!((uations (4) aiid 
iiU I in tli»' c-ao- (^f a progressive wave was first (4!V‘cteil by 

Karn^hcav* Finding reason for thinking that in a sound w;ive 

tile e?|t|afion 



muu ahAa}*' he ^ntivtiod, !u‘ oh^erveil that the, result of difleren 


{ I I 


with |‘e-pf'et to /, VlK, 

dt ■ I VAri; 


(2), 


eaii hy lie ans of th<* urhitnuy funetion F Is* made to c^oincidi* 
any dynamical opialion in whicfi the, ratio of (Pi//dt^ and 
d*f/ dy^ exprensod iu li‘rmH of dt/kU', Idle form of thi^ function 
F being lliiu ilereniiiucd, the solution may be completed by the 
usual proct'HH ajipUcable to Huefi cas<*s-l 

Wriiiiig for faeviiy a in place (4* df/fdm, we have 

f/f/ 4 * dt 'sa a dx 4 r F (a) dt, 

and t.he intogra! is to be fouml by idiminating a between tlie 

eipiat iolH 

// 23 a, r -f F(a) i 4* ^ f«) [ 

11^25 .*.-.*4,* h 

u bung f:.o Hud ^ being all arbitrary fiinctioiL 

i td dit «laa, Fhil^ Tmm, I860, p, ISB. 

5 Ili'iokc.H tHyrmtiitl Kqmithm^ Ch» xiv. 
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If p = ci-p, the exact eniiatioii (<i § --Mt) 
<(1>/Y iJ'J/ _ 

* (hi:J (It- ^ 


( 4 ), 


by comparison of ■which with (2) we st-c that 


Fia)==^" (-H 

a 

or on integration 

F{oi)- (1 ± a Inga ...fill. 


as might also have been i'uferre<l fnaa 2oL euimiinit, i! 

vanishes, if F(a)^ viz, vanish when I, **r p- p . nihrr-wifM*' 
it represents a velocity of t.he int'dinm a> a w!ii4»% having leifhing 
to do %vith the wavf* us such. For a pfwiVi're j»rog.re**Hivr wax'i' the 
lower signs in the anibignities are to hf> n*-*’*!. I'ln.iH m phie*'* nf 
(3), we have 

j/ = a .v; — a log a f 4* ^ 1 2 n . 

0 = a jr; — a ^ 4- 5c t « ) ) 


and fi = — a log a » a Im ^ I H f, 

P; 

If we subtract the second of erjuatiuns (7 1 fi’Min |ir\!, tt‘«* get 
y — 4- (U log a « ^ f a| a I sr t 

from which by (8) we sec that p-in + is an mlinmry I'nnHmi ■ 

of a, or of iL Conversely tht*refon* u is an nrhitrary fniietaoii nf 
y — (« 4- ic) t, and we tnay write 

-fly/ -(fi + uit] 

Equation (!)) is Poissons inti^griil, eorisidcn'd m i}ic- jiior-.'ifiiig ; 
section, where the symbol j: has thf* siuiii' nii'aidng ii.s fii’rc 

attache.s to y. \ 

263. The problem of plant* waves of finito fiinpfiititif’ iiiiractol , 
also the attention oi liicmann, whose iiii'iiioir \%*m ; 

to the Royal Society of Gottingen on the 2Hth of ■Xnvniiln^r, IHMIK i 
Riernanns investigation is fcnimletl on the geiienil hyiiri.rflyiifiiiiit$fii ^ 
eqtiatiuns investigated in ^ 237, 2tJH, ancl not remkud to any ! 
particular law of pressure. In i^rtlcr, fiowe%a;*r, not iiniliiiy i# 

^^Ueber die Fortpfianzung cbener Loftwellett vm mtimUf mkmrnmrngmdm. 
Guttingea, Abhumlluntjen, t. vni. IW. mlm iti ficrlktil mUlrml in ll*t 

Fortichritte tier Phydky %v, p. in. [EetereftOe limy Im Mill# t|.» m » p%fmf hf 

C. V. Burton, Phil May. xsxw p. »17, is^g*} 
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extend the discussion of this part of our subject, already perhaps 
treated at greater length than its acoustical importance would 
warrant, we shall here confine ourselves to the case of Boyle's law 
of pressure. 

Applying equations (1), (2) of | 237 and (1) of § 238 to the 
circumstances of the present problem, we get 


clw cliL ___ 

7u'^^^dx~ 


a? 


d log p 
(h) 


( 1 ). 


dt dx dx 


If we multiply (2) by ± a, and afterwards add it to (1), we 


obtain 

dF , , dF 

dQ , , dQ 

-s— - 


where 

P = a log p 4- a, 

Q == a log p~-u 

....(4). 


Thus 


rlP 

dP = {dx -^{u + a)dt} (5), 

dQ = “ [dx — {lb — a)dt} (G). 


These equations arc more general than Poisson's and Earnshaw’s 
in that they are lujt limited to the case of a single positive, or 
negative, progressive wave. From (5) we learn that whatever 
may be the value of P corresponding to the point x and the tim(3 
t, the same value of P corresponds to the point ^ + (w 4* a) at 
the time t-hdt; and in the same way from (G) we see that Q 
remains unchanged when x and t acquire the increments (a — a) dt 
and dt respectively. If P cund Q be given at a certain instant of 
time as functions of x, and the representative curves bo drawn, wo 
may deduce the corresponding value of u by (4), and thus, as in 
§ 251, construct the curves representing the values of P and Q 
after the small interval of time cfe, from which the new values 
of iL and p in their turn become known, and the process can be 
rej^eated. 

The element of the fluid, to which the values of P and Q at 
any moment belong, is itself moving with the velocity u, so that 
the velocities of P and Q relatively to the element are numerically 
the same, and equal to a, that of P being in the positive direction 
and that of Q in the negative direction. 
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We are now in a positinn t.«» ine'**' i]i«' ,4' .m. ^ 

initial disturbance whieh is cefifini-d !*» e fii.in r4' il|,. 

inediuia, e.g. betwiAui .•/* = « and j' -y i}i»*riiiiiij ; 

is at rest and at its normal d‘'n'*'if\', tliaf !!<»• ’..i !•].-, ,4' q | 

are alogpr,. Ea(di vulm* of/* propagai*'- irvrif ui tern !-• lli** *d«f- I 
ments of fluid which lie in fn>nt of if, and oaoh mkUi*- ^4 Ih fliMne | 
that lie behind it. Tin* hindrr limit <d’ the |■^"4n‘n in v.liieJi i* 1^ 
variable, viz. the placu^ where P tii>l altaiii'* ih** value 

(xlogpu, comes into contact first with file variahh- va'ime and 

moves accordingly with a vjuiahle^ velueity. A? d‘ 
requiring for its (h‘tcniiination a sohifion *4 ila- fiith'r. liiaul 
tions, the hindc-r (left hand Hindi of fli** region I'hrougli miiieh p I 
varies, meets tin* hinder (right hanih liioir of lie- Uiroogti | 

which (3 varies, aft (*r which tin* two rt-gions t hmieo-ive^, ; 

and incliuh? hijtweiai them a j^ortion <4 fhiid in *''4iiili|.f|"hini ; 
condition, as appears from the fact that the vrduev ,4' /■* and are ' 
both alogp,,. In the pu.sitivi> wave Q hu.H lii.- eMienant valiif* 
alogpo,«o that u-a log(p;p.,nas in nljf 2:»I , m fh«- n.-gain*" wavi! 1 
P has the same constant valm% giving ns ihr- relainoi IcAwrrii a | 
and p, w = — aHog (p/p.j. Since in each jirogre^'dvr- j 

isolated, a law pntvails connecting the t|t,ianl if o' inid p, «*- 
that in the positive wave dn vanishes with dP.niA m tlu' 
wave du vanishes with (f(j. Tims frem (o| ^v*- {eain iJiat in n 
positive progrtissive wave da vaiiish»'\ if the ineivne'ni'* *4' .r unsl 

t bo such as to satisfy the i*f|uat ion t.Lr - 1 a 4 ‘ o I d! i r ii mih ^1. Ineii 

Poisson s integral imniediateiy folhavn. 

It would lead us too far to fulhav out f.}ir iiri.ii!vficiil 
merit of Eiemamis metho<h for which ffn^ reitilia'’ intiHi. refr-rretj 
to the original iiHanoir j hut it would In* iiiijii'o|ie|'' in jinx** eit'i-f m 
silence an error on the Hubject of fliHcoiilinutuiH iriotioii into wlitrli 
Riemaun and other writ(*rs hiu-i* fallnm It hm hr,-u krhl iliiil ji 
state of motion is poHsible in which the fhihi is ifivi4e«i mn# iw*< J 
parts by a surface of discontiiniity prcijiagafitig itmhf mdi}| roiifciJini 
velocity, all the fluid on one side of fhi! of 

being in one uniform condition as In .density imtl iiiif.i 011 ^ 

the other side in a second uniform coiiditimi in tin? mmm f 

Now, ^if this motion were iM>H 4 bIio a iiiotion nf iJn; 'kmi 

m which the surface of diHcontiniiity m at rmi winiki iiki Im ^ 

At this point an error to liar#? crtqtl intfi Il|#iiisfiii4 mmU, wJiirii |» 

corrected in tlic abhtract ot the d^r 


Poisson’s integral. 
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possible, as -we may see bj supposing a velocity equal and 
opposite to that with which the surface of discontinuity at first 
moves, to be impressed upon the whole mass of fluid. In order to 
find the relations that must subsist between the velocity and 
density on the one side (u^, pi) and the velocity and density on the 
other side p«), we notice in the first place that by the principle 
of conservation of matter Again, if we consider the 

momentam of a slice hounded by parallel planes and including the 
surface of discontinuity, we see that the momentum leaving the 
slice in the unit of time is for each unit of area — Pi'ih) 
while the momentum entering it is pi%iK The difference of mo- 
mentum must be balanced by the pressures acting at the boundaries 
of the slice, so that 

Pi ih - Ui) - jr,= a- {pi -pa), 

whence 

'“‘"V©' “-“V© 

The motion thus determined is, however, not possible ; it satisfies 
indeed the conditions of mass and momentum, hut it violates the 
condition of energy (§ 244^) expressed by the equation 

i i 'ff i' = cc- log Pi - a- log p. .(8). 

This argument has been already given in another form in § 250, 
which would alone justify us in rejecting the assumed motion, since 
it appears that no steady motion is possible except under the law of 
density there determined. From equation (8) of that section we 
can find what impressed foroas would he necessary to maintain the 
motion defined by (T), It appears that the force X, though con- 
fined to the place of discontinuity, is made up of two parts of 
opposite signs, since by (7) passes through the value a. The 
whole moving force, viz. |Xp dx, vanishes, and this explains how 
it is that the condition relating to momentum is satisfied hy (7), 
though the force X he ignored altogether, 

263 a. Among the phenomena of the second order which 
admit of a ready explanation, a prominent place must he assigned 
to the repulsion of resonators discovered independently by 
Dvofik^ and Mayer^. These observers found that an air resonator 
of any kind (Oh. xvi.) when exposed to a powerful source 

* JI?ogg. Ann, clvu. p. 42, 187G ; Wied. Ann. in. p. B28, 1878. 

JBhiL 3Iag. voL vi. p. 225, 1878. 
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of sound experiences a force directed inwards froin tlu* inonth, 
someAvhat after the niauuer of a rocket. A enuihiiiatioii of 
four light resoiiator.s, inouutcd aiieiunniot or fashhtu a steol 

point, niay be caused to revolve oontinuou.slj. 

If there he no iinjoressed forces, e(j:uation <2 )5 244 gives 

= ( 1 ). 

Distinguishing the values of the (puiutities at two points of sjmee 
by suffixes, \vc may write 

•sTj — I ) 4- \ L\: 1 1 c .(2). 


This e(iuati(>u holds good at cv(*ry instauf. Integrating it over a 
long range of time we obtain us applicable to every ease of 
duid motion in which th(» flow betweexi the two <loei 

not continually increase 

j'uxidt ‘-' lnTifClt =s Ij U,hlt jj (3). 

The first point (with suffix 0) is nmv to bo ehoHcii at such n 
distance that the variation of prt*sHurc» and the velocity are 
there inserisi hie. Accord ingly 

..(H 

This equation is true wherever the second point hr* taken. If il 
be iiA the interior of a n^souator, oratacoriicr where three tixixl 
walls meet, Ui =0, and therefore 


^ 0. 

or the rneau value of w in tlie iutiudor is thr?. Huiue us at a «iiiitaiice 
outside. 

By (9) § 246, if the expairsionH and contracid-ous be fidialmtic, 
p X pv; and V 7 zszjry-h/y^ Thus 




0 -'}*■ 


.(«> 


If in (()) we suppose that the (liffereiice between p, Htnl jp» 
is com paniti-vely small, wernay exjumd tliefiinctioii there cnntaiiied 
by the binomial theorem. The uppro-xiinate ivsnlt may Im 
e.xpre.ssecl 


Pi -P« 
P« 


dt — 



......( 7 ). 


shewing that the mean value of {x;«itive, m in other 


VlTUAf TInXS. 


I’lll 


4 n 


>1 1}^ 


- 11 * i 

■i»$« si’ 
1 


I. 


v...pi- ’Im* ’\i<- )ii> :tu |tr.'"iir.- ill !li«- P''---iiator is i,^ r.nrss ot the 

;fuc.“|>li.-ri>- ].r---ur. -. imfi.r ihrivl'niv t.-iiii- to luovc us 

;! uoji.'l!* li I'V .1 tor.-*' iiontt.'iny "vor tlio arm, oi its 

aji‘ JPU’- auil ■iil' i't. ii ii'irni'ii':. 

Tl).' . \|i>iiiu<'ii?. may l»c imuli- (nlliT Dvorak) wiUi a 

1>\ i'oiiii.-<-tiii‘4 tl*'' nil']'!'' '■''i'l* ■* Imri/outal 
ui’i i.o' to.. n:irro'.v ola.-.^ fnlH- in svlii.-h movos a. |.ist..in of l•t,iu•r. 
Wh.ii a fork of .aiitnl,!.- jiitch. r..ir. -i.-al or r.I-i, is viKoroiiHly 
. ,<■!!> li :ui'i jif o.. !o ih>' month of tile rosoiiator, till’ movctuciit. 

•li.- . *1,. r -hov.', an aiiijm'-iitai ioit of jiro..suro, whilo tlm similar 
j.r. - iitMtiou of tho iioti-vihratim: fori. i'< without, rtli-rt, 

Iftoth- fir-f oi-.i-r of -mall .immtiti<-s 

t jl (I \ l> /' ''O', lit 

i*- m- iu i.ii'f roii- o* lo ill-' onlor is /' I*/, in which tor iiir 

.lid till- j.i jmaja] .,'ao , 7 I ' f. 

If 'ho ■ -..jiaa-iou.. .ui'l coj,! ractioti- In- sitpiioM-.l to take liliK’o. 
rmalK. tho . ••rro-iM.idimf r—ult i- arrival at hy iml.UiiK 

7 I ill 1 T I. 
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( 1 ). 

hov.m;.- that 'U>- imiu. j.i.—ur.' a! a I»hi'a' wl.civ llioro is 
a,,.v..4. i- I- ,- than m iim umh .»urh.-.l [.art n of the tliihl -u 

-i,, ..., .ha p. K.-hii. . ami aj.l‘li->l I'.V l'»<' *" 

«h, attiaermus oh-rv-d hy Duthrie ami otli-r esiariiiienfers. 
Th'iH .1 ’.iSnanuj; t>iiim,<4ork. j.reseuie.I i.. a ilelical-ly Hus|»fmif<i 
r.-. tmml. of [..a]., r. ajij..-ar^ to . x.-reiH- aii attim-f ioii, tlie iiieim 
-.aim- of f* horns' t-r-at-r mi th- fm-o ex|.oH.-<l to tlie fork than 

Vi I f dll til** htil'ii ., 

' ^.^4. VI. |D 1^7^. 

' v 4 . |». ‘iltf 
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In the above experiiinnit thr n^:th^u flrp.-iel-. e|.Mii pri#x- 
imity of the sonnai of disturbaiH**'. Wh-n ?h»' !!-<w 

whcthcn* stLsacly (fi* alt(‘niatiiig, is unifMrin M\r-r a r'‘Ki^*4.. tli-ir 

effect vipon an obsta<*le uitro^ina'd i- a *4 viia||4.*^ 

In the case of a splien,? thoro is iuanii*'''i !y ii*f u-n^lvuvy !<# fiirn ; 
and Hiiice ihc How is synnn.*tnoaI nu ib«" n|^sfr*-aiii and liiiii-ii. 
stream sides, the mejin pn's.sun'S l>y 1 1 i balaiie»- 

Accordingly «'i sph<*re experifUff's m-ither l^n'r iimj- r*Pi?ip!«'. If i.^ 
otherwise wlitni the I'onn of tin* IjmiIv is Mr fb'if 


That 21 Hat obskich* ienfls to ttirn it> flat sitf- !m tin' H!r*"aiid itniv 


be inferred from the* general ehanie!» r *4 
the lines of How round it, H1i»* pro^suro- 
at the various points <4’ tin* MUlae*- 
(Fig, 54 r/) d(‘pend upon fin* voloeitios t4 
the fluid there <»b(aining. Iln* |u!i 


/ 


ir • I ■■ 

fv/* 




/q 


pressure due to the CMiuplote stoppagr i4 
the stream is to bit found at iwu pi pint'**, 
where the current divides. It in pr«’f ty f'vi*'biii iba!. npMii tin* 
stream side this lies (/') «»n A,//, and upon rln* dMWii-»^liii-iin 
upon A(J at the cfirrespouding Q, llio’ rrHiiitiin! ifif,*? 

pressures thus bmds to turn AH so ns to fnri* ilir 


When the obstacii* is in tin* form of an rllip*^'oi»{, tin- imiilio*. 
matieal calc\ilation of the fore,e,H eaii be eflVr|r-rj ; fiui it nriiHi,. 
suffice here to refer to the partieulnr mm* of n tJnn rirenlnr 
whose normal makes an angle 0 with the iIireiuTm of ihi- 
disturbed stream. It may be proved'^ thiit tin* nionntni. J| of 
couple tending to diminish 0 hun the vabn* given by 

J/ ^ i0 ................. 

a being the radius of tln,^ disir am! IT the veloeiiy of thr 

If the stream be ultenmting instead steady, ive tian* merely le# 

employ the mean value of IF*', m iip{a*ars from f 1 1. 

The observation that a delkailely susjMmilod i|i«: mdn ifnidf' 
across the directi<m of alti’nmtiiig currents f>f air iiri|priiite4 in ihm 
attempt to explain certain anomalies in tin? luiliavioitr of m 
magnetometer mirror*l In illustration, a snmll tlm of fap^r,^ 
about the niza of a sixpence, \mn hung by a fnm ^i!k filiri* mm^ 


^ Thomson and Tatt*« S^tiuml 1 13#, imi. 

W. K#nig, WieiLAnfh t sun. p, 51* ImiL, 

Pme. llMj, voL xxxii. p. liO, mfL 
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the month of a resonator of pitch 128. When a sound of this 
pitch is excited in tlie neighbourhood, there is a powerful rush of, 
air into and out of the resonator, and the disc sets itself promptly 
across the passage. A fork of pitch 128 may be held near the 
resonator, but it is better to use a second resonator at a little 
distance in order to avoid any possible disturbance due to the 
neighbourhood of the vibrating prongs. The experiment, though 
rather less striking, was also successful with forks and resonators 
of pitch 256.'' 

Uj'jon this principle an instrument may be constructed for 
measuring the intensities of aerial vibrations of selected pitch h 
A tube, measuring three ([uax'tcrs of a wave length, is open at one 
end and at the other is closed air-tight by a plate of glass. At 
one ([uarter of a wave length's distance from the closed end 
is hung by a silk fibre a light mirror with attached magnet, such 
as is used for reflecting galvanometers. In its undisturbed 
condition the plane of the mirror makes an angle of 45'' with the 
axis of the tube. At the side is provided a glass window, 
through which light, entering along the axis and reflected by the 
mirror, is able to escape from the tube and to form a suitable 
image upon a divided scale. The tube as a whole acts as a 
resonator, and the alteimating currents at the loop (§ 255) deflect 
the mirror throtigh an angle which is read in the usual manner. 

In an instrument constructed by Boys- the sensitiveness 
is exaltiKl to an extraoitlinary degree. This is eflected partly 
by the use of a V(jry light mirror with suspension of quartz fibre, 
and partly by the*. a(io])ti<)n of double resonance. The large 
resonator is a heavy brass tube of about 10 cm. diameter, closed 
at one end, and of such length as to resound to e'. The mirror is 
hung in a shoii lateral tube forming a communication between 
the large resonator and a small glass bulb of suitable capacity. 
The external vibratioms may be regarded as magnified first by the 
large resonator and then ayani by the small one, so that the 
mirror is affected by [lowerful alternating currents of air. The 
selection of pitch is so definite that there is hardly any response 
to sounds which are a semi-tone too high or too low. 

Perhaps the most striking of all the effects of alternating 
aerial currents is the rib-like structure assumed by cork filings in 

1 imi. Miuj. vol. XIV. p. 1B6, 1882. 

“ Nature^ vol. xlii. p. 604, 1800. 
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Kundt’s experiment § 260. Close observation, while the vibrations 
are in progress, shews that the filings are disposed in thin latxiiiis© 
transverse to the tube and extending upwards to a certain distance 
from the bottom. The effect is a maximum at the loops, and 
disappears in the neighbourhood of the nodes. ^When the vibra- 
tions stop, the laminse necessarily fall, and in so doing lose mucli 
of their sharpness, but they remain visible as transverse streaks. 

The explanation of this peculiar behaviour has been given by 
A. Kbnig\ We have seen that a single spherical obstacle 
experiences no force from an alternating* current. But this 
condition of things is disturbed by the presence of a neighbour. 
Consider for simplicity the case of two spheres at a moderate 
distance apart, and so situated that the line of centres is either 
parallel to the stream, Fig. 54 h, or 
perpendicular to it, Fig. 54 c. It is 
easy to recognise that the velocity 
between the spheres will be less in 
the first case and greater in the 
second than on the averted hemi- 
spheres. Since the pressure increases 
as the velocity diminishes, it follows 
that in the first position the spheres will repel one another, 
and that in the second position they will attract one another. 
The result of these forces between neighbours is plainly a 
tendency to aggregate in laminae. The case may be contrasted 
with that of iron filings in a magnetic field, whose ' direction 
is parallel to that of the aerial current. There is then attraction 
in the first position and repulsion in the second, and the result is 
a tendency to aggregate in filaments. 

On the foundation of the analysis of Kirchhoff, Konig has 
calculated the forces operative in the case 
of two spheres which are not too close 
together. If Ui, be the radii of the 
spheres, r their distance asunder, 6 the 
angle between the line of centres and the 
direction of the current taken as axis of 
z (Fig. 54 d), W the velocity of the current, 
then the components of force upon the 
sphere B in the direction of z and of x 


Fig. 54 d. 



Fig. 54 h. 


Fig. 54 c. 


T 

(t 


O 


o 


1 Wied. Ann. t. xlii. pp. 353, 549, 1891. 
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drawn j>nrpt*udicular to ^ in tho plane containing and the line 
<d‘centn‘.s, ?ire given by 

tiTTpai^a-s^W- ^ 
r* 




cos 0 (3 — 5 cos-^) (3), 


^ - - sin 0(1 — cos-^) 


.(4), 


th(,‘ third component F vanishing by virtue of the symmetry. In 
the case of Fig. 54 6 0 = 0, and there is repulsion equal to 
ij'7rp(i^(fJ^]V-/r^; in the case of Fig. 54 c 6 — and the force is an 
attraction *i7rp(({^u.PW‘^lr\ In oblu^ue positions the direction of the 
force does not coincide with tlie line of centres. 

If the spheres be rigidly connected, the forces upon the system 
reduce to a couple (tending to increase 6) of moment given by 

— Z sin ^ -f A cos 0 = — — “ — sin 29 (5). 

When the current is alternating, we are to take the 7fcea7i.' 
value of IK- in (3), (4), (5), 


254. Tin* <‘xact (‘.xperinnmtal determination of the velocity 
of so\md is a matter of greattn* difliculty than might have been 
expf'cttid. Observations in thcji open air ar-e liable to errors from 
the efiects of wind, ainl from uncertainty with respect to the 
I'xact condition of the atniosplien* as to t^unperature and dryness. 
On tin; otln*r hand wlnai sound is pro]>Hgated through air con- 
tainerl in pipes, dLstiirbanc<,; arises from friction and from transfer 
of ln;at; and, although no great cu'rors from these sources are 
to bf! f(!ared in the case of tub<;s of considerable diameter, such 
a.H Honn* of tliosc* employed by Reguault, it is difficult to feel 
surf; that the idfsal plum? waves of theory are nearly enough 
realiz(*d. 

Tho following Tabhd contains a list of the principal experi- 
loeiital di^teniiinations which have l)een made hitherto. 


of ObHorvorn. Velocity of Bound at 

0® Cent, in Metres. 

Acaderuie des ScicnccH (1738) 332 

Boiir.«‘ii 1 )erf( ( I HI 1 ) {332-3 

Goldingluun (1H21) 331-1 

Bureau ilen LongitiuleH (1822) 330-6 

Moll aitd v.-ui Beek 332-2 


^ Bosaiifiuet, Phil. Ma*;, April, 1877. 



48 


VELOCITY OF SOUND. 


[ 254 . 


Names of Observers. Velocity of Sound at 

0° Cent, in Metres. 

Stampfer and Myrback 332*4 

Bravais and Martins (1844) 332*4 

Wertheim 331*6 

Stone (1871) 332*4 

Le Roux 330*7 

Regnault 330*7 


In Stone’s experiments^ the course over which the sound 
was timed commenced at a distance of 640 feet from the source, 
so that any errors arising from excessive disturbance were to 
a great extent avoided. 

A method has been proposed by Bosscha- for determining 
the velocity of sound without the use of great distances. It 
depends upon the precision with which the ear is able to decide 
whether short ticks are simultaneous, or not. In Konig’s^ form of 
the experiment, two small electro-magnetic counters are controlled 
by a fork-interrupter (§ 64), whose period is one-tenth of a second, 
and give synchronous ticks of the same period. When the 
counters are close together the audible ticks coincide, but as one 
counter is gradually removed from the ear, the two series of ticks 
fall asunder. When the difference of distances is about 34 metres, 
coincidence again takes place, proving that 34 metres is about 
the distance traversed by sound in a tenth part of a second. 

[On the basis of experiments made in pipes Violle and Vautier^ 
give 331*10 as applicable in free air. The result includes a cor- 
rection, amounting to 0*68, which is of a more or less theoretical 
character, representing the presumed influence of the pipe (0*7“‘ in 
diameter).] 


1 Phil, Trans, 1872, p. 1. 

Pogg. A7171. cxvni. CIO. 1863. 


^ Pogg. Ami, xcii. 486. 1854. 
Ann, de Chini. t. xix. ; 1890, 


CHAPTER XII. 


VIBRATIONS IN TUBES. 


265 , We have already (§ 245) considered the solution of our 
fundamental e(|uati(>u, when the velocity-potential, in an unlimited 
fluid, is a function of one space co-ordinate only. In the absence 
(d’ friction no change would be caused by the introduction of any 
numl>er of fixed c'ylindricul surfaces, whose generating lines are 
paralh*! to the co-ordinate in (jucstion ; for even when the surfaces 
are absent tluj fluid has no tendeiuy to move across them. If one 
of the cylinflriaU surfaces be cloH<;d (in respect to its transverse 
s<‘Ction ), we have the important problem of the axial motion of air 
witJiin a cylindrical pipe, which, when once the mechanical condi- 
tiiUis at the ends ava given, is inde|)endent of anything that may 
happen outside the |)ipe. 


Uonsiflering a simple harmonic vibration, we know (§ 245) 

that, if ^ varii'H as 


where 






( 1 ). 




a 


,( 2 ). 


The aolntien may be written in two forms — 

^ (A eon kx + B sin kx) e*’”* | 

J 

of which finally otily the real parts will be retained. The first 
form will be most convenient when the vibration is stationary, or 
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nearly so, and the second when the motion reduces itself to a 
positive, or negative, progressive undulation. The constants A 
and B in the symbolical solution may be complex, and thus the 
final expression in terms of real quantities will involve four arbi- 
trary constants. If we wish to use real quantities throughout, we 
must take 

= cos kx + B sin kx) cos nt 

+ {G co^kx-^- D sin kx) sin (4), 

but the analytical work would generally be longer. When no 
ambiguity can arise, we shall sometimes for the sake of brevity 
drop, or restore, the factor involving the time without express 
mention. Equations such as (1) are of course equally true whether 
the factor be understood or not. 

Taking the first form in (3), we have 

= A cos kx-\- B sin kx 

^ ~ kA sin kx -f kB cos kx 

ax 

If there be any point at which either or d<j>ldx is permanently 
zero, the ratio A : B must be real, and then the vibration is sta- 
tionary, that is, the same in phase at all points simultaneously. 

Let us suppose that there is a node at the origin. Then when 
x — 0, d(j)ldx vanishes, the condition of which is = 0. Thus 

</> = cos kx ^ ^ kA sin kx (6), 

from which, if we substitute for A, and throw away the 
imaginary part, 

(f>= P cos kx cos {nt 4* ff) 

^ — kP sin kx cos {nt + 6) 

From these equations we learn that d(f>ldx vanishes wherever 
sin kx=:0; that is, that besides the origin there are nodes at the 
points x = ^m\, m being any positive or negative integer. At any 
of these places infinitely thin rigid plane barriers normal to x 
might be stretched across the tube without in any way alter- 
ing the motion. Midway between each pair of consecutive nodes 
there is a loop, or place of no pressure variation, since Sp^--p^ 
(6) § 244. At any of these loops a communication with the 
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external atmosphere might be opened, without causing any disturb- 
ance of the motion from air passing in or out. The loops are the 
places of maximum velocity, and the nodes those of maximum 
pressure variation. At intervals of X everything is exactly re- 
peated. 


If there be a node at .x‘ = Z, as well as at the origin, sin/rZ = 0, 
or X == 21 jm, where m is a positive integer. The gravest tone 
which can be sounded by air contained in a doubly closed pipe 
of length I is therefore that which has a wave-length equal to 21. 
This statement, it will be observed, holds good whatever be the 
gas with which the pipe is filled; but the frequency, or the place 
of the tone in the musical scale, depends also on the nature of 
the particular gas. The periodic time is given by 


T 


X 

a 


n 

a 


( 8 ). 


The other tones possible for a doubly closed pipe have periods 
which are submultiples of that of the gravest tone, and the whole 
system forms a harmonic scale. 

Let us i|ow suppose, without stopping for the moment to in- 
quire how such a condition of things can be secured, that there is 
a loop instead of a node at the point x = l. Equation (6) gives 
cos/cZ = 0, whence X==4il-^(2m+ 1), where m is zero or a positive 
integer. In this case the gi^avest tone has a wave-length equal 
to four times the length of the pipe reckoned from the node to 
the loop, and the other tones form with it a harmonic scale, from 
which, however, all the members of even order are missing. 


266. By means of a rigid barrier there is no difficulty in 
securing a node at any desired point of a tube, but the condition 
for a loop, i.e. that under no circumstances shall the pressure vary, 
•can only be realized approximately. In most cases the variation 
•of pressure at any point of a pipe may be made small by allowing 
a free communication with the external air. Thus Euler and 
Lagrange assumed constancy of pressure as the condition to be 
satisfied at the end of an open pipe. We shall afterwards return 
to the problem of the open pipe, and investigate by a rigorous 
process the conditions to be satisfied at the end. For our im- 
mediate purpose it will be sufficient to know, what is indeed 
tolerably obvious, that the open end of a pipe may be treated as 
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a loop, if the diameter of the pipe be neglected in comparisoxt 
with the wave-length, provided the external pressure in the neig*lx- 
bourhood of the open end be not itself variable from some cattse 
independent of the motion within the pipe. When there is 
independent source of sound, the pressure at the end of the pip^ 
is the same as it would be in the same place, if the pipe were 
away. The impediment to securing the fulfilment of the condition, 
for a loop at any desired point lies in the inertia of the machinery 
required to sustain the pressure. For theoretical purposes we rmay 
overlook this difficulty, and imagine a massless piston backed "by 
a compressed spring also without mass. The assumption of a* 
loop at an open end of a pipe is tantamount to neglecting 'fcbo 
inertia of the outside air. 

We have seen that, if a node exist at any point of a pipe, 
there must be a series, ranged at equal intervals JX, that midwa^y 
between each pair of consecutive nodes there must be a loop, and 
that the whole vibration must be stationary. The same concluBioix 
follows if there be at any point a loop ; but it may perfectly well 
happen that there are neither nodes nor loops, as for example in 
the case when the motion reduces to a positive or negative pro- 
gressive wave. In stationary vibration there is no transference of 
energy along the tube in either direction, for energy cannot pasa 
a node or a loop. 

257. The relations between the lengths of an open or closed 
pipe and the wave-lengths of the included column of air may also 
be investigated by following the motion of a puUe, by which, is 
understood a wave confined within narrow limits and composed 
of uniformly condensed or rarefied fluid. In looking at the maf fer 
from this point of view it is necessary to take into account care- 
fully the circumstances under which the various reflections ta.ke 
place. Let us first suppose that a condensed pulse travels in *bhe 
positive direction towards a barrier fixed across the tuba Siiaee 
the energy contained in the wave cannot escape from the tti.be, 
there must be a reflected wave, and that this reflected wave is 
also a wave of condensation appears from the fact that there is xio 
loss of fluid. The same conclusion may be arrived at in another 
way. The effect of the barrier may be imitated by the introdtxo— 
tion of a similar and equidistant wave of condensation moving' i. y i_ 
the negative direction. Since the two waves are both condensed 
and are propagated in contrary directions, the velocities of th^ 
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fluid cornposiii^jf tluuii an* <*<|ual and <)p[)osit(‘., and therefore neu- 
tralise (UH* anoth(*r wIk'H tin* \vav(*s an^ su|)er[)osed. 

If tin* )>rogr(‘ss of the iH‘^^ativ<‘ r(di(*(;tHid wave bo internipted 
by a second barri<‘r, a similar refl(H‘.ti()ii tak(‘s |)laco, and the wave, 
still r(‘inaininf( (‘ondi'nsed, regains its positive*, eharacter. When a 
distariee has been travell(*d (*(|ual to twie.e. the*. l(*ngth of the pipe, 
the* original state* of things is eom))Iet<‘ly restor(*(l, and the*, same 
cycle* of (‘Vents repeats its(‘If ind(‘finik‘ly. We*, learn th(*,r(*,for(‘, that 
the period within a doubly c1os(k 1 pipe* is th(^ time, occupied by a 
puLsi* in travelling twice* th(i length of tin*, pipci 

''flhe cas(t of a.n op<*n end is som<*.what (liffca*(‘,nt. The supple- 
m(*ritary n(*gative wav<* n(*c{*swiry to imitate, tlie (‘,ff(‘.ct of the open 
end must {‘vidently ]>e a. wiiva* of rar(*faf^tion capable of nciutralising 
the ])ositiv(* pressure <4* t in* cond(tns(*d primary wave, and thus in 
th(* act (if rcfh^ctum a wave? changers its cliaractkir from condensed 
to randied, or fnnn rar(*fH‘(l to <M)nd(*ns(*d. Anoth(‘.r way of con- 
sid(*ring tin* niatt(‘r is to observe* that in a )>ositivo condensed 
pulse th(* morm*nium of the motion is forwards, and in the absence 
of tile nec(*s.sary forc(*s cannot b<* changed hy the ndiection. But 
forward motion in tin* reflected migativc* wave is indissolubly 
conn(*cte<l with the ran‘fied condition. 

When both ends of a tulx* an^ op(*n, a pulst; travelling back- 
wards and forwards within it is c(»mplct(‘ly n*,storcd to its original 
states after t,niV4*rsing tAvi(‘e tin* hmgth of th(^ tulx^, suffering in the 
process two ritflecl itm-s, and thus the r<*Jation bc‘tw(‘,(m length and 
})eriod is tint same, as in tint e:ase of a tailxt, whose ends are both 
dosed; Ixit \vh(*n oin*. c-nd (»f a tulxt is ope.n and the other closed, 
a doubh* passagf* is rndi suffi(n‘(*nt to dose? the cycle of changes. 
The original cond(tns«‘cl or rai*efi«r<l characktr cannot b(t recovered 
until after twe^ reflec’tahms from tlnj o|xai e.nd, and accordingly in 
th(* case contem])lat(td tint p(‘rio<l is the. tim<t rctquinKl by th(t pulse 
to trav(‘l ov(*r/oxr tirruts tin* length of tin; pipe. 

268. Aft(‘r the full discussion of the corresponding problems 
in the cha|>t(.;r on Strings, it will not be. necessjiry to say much on 
th(; compound vibrations of columns of air. As a Birnple example 
we may take ifn; cfiS(* of a pijx* open at one end and closed at the 
other, which is Huddenly brought to rest at the time ^ = 0, after 
being for some time in motion with a uniform v(;locity parallel to 
its length. The initial state of the contained air is then one of 
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uniform velocity % parallel to and of freedom from compression 
and rarefaction. If we suppose that the origin is at the closed 
end, the general solution is hy (7) § 255, 

^ = ( J-i cos sin cos h^x 

+ (-do cos + ^2 sin cos 

+ ../ ^ ( 1 ), 

where kr — ir — -J) tt//, = ahr, and -do, J?o . . . are arbitrary 

constants. 

Since <p is to be zero initially for all values of x, the coeflEi- 
cients B must vanish ; the coefficients A are to be determined by 
the condition that for all values of x between 0 and Z, 


'Lkr A r sin krX = -' U.) 


.( 2 ), 


where the summation extends to all integral values of r from 
1 to 00 . The determination of the coefficients A from (2) is 
eflPected in the usual wa}’'. Multiplying by sin krxdx, and inte- 
grating from 0 to Z, we get 


or 


^lICrAr=^’-'Holh: 


4 , = -- 


krH' 


.(3). 


The complete solution is therefore 




2Uq cos krX 


cosM (4). 


269. In the case of a tube stopped at the origin and open at 
ic = Z, let <;() = cos nt be the value of the potential at the open end 
due to an external source of sound. Determining P and 0 in 
equation (7) § 255, we find 




cos kx 
cos kl 


cos nt 


(!)• 


It appears that the vibration within the tube is a minimum, 
when cos kl^ ± 1, that is when Z is a multiple of in which case 
there is a node at ^ = Z. When Z is an odd multiple of JX, cos kl 
vanishes, and then according to (1) the motion would become 
infinite. In this case the supposition that the pressure at the 
open end is independent of what happens within the tube breaks 
down ; and we can only infer that the vibration is very large, in 
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consi'«|U<*n<*<' '*f is«»rhr( JtiNiu. Sirici* tlirn* is noclt* ii,t ;/;•■= 0, 
tliorf innM b** a luMj^ %vli4‘u ./• is an mid miilt iplr nf |X, futd W(i 
coiicludr tiiaf in the (•a**^* tif* isnchruriisai ihn variati(>u nf pr^Hsare 
at th(* r»iH'U riid <‘f tli«* IuIm* du** 1»» tht* <*?ctf‘riinl causes in (‘xacUy 
aeiit ni.li>‘*d l>y tla* variatinu nf pn’>Hun‘ diu* {«» tin*, nintioii wiUuti 
tht* tiilH* ilKidf. If ihf r** n*allya{ tin* opnn f*u(l a variat-ina 
of pr«->.*^ari* ffii tlu‘ tlo* umfi^/u must inrrra.M(» withuai liiriit 

iti th»* of ili^sipativ* ^ fons’s. 


If w** stippfn»' t!ia? fh»- in ik lt»o|) iuHiisul of a Ufxin, thn 

BClhltinli is 

. hUi kr 

. VMHnf,.. 

Slil h i 

whon* (**is /#/ i,M t ho ^^dvi‘ij ndm* uf nt tin* (>p<tn (aid ir^ ^ I, 
In this rasr flin oxprnsHiMij InHuits*, wlinii kl^viir^ or 

I = i itik. 


Wi* will no\! fninidi-r tlo* t*as»‘ r»f a tuUo, whoMi* ntnls nn^ both 
and oxpfjHfd (m f!isjnrhaiirt*s nf tin* saiao jicrind, making (j!» 
1 ‘fjiial to K r''- r'‘- ivrly. TidrsM t in* diHt.urbain'nH ai tint 

Ciids an* iu tin* sann* ph;n»\orif at lo.ant fif thr ('onflinimiiH //, J{ 
aitIKt br (*njn]dr,x. 

Taking fin* tir^l fain in {‘h § ‘i.o", \vn liavj* an tln^ gimnral 
itxprvmhm f*«r tfp 


If Wi! tako tlir »*rigin in fin* iiiiddUmjf tli«* into*, and immiinrj that 
tint valnok r*jrroMjM.md rnsjif^rt iv«dy tn 

we got ft} fb'foriuiu*' A and /k 

II A ooh// f fi 4 n ki, 

Ar^^nkt^B hill hi, 


wlit*lir*e 


// * K Jl^K 

2<*tis/r/‘ 2 hill H 


in 


giving 


4 


f il hill k i / 4' ,r 1 4’ /r a in kil-” 

hilt 




Tfib nmiill itiigiit alna hv ftialiirf!{l frniii<2),if wn oonsidiT that 
fchit r(a|iiirisl ripif ifia nria<*H fmin fchn xM|M?r[K».Hiiinri of the iinitiaii, 
which isdtii! to tin* //r^^^mleiilaifsl an fchi^ hypi>thm« 

that ilia tiihcr end / in a hioji, on the irniibti^ whieli In 

cine te nit tile hypolhimiH that thf* end i« a biop, 
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The vibration expressed hy ( 4 ) cannot hit sUitiumini, uii1(-sh the 
ratio H : X be real, that is unless the (listurl)anees at the <*h(1h be 
in similar, or in opposite, phases. Hence, t*xe-ept in thc» cases 
reserved, there is no loop anywhere, aiul the.refnn* no |»liieo at 
v'hich a branch tube can be connocUMi along wliicli soniid will not 
be propagated I 

At the middle of the tube, for whic-h ./■ — 0, 


2 cos H 


shewing that the variation of pressure (proportional Up p) vanishtm 
if //+-ir = 0, that is, if the disturlmncoH at the f^nds l>e eqiuil and 
in opposite phases. (Tulcss this condition be HatiBtied, expres- 
sion becomes infinite when 2^==^ (2 /;a-4- 1)X. 

At a point distant fnaii the tuiddle tim tube the 
expression for 6 is 

, TI-^K 


2 sin Id 


vanishing when 11= K, that is, when the diHturbatK'<*H at. tlic» eiulu 
are equal and in the same phase. In general p l>eeorfif"H irifiiiit4?j 
when sin Id = 0, or 21 = mX. 

If at oi'ic end of an nnlimitcf.l tube there* be a varintioti of 
pressure due to an external source, n train progr<»HHivi> waves 
will he propag'ated inwards from thiJit end Thus, if the h^iigth 
along the tube ineastired from the ojM*n end ha ip the. vidwtily** 
potential is expreHS(*d by p = a>H0ri— ny/ap con’enf wilding to 
p = cos nt at y = 0 ; so that, if thci cause* r>f the disturlmno* within 
the tube be the passage of a train of pn>gn*SHive waveB imu’omh the 
open end, the intensity within th(3 tube will be the* hiiuh* iw in the 
space outside. It must not be forgotten that the diiimcHf»r the 
tube is supposed to be infinitely small in comparisoti with the 
length of a wave. 

^ An arrangement of thin kind Ms been proposed hy Prof. Mayor 
XLv. p. 90, 1878) for comparing the intensities of soiirw* of of 111# #iia« 

pitch. Each end of the tiil>e i» expoHcd to the action of out of the mmrmm to Imi 
compared, and the distancufi are adjuHtc<l imtii tb-o ftmplitodlitif of tlw vibmticiiii 
denoted by JI and K arc equaL Iho brancli tube is led to a manronetrie 
(§ 2C2), and the method aBsiimeH that by varying the point of jttticlion tiiii ilisturli* 
ance of the flame can be atoppetd. Erom the diaensmont in the text it thal 

this assumption is not tbeorcticallj correct. 
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Lt -f 11?* that th«' nanm' of tlu* motion is within the 

rnln^ if-rlf, lim' f »r i-xamph' tu tin- int*xora})h» motion of a piston 
a! fh*^ ^^rikfiiih I'lo* ♦’♦»ii4auis in (.'o | 255 ar(‘ to l)e determined 
hy th»' r*.{i«iiiiMm. ?}mf wIm'U ,r 0. djinlx ■- {\m nt (say), and that, 
wln ii J' I liUH tA — tail /(•/, kli^ \, and the ex- 

h i’"' 




sin IAj'-” 1] 
k' t*{ iS Jil 


■in 


llo' loMfiro; i-^ a loinimuni. \vh**n ons/.V ± 1, that in, when the 
lrir,:t!i rd^ ?la‘ tnlM- i-"^ a nniltiph- nf X. 


\\li »‘!4 / n on Mdd mnlliph* <4’ |X, tho plaoc! occupied by the 
piHtMii w**ul>i b^' a iiMd*-, if Uo- i*p*'U <*n<l were really a hH)p, but in 
thin fie- »45Fi‘m fail- Tin- esc’npp of energy from the tube 
lie- ' orr^y feun a»'eiimnlating iH’yond a certain point; 
Ion !}»• eon b»- talo'ii ef t I un m> long an the opcm end is 

tivaf*'d iig^u oidy n loop. We nhall resume th(; ([uestion of 
reHMiiaie'e aft* I vo- In^v*- e.in^id«’i«*d in grent.er detail the theory of 
the M|»» IS » nd. Aie-ti Hhall le* able tf» <leal with it more satie- 
faetorily 


!ii Ukr monie r A tho point r / lie a jmdis insttiul of a loop, 

fie' *v%pr^’'’.‘'*ion l»ir *f# i •‘ 

omh/.I/ X) > , 

m j fi 

k sm hi 


anti tiins !||* npaoin a minimum when / is an ^ltld mnltipleof 
III a lii''b f h»' oi'jgin a h»Hp. When I is an even multiple of 
I X. till' «<ngiii de^uld be n noih% %vhiclt is forbidchm by the condi- 
liiurs of the In i\m ease according to (H) the motion 

beroiiir.}., inliirAe, *^}iirii m*'ans t!mt in tin* almence of diHsipative 
iMrre^ tfp- vibr.'diMii wviuhl inmeuse without litnit. 


2W. *rie' iiiveHtigaiion of imriiil wavc,*s within 

pipes has be'**n effetf'lefl ivitli e# iiisifteralile HUccifKs by K.undt . .fo 
giiienit*' wav*-s is ejiuHV ; iuit it is tint so fiany to invent a 

Iiietfpi<ri }',y w!i|.r}i i}iey eaii he e|}bc.MiiilIy cxiitriiued, Kundt dis- 
ci.tverefl fhnt till'- wavc*M Clin bo made evident 

by dust, A litfje fiip' sr*ri»l «>r lyt'ojai^lium sm si, shaken over the 
iiiteri«'ir *4 a gka««.*4 tula' CMtitnining ii vibrating column of air 

'flp-.vr %*r. c.^nn-Artml hf M4m, df tlmiitut, i. ir, p- B0$, 1810, 

4#i?p «- * nnv. p, '4-174 
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disposes itself in recurring patterns, by means of which it is easy 
to determine the positions of the nodes and to measure the 
intervals between them. In Kundt’s experiments the origin of 
the sound was in the longitudinal vibration of a glass tube called 
the sounding-tube, and the dust-figures were formed in a second 
and larger tube, called the wave-tube, the latter being provided 
with a moveable stopper for the purpose of adjusting its length. 
The other end of the wave- tube was fitted with a cork through 
which the sounding-tube passed half way. By suitable friction 
the sounding-tube was caused to vibrate in its gravest mode, so 
that the central point was nodal, and its interior extremity (closed 
with a cork) excited aerial vibrations in the wave-tube. By means 
of the stopper the length of the column of air could be adjusted so 
as to make the vibrations as vigorous as possible, which happens 
when the interval between the stopper and the end of the 
sounding-tube is a multiple of half the Avave-length of the 
sound. 

With this apparatus Kundt was able to compare the wave- 
lengths of the same sound in various gases, from which the rela- 
tive velocities of propagation are at once deducible, but the results 
were not entirely satisfactory. It was found that the intervals 
of recurrence of the dust-patterns were not strictly equal, and, 
what was worse, that the pitch of the sound was not constant 
from one experiment to another. These defects were traced to a 
communication of motion to the wave-tube through the cork, by 
which the dust-figures were disturbed, and the pitch made irregular 
in consequence of unavoidable variations in the mounting of the 
apparatus. To obviate them, Kundt replaced the cork, which 
formed too stiff a connection between the tubes, by layers of sheet 
indiarubber tied round with silk, obtaining in this way a flexible 
and perfectly air-tight joint ; and in order to avoid any risk of the 
comparison of wave-lengths being vitiated l)y an alteration of pitch, 
the apparatus was modified so as to make it possible to excite 
the two systems of dust-figures simultaneously and in response to 
the same sound. A collateral advantage of the new method con- 
sisted in the elimination of temperature-corrections. 

In the improved ‘‘Double Apparatus” the sounding-tube was 
caused to vibrate in its second mode by friction applied near 
the middle ; and thus the nodes were formed at the points distant 
from the ends by one-fourth of the length of the tube. At each 
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of thfHo points fDnnfMttiou wan xnmh with an mdependent wave- 
tulH% pnnid?‘tl with tin adjuHtahlo stopper, and with branch tabes 
and sto|i»*ooeks snitabh* for admitting the various gases to be 
experiua‘iit<*<i i'^ <*vi(h‘iit that dust-figures formed in the 

tw”o tuh«'S r»*rn‘s{M>nd rigonmsly to the sanui pitch, and that there- 
fore a e<uupariH<*n of tho intervals of nHuirrence leads to a correct 
deti*riuiuatinu (4 the veliftrities of propagation, under the circum- 
Htaneos t»f the oxpeninent, ihv the two gasc^s with which the tubes 
are tilled. 

'Fhe results at whicdi Kundt arrived were as follows: — 

(it) The veloeity of Sfumd in a tube diminishes with the 
diameter. Ahovt* a eortain dianietftr, however, the change is not 

pereoptilde. 

ih) The diinirtution of vedocity increases with the wave- 
length of the tune empli»yed. 

/c) {h»\vder, s<*at.tered in a tube, diminishes the velocity of 
Honnd in narrow tubes, hut in whh* (aies is without effect. 

(//) In nai'Huv tuhen the effecit of jmwder increases, when 
it is very finely divnlerf and is strongly agitated in consequence. 

(e) iiougheiiing the interior <4 a narrow tube, or increasing 
its hurfar'u, flinunisiieM the v«doeity, 

I /I In wide tubeH the.H4» changes of velocity are of no im- 
jM»rtaiiee, so that the nu'thod may he used in spite of them for 
t*xacT ti»*ternunation‘-, 

(ff) 111** infinein’e t4 the inttmsity of nourid on the velocity 
cannot b** jirovfsl, 

ik} With tlie e%euption of the first, the wave-lengths of a 
tom* ns hIu’Wii hv «lust are nut atf*‘ct4*d by the mode of excitation. 

ii} In wicle tub**s the vehmity is independent of pressure, 
hut in small fiihe*^ the velocity increascH with the pressure. 

(jj All tin* *diserved changes in the velocity were due to 
frictif.u ai..i to ..xphiuigis of boat between the air and 

the f*f I lie 

(k) The v-iwity of t-ound at H>0“ agrees exactly with that 

given by lJie**ryh 

< Krom »..«.• *’"'.0. in th« memoir alremly cit«d, from which the notice 

in tl.e t.,«t ,» prittoiiMilv .lorivcl, Kiindl *p|smr» to have contemplated a oontimm- 
tioii of hi* ..iv«.tiKali..r«; hot I am nnahUt to ftnd any later pablioataon on the 

iUbjijvl. 
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We shall return to the ([uestion of tint propa^oition of Bownd in 
narrow tubes as affected by the caus(‘s mentioned above, ( /), and 
shall then investigate the formulae given by Htdmholte and 
Kirchhoff. 

[The genesis of the peculiar transvtn’st^ striatiori wliich forms 
a leading feature of the (hist- fig a res has already Ih*(‘U eonsidtTCd 
§ 253&. According to the observations of Dvorak* thi* powerful 
vibrations which occur in a Kundt’s tube are aeciompanied by 
certain mean motions of the gas. Thus inair the walls there is a 
flow from the loops to the nod(‘,s, and in the interior a return flow 
from the nodes to thc^ loops. This is a cons(‘f|itenccj of vis<*oHifcy 
acting with peculiar advantage upon tln^ parts of the fluid con- 
tiguous to the walls-. We may perha|>H return to this subject in 
a later chapter.] 

261 . In the experiments (h'serihed in the preceding section the 
aerial vibrations are forced, the j)it(dTi being fhttermined by the 
external source, and not (in any appn;ciablc dc^gnie) by the length 
of the column of air. Indeed, strictly sp(»aking, all sustained 
vibrations are forced, as it is not in the power of free vibrations 
to maintain themselves, (*xcept in the idcuil case*, when then? is 
absolutely no friction. Nevertheh’SH th(U’(^ is an important pme- 
tical distinction b(^tween the vil)rations of a column of air as 
excited by a longitudinally vibrating rod or by a tuning-fork, and 
such vibrations as those of tin.' organ-pip<i or <!henncal harmonicon. 
In the latter cases tin* pitch of th<‘ sotmd dftptmds jirineipally on 
the length of the aerial column, the function of the; wind or of the 
flamt‘/'‘ being merely to restoni tht? enf‘rgy lost by frictioti and by 
communication to the external air. The air in an organ-}>ipf‘ is to 
be considei'ed jis a column swinging almost freedy, th«^ lower end, 
across which the wind sweeps, being treated roughly as o|Kai, and 
the upper end as (dosed, or open, as the ease? may be. Thus the 
wave-length of the priiudpal tone of a stopped pi{Kf is four times 
the length of the pipe; and, except at the extremities, there is 
neither node nor loop. The overtones of the pipe are the odd 

^ Pog(). Ann, t. (jLvn. p. 01, 1870. 

On the Circulation of Air obaervod in Kundea TuboH, and on alIWi 

Acoustical Problems, Phil Tram. vol. olxxv. p. 1, 18S4. 

^ The subject of sensitive flames with and without plj>eg is trmtod in con- 
siderable detail by Prof. Tyndall in his work on Hound; but the meehanlos of 
this class of phenomena is still very irnimrffjotly unclerstood. Wo ilmll rttura to- 
it in a mihneqmnt chapter. 
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harmonics, twelfth, higher third, &c., corresponding to the various 
subdivisions of the column of air. In the case of the twelfth, for 
example, there is a node at the point of trisection nearest to the 
open end, and a loop at the other point of trisection midway 
between the first and the stopped end of the pipe. 

In the case of the open organ-pipe both ends are loops, and 
there must be at least one internal node. The wave-length of the 
principal tone is twice the length of the pipe, which is divided 
into two similar parts by a node in the middle. From this we see 
the foundation of the ordinary rule that the pitch of an open pipe 
is the same as that of a stopped pipe of half its length. For reasons 
to be more fully explained in a subsequent chapter, connected 
with our present impexTect treatment of the open end, the rule is 
only approximately correct. The open pipe, differing in this re- 
spect from the stopped pipe, is capable of sounding the whole series 
of tones forming the harmonic scale founded upon its principal 
tone. In the case of the octave there is a loop at the centre of the 
pipe and nodes at the points midway between the centre and the 
extremities. 

Since the frequency of the vibration in a pipe is proportional 
to the velocity of propagation of sound in the gas with which the 
pipe is filled, the comparison of the pitches of the notes obtained 
from the same pipe in different gases is an obvious method of 
determining the velocity of propagation, in cases where the impos- 
sibility of obtaining a sufficiently long column of the gas precludes 
the use of the direct method. In this application Chladni with his 
usual sagacity led the way. The subject was resumed at a later 
date by Dulong^ and by Wertheim^ who obtained fairly satisfac- 
tory results. 

262 . The condition of the air in the interior of an organ-pipe 
was investigated experimentally by Savart^ who lowered into the 
pipe a small stretched membrane on which a little sand was 
scattered. In the neighbourhood of a node the sand remained 
sensibly undisturbed, but, as a loop was approached, it danced with 
more and more vigour. But by far the most striking form of the 

^ Becherches sur les chaleurg sp^cifiques des fluides ^lastiques. Ann* de C}iim,y 
t. xm. p. 118, 1829. 

® Ann. de Chim.j 3^®™® s^rie, t. xxni. p. 484, 1848. 

® Ann. de Chim., t. xxiv. p. 66 , 1823. 
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experiment is that invented by Konig. In this method the vibra- 
tion is indicated by a small gas flame, fed through a tube which 
is in communication with a cavity called a manometric capsule. 
This cavity is bounded on one side by a membrane on which 
the vibrating air acts. As the membrane vibrates, rendering the 
capacity of the capsule variable, the supply of gas becomes un- 
steady and the flame intermittent. The period is of course too 
small for the intermittence to manifest itself as such when the 
flame is looked at steadily. By shaking the head, or with the aid 
of a moveable mirror, the resolution into more or less detached 
images may be effected ; but even without resolution the altered 
character of the flame is evident from its general appearance. In 
the application to organ-pipes, one or more capsules are mounted 
on a pipe in such a manner that the membranes are in contact 
with the vibrating column of air ; and the difference in the flame 
is very marked, according as the associated capsule is situated at 
a node or. at a loop. 


263. Hitherto we have supposed the pipe to be straight, but 
it will readily be anticipated that, when the cross section i.s small 
and does not vary in area, straightness is not a matter of impor- 
tance. Conceive a curved axis of x running along the middle of 
the pipe, and let the constant section perpendicular to this axis 
be /S. When the greatest diameter of B is very small in comparison 
with the wave-length of the sound, the velocity-potential 
becomes nearly invariable over the section; applying Green’s 
theorem to the space bounded by the interior of the pipe and by 
two cross sections, we get 

Now by the general equation of motion 




1 ^ 



dV = 





and in the limit, when the distance between the 8ection.s is made 
to vanish, 

SO that 


dt^ da^ 


( 1 ), 
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shewing that <f) (IcjicikIs upon :r in the. same way as if the pipe 
were straight. By means of e<piation (1) the. vibrations of air in 
curved pipes of unifonu .se<!tion maybe. eJusily investigated, and the 
rt'HidtH are the rigorous eonsiapumees of our fundamental equations 
(which take no aeeount of friction), wlien tin; wjction is supposed to 
be infinitely small. In the cast; of thin tubes .such as would be 
usisd in experiment, they suffici^ at any rat(! to give a very good 
representation of what actually happcais. 

264. W I* rinw pass on to tho considcTation of certain cases of 
GimniT.iv.d tubes. In the a(*cornp«'iriying figunj A J) represents a 
thin pi|H% whieh divides at 1) into two brarichcH I)B, DO. At E 
the bnintdies retmitr^ and form a singh* tube KF. The sections 
of the sirigle tulie.s and of thf* braiichcjs are asBUined to bo uniform 
m well as very small. 

Fir. r>5. 


In tin.* first instaiive lot mh mij>|)oKe tha,t a positive wav(i of 
arbitrary type in advaneing in A. On its arrival at the fork D, it 
will give rise to positive waves in H and 6', and, unless a certain 
cxaulition l>e satisfied, a negative reflected wavt‘. in A. Let the 
potential of tho positive waves b(Ml<aiote(l by y^,///,/(r>/being in 
each case a fune.tion of ;/.r - aO, and let the. refl(‘.cted wave bo 
4 ui). Tlu'u the c*f)ndiUouH to In? witisfied at J) are first that 
the presHiireH hIiuII 1h- the same for the threii pij)eH, and scicondly 
that tho wliole Velocity of tho fhiid in A shall bt^ e([ual to the sum 
of the whole veh»eiii<m of tlu* fiiikl in li and 0. Thus, using 
A, B, O denote tlie areas of the Hectiorm, we have, § 244, 

I ’ 

Au:+h’'}^ji/;.+(u: ^ 

whence (2). 




B + d + A-' 
2A 


/i *4 L* "4 A ' 


^ fornnil*, am applMK.! to dfsUirmtm the jrcB&cted and refracted waves 

at the jiaieiloii of Iwo takw of rnmihm /HC, and A re«|Kiotively, are given by 
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It appears that/^ and 
tion, if 


are always the same. 




There is no reflec- 




that is, if the combined sections of the branches be equal to the 
section of the trunk; and, when this condition is satisfied, 

/.=/c=/. (5). 

The wave then advances in B and 0 exactly as it would have 
done in A, had there been no break. If the lengths of the 
branches between D and E be equal, and the section of Fhe equal 
to that of A, the waves on arrival at E combine into a wave pro- 
pagated along Fj and again there is no reflection. The division 
of the tube has thus been absolutely without effect ; and since the 
same would be true for a negative wave passing from to A, 
we may conclude generally that a tube may be divided into two, 
or more, branches, all of the same length, without in any way 
influencing the law of amial vibration, provided that the whole 
section remain constant. If the lengths of the branches from D 
to E be unequal, the result is different. Besides the positive wave 
in F, there will be in general negative reflected waves in B and C. 
The most interesting case is when the wave is of harmonic type 
and one of the branches is longer than the other by a multiple of 
\ X. If the difference be an even multiple of | \, the result will be 
the same as if the branches were of equal length, and no reflection 
will ensue. But suppose that, while B and G are equal in section, 
one of them is longer than the other by an odd multiple of ^ X, 
Since the waves arrive at E in opposite phases, it follows from 
symmetry that the positive wave in F must vanish, and that the 
pressure at E, which is necessarily the same for all the tubes, 
must be constant. The waves in B and G are thus reflected as 
from an open end. That the conditions of the question are thus 
satisfied may also be seen by supposing a barrier taken across the 
tube F in the neighbourhood of E in such a way that the tubes 
B and G communicate without a change of section. The wave in 
each tube will then pass on into the other without interruption, 
and the pressure-variation at Ey being the resultant of equal and 
opposite components, will vanish. This being so, the barrier may 
be removed without altering the conditions, and no wave will bo 
propagated along Fy whatever its section may be. The arrange- 


Poisson, Mim, de Vlnstituty t n. p. 305, 1819. The reader will not forget tlmt both 
diameters must be smaU in comparison with the wave-length. 
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uunit now un<lrr <‘ui}si(i*Tation was irivtaitcd hy H(n’Kchol, and has 

bfH*n cmphn i fl by ^ .hiiurkt* and <)th(*r.s for (‘xperirnental pmposes, 

aii ai>pliratinij that we shall afti-rsvardH liavci occasion to describe. 
Tho ph«ai<»m(*nnH itsidf is oft.tai rcfrrrcd to as an example of inter- 
fen*ni'!‘, tn wlutdi fln-iv t*aii }><* no ohjeettion, but the same cannot 
lu' .said wlom tho ivador is lod to suppos(t tliat the positive waves 
nontruliso ra<di <»ihor in /< and that the matter ends. It must 
nc'ver hr that tln-n* is no loss of energy in interference, 

hut only a dith'renf distrihution ; wlnm energy is diverted from 
one plat'e, it roappi’urs in anotrlu'r. In th(‘ pn ‘.sent case the positive 
wavr in A r-ojiu-y-^ energy witli it. If then? is no wave along jP, 
there ar<‘ two p<»ssdjh* aliernat.ive.s. Eltluu* energ*y accumulates 
in the brunehe^, or el^e it passes haek along yl in the form of a 
negative wave. In order to see wlnit n?ally happens, let us trace 
tin* progress of the waves 2'efle{!te*d back at E. 

These wavi's are equal in magnittule and start from E in 
opposite pliase^ ; in the passage fnan E to 1 ) one has to travel 
a great I -r disfanee than the other by an odd multiple of ^X; and 
thm'efro’f* on arrival at E they will hcj in comphde accoi'dance. 
IJraler thesi* cirenrn^tanfa^s they coinhine int<^ a single wave, which 
travels negatively along d , aial tlutn* is no ndlection. When the 
ncgaiivt* w'uve rearhes tla* eufl of the tubc^ A, or is othei'wisc dis- 
turbed in itn eonrse, the wlude or a part may be rcHeeted, and then 
the pro(*ess is rept%atecl. Ihu however ofb‘n this may happen there 
will he no wave nloiig F, tndess by accumulation, in consequence 
of a e<dneideiiee of periods, Uut vibra.ti(ai in th(^ branches becomes 
HO great fliat a >niall frac‘iion of it can no longer be neglected. 

Or we may r*%a.^on thus. Suppo.se the tube F cut off by a 
barrier as l^ofoie. Ilie iiiotion in the iqg. 50. 

ring being due \u forf'es acting at 1) is 
nece.swiri ly Hynniiet. rival wdth re.spec.t to 
1), and point whidi divides 

DHCIj into equal parts. Hence // is 
a node, and tin? vibrati<m is stationary. 

This being tlie case, at a point ATIistatit 
I X from ly vm either sifie, fcln»re imist be 
a loop; and if tlie Imrrittr be nnnovcjd 
there will still hr? no tc-ndency in produce 
vibration in F. If tin^ perimeter c^f the 
ring be a multiple of X, there may be 
E. IL 
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vibration within it of the period 
any lateral openings. 

Any combination of connected 
similar manner. The general 
principle is that at any junction 
a space can be taken large enough 
to include all the region through 
which the want of uniformity 
aifects the law of the waves, and 
yet so small that its longest 
dimension may be neglected in comparison with Under these 
circumstances the fluid within the space in question may be 
treated as if the wave-length were infinite, or the fluid itself 
incompressible, in which case its velocity-potential would satisfy 
= following the same laws as electricity. 

265. When the section of a pipe is variable, the problem of the 
vibrations of air within it cannot generally be solved. The case 
of conical pipes will be treated on a future page. At present we 
will investigate an approximate expression for the pitch of a nearly 
cylindrical pipe, taking first the case where both ends are closed. 
The method that will be employed is similar to that used for a string 
whose density is not quite constant, §§ 91, 140, depending on the 
principle that the period of a free vibration fulfils the stationary 
condition, and may therefore be calculated from the potential and 
kinetic energies of any hypothetical motion not departing far from 
the actual type. In accordance with this plan we shall assume that 
the velocity normal to any section S is constant over the section, 
as must be very nearly the case when the variation of 8 is slow. 
Let X represent the total transfer of fluid at time t across the 
section at x, reckoned from the equilibrium condition ; then X 
represents the total velocity of the current, and X 8 reprc^sents 
the actual velocity of the particles of fluid, so that the kinetic 
energy of the motion within the tube is expressed by 

T=lpj^~dw ( 1 ). 

The potential energy § 245 (12) is expressed in general by 


PIPES. [264. 

in question, independently of 


tubes may be treated in a 
Fig. 57. 
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.(2). 


.A.:.4n), It;. Hi*' iunif v, 


I i/X 
S (l.r 


rx), 




If ^v*- h^<v 


V 


.1 i/.V 


A 4), 


V . .!i4‘ I'.r A ;iii * uf f.h<! Hiinu^ fonri as 

S A> J - '%'Uit. li/„ 


X 


TJ' 


.( 5 ), 


■ hV-ui* !i '-hj 


'a'. U 


' ,,} 7*au«l I" in ( ! ^ aiul (4), 
rr* /■ . TT./ ti t X . 7r»i: r/,/’ 

/- j., / ,s' ■ h"'‘ I s 

S * AX-Ui'i u» f h»^ ^tjunrr fif AaV, 

-TT./- A 4%' r/./‘ 


/■ 


I 2 I 


/ X. / 


.(7). 


41i*^ I* li^a} ! 


* r |4!. . ij ly ia t^’niiH of A/, thi‘ cor- 

}»* io4*!r !m / Hi Mnirr that tin*, pitch may be 
ih>- .-r.lmaiv lorfoniH, ii.> if S wi*ro (^oasta^t. For 

lh»' *.! X' - ha; *• 

r i7r.rXS, 

A/ • I ^ (f/a:,..,. 

lie rfh'ri .,| 14 vanah'ih *4 '-.** 0 ! ifjii in iioar a node (if iioar 

a Ao -OM-ii* #4” ifi tho firsfr c*aH(' h>W(.?rH tho 

: 4 jjf| lu •fio- it. At- tho points midway 

fl-i*- and lo^-ip-H H viiriatioo of Hf‘ction in with- 

oiii, ff'|V-r!. e thoM d*'«’}doiIly altoioii by au (adargitinctiit 

or i'oii1i':m4ioii lo-.^r ?hr iiuddh- of I ho but tin.: inllmuico of a 

‘flight. *'Miii»-i!.i!y ^voild hr iiiiadi 1 ov*,h. 

Thr o-\|ir.-v,.i.,|-| p,r A/ ^dv» 4 i by (H) Is itfiplieiiblf! m it HtaiidH to 
ih“ gra%'i”-t tftih", but wo nmy apply it to the m*'** tone 

of !,Io‘ hurtiiom** if wo imiflify it by tho Htibstitutiou of 

i 4 m f 2 iu TTj" _ i ) if ir *'■'» iH c * fT-^ / 
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In the case of a tube open at both ends (5) is replaced by 


which leads to 


vr j. 

A = cos -y cos nt 


( 9 ), 


M 


2irx 

= — cos -j- 
Jo ^ 


2 ^^ ^ 
S, 


dx 


(lox 


instead of (8). The pitch of the sound is now raised by an 
enlargement at the ends, or by a contraction at the middle, of the 
tube ; and, as before, it is unaffected by a slight general conicality 
(§ 281). 


266. The case of progressive waves moving in a tube of vari- 
able section is also interesting. In its general form the problem 
would be one of great difficulty ; but where the change of section 
is very gradual, so that no considerable alteration occurs within a 
distance of a great many wave-lengths, the principle of energy 
will guide us to an approximate solution. It is not difficult to see 
that in the case supposed there will be no sensible reflection of the 
wave at any part of its course, and that therefore the energy of the 
motion must remain unchanged^ Now we know, § 245, that for 
a given area of wave-front, the energy of a train of simple waves 
is as the square of the amplitude, from which it follows that as 
the waves advance the amplitude of vibration varies inversely as 
the square root of the section of the tube. In all other respects 
the type of vibration remains absolutely unchanged. From these 
results we may get a general idea of the action of an ear-trumpet. 
It appears that according to the ordinary approximate equations, 
there is no limit to the concentration of sound producible in a 
tube of gradually diminishing section. 

The same method is applicable, when the density of the 
medium varies slowly from point to point. For example, the 
amplitude of a sound-wave moving upwards in the atmosphere 
may be determined by the condition that the energy remains 
unchanged. From § 245 it appears that the amplitude is in- 
versely as the square root of the density I 


1 FUl. Mag. (5) i. p. 261, 1876. 

- A delicate question arises as to the ultimate fate of sonorous waves propagated, 
upwards. It should be remarked that in rare air the deadening infl.nence of 
viscosity is much increased. 



CHAPTER XIII. 

SPECIAL PROBLEMS. REFLECTIOJT AND REFRACTION OF 
PLANE WAVES. 

267. Before undertaking the discussion of the general equa- 
tions for aerial vibrations we may conveniently turn our attention 
to a few special problems, relating principally to motion in two 
dimensions, which are susceptible of rigorous and yet compara- 
tively simple solution. In this way the reader, to whom the 
subject is new, will acquire some familiarity with the ideas and 
methods employed before attacking more formidable difficulties. 

In the previous chapter (§ 255) we investigated the vibrations in 
one dimension, which may take place parallel to the axis of a tube, 
of which both ends are closed. W e will now inquire what vibrations 
are possible within a closed rectangular box, dispensing with the 
restriction that the motion is to be in one dimension only. For 
each simple vibration of which the system is capable, <]> varies as 
a circular function of the time, say coskat, where k is some 
constant ; hence = — k^a^cf), and therefore by the general differen- 
tial equation (9) S 244 

(!)• 

Equation (1) must be satisfied throughout the whole of the 
included volume. The surface condition to be satisfied over the 
six sides of the box is simply 

# = 0 ( 2 ), 

an 

where dn represents an element of the normal to the surface. It 
is only for special values of k that it is possible to satisfy (1) and 
(2) simultaneously. 
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Taking thre«‘ whit'h a-- <♦! i"' 

nates, and su{)posing that tin*. lrn;;th- *4 t!i*- «i.!' r* Vfdy 

a, 7, we know (§ 2ar>) that 

<#> 1 = ^ - ’ ' 7 ■ 

wh(,*r(* f/, r ar<‘ int 4 'g.*i>. aiv parti.-niar --Inti.er.. -f *!m' pp.lihiii. 

By any (»f th<‘Si‘ forms ispiafmn rJl aiei pi^vid-fl fliat 

k he ('{{ual to pTr'ct, f/rr )i, or rir y, a-, tie* ra,-..' !,H4y !*-. Cl nhn 
satisfi(icl. It is equally ovid»*nt that the hM'.Heiaiv -paafi-Mn ril is 
satistifjd ovi*r .all the Miriaei* Iw th*' torni 


<jb = ees'/; ^ j e, 


f 


i n I, 


a form whieh also satistien ( I >, i! h l»e tak* ii 




1 4 i. 


whiTi^ -as IxTore />, q, r jin* in(eg**r^k 

The. g(*n(‘nil sfdution, ohiauneil hy euiiijf*tui«i.in'^ i»ll jHiiUeiilnf 

solutions inehided under 1^). is 


VMS hit a li sin hti | 

/ w* - /■ TTf . / rr: . 

X e<js ! n f ens ' // * I et.<- ^ r J a |. 

‘4 oc / / fi i ^ 7 . 

in which y! .and //.an* airhit r.ar}' eMje-tmsfM, rjnj*} t}|,. ■■•.nfiiiii.-diMii i> 

e.xtended to all integral values uf p, fp e. 

This solution is suhieiriifly geii«avt! ?m eMV#i iti*-' rai.%' o| niif 
initial state of things within the hM\. net iiiiM.!un;| iiioI*'-r*ii|ar 
rotation. Tlie initial disf rihutiMii mI v-loejti*-^ Ch'p'-iid.H iiji«*ii |}|e 
initial value of or i atid hy Fotiriers 

theonun can he repreHeuttsl hy (>*1 f^uitalde value-** heing 
to the co(ff!i(a(*nts A, In like manner aii arliiiniry iiiitinl 
tion of condeiiHation (or rarefartioni, f|i’|ieiifliiig llir' siiilui! 
value of ipj can he representi’d by asenfiing In l-tie 

coefiicitaiitB ll 


The investigation might he pre:^eiii#:'ii y*iiiieivtnil ililTereiitlj* 
hy commencing with asHumitig in areordaiirr %viili Foiirii^r% 

^ Duhsmcl, XAmviiy Junnh JIrtlli., ti>L Sit. |i- I #11* 
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theorem that th(‘ general value of <p at time t ean l>t‘ exprcjssed in 
tin* form 



in whieh the c<.H*ffi(‘ients (J may (h'peiKl up(»n t, but not upon 
z. The expn,‘ssions for T and would th(‘n be foninsd, and 
shiiwn to involve only th<^ squares of tin* coe.tlhnhmts and from 
th{‘S(* expressions would hdlow th<^ normal etpiations of motion 
connecting each normal eo-<)rdinate (7 with tin* tinu*. 

Th(^ gravest modi* of vibration is that in vvliieh tin* (*ntire 
motion is parallel to th(*, longest dirneiiHion of the 1)ox, and tluire 
is no internal mjde. Thus, if a be the* great(.*Ht of tln^ three sides 
a, A 7, we are to take p^\, 0, r = 0. 

In the cas(,‘ of a cubical box, a— /3=7, ami then instead of 
( 4 ) we have 

/w“ = {;/“ + 7“ 4 " r-) (0), 

or, if X be the wave-length of plain* wavers of tin* same period, 

X == 2 a 4 - “P < 1 ^ -f r") ( 7 ). 

For the gravest mode /> = 1, r/ = 0, ?* = 0, or p == 0, ([ = 1, r = 0, &c,, 
ami X = 2 a. The mtxt gravest is when p = 1,7=1, 7’ = 0 , &a, and 
then X=\/ 2 a. When /)=!, 7 == 1 , r=l, X — 2 a/\/*b For the 
fourth gravest mode 7>= 2 , 7 = 0, r = 0 , &c., and tlnm X = 4 a. 

As in the case* of tin*, niembram*. (§ 107 ), wlnm tw(» or more* 
primitive modes have. th(f same* [leriod of vibration, otIn*r modes 
of like period may be derivf'd by composition. 

The treddy infinites seritis of possibles simple* component vibra- 
tions is not nec<;ssarily comph;tely re*present(?d in partic.ulai* eastw 
of compound vibrations. If, for example, wt? suppose; the cambiuts 
of the box in its initial condition to be mnth<;r (*.omlensed nor 
rarefied in any jiart, and to have a uniform V(*lo(nty, wliose* 
components parallel to th<; ax<is of co-ordinates are respefRividy 
Uq, Vi,, Wf), no simple vibrations are generatf;d for which mon.; 
than on(3 of the three nunibei*s p, 7, r is finitte In fact teach 
component initial velocity may be consi<len.;d separatidy, ami the 
problem is similar to that solved in § 258 . 

In future chcapters we shall meet with other examples of thej 
vibrations of air within completely closed vessels. 
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Some of the natural notes of the air contaim^d within a room 
may generally be detect(‘d on singing th(i scab*. Frcibably it is 
somewhat in this way that blind peopb^ an‘ abb,* t,o estimate the 
size of rooms b 

In long and narrow j^assages th(‘ vil)rations ])ara!lt*l to tie 
length are too slow to aff(‘ot the (‘ar, but notes due to transverse 
vibrations may often be heard. ''I’'h(‘ ndative }>ro]>ortions of tie 
various overtones depend upon the places at which the disturbance 
is created-. 

In some cases of this kind tin* pitch of the vibrations, whose 
direction is principally transvers(‘, is influenced hy the occurrence 
of longitudinal motion. Suppose, for C'xamplt*, in (3) and (4), that 
^ r = 0, and that a is nmeh greater than 0. For the principal 
transverse vibration p = 0, and — But besides this there 

are other modes of vibration in which the motion is principally 
transverse, obtained by ascribing t(^ p small intc/gral values. Thus, 
whenp = 1, 



shewing that the pitch is nearly tin; .sunn* as befnrt*^ 


268 . If we suppose y to hecome infinitely great, the box of 
the preceding section is transfonm^d irito an infinite rectnngttlar 
tube, whose sides are a and What<wer may bi* the niotion of 
the air within this tube, its veloeity-potcmtial may Ixj expressed 
by Fourier’s theorem in the series 




pTTX 

a 


cos 


WV 


( 1 ). 


where the coefficients A are incbiperident of a’ and //. By the use 
of this form we secure the fulfilment of the boundary condition 

^ A remarkable infitance m in Young’s Natum! Philmnphtj, o. p. 2T2, 

from Darwin's Zoonomia, n. 4B7. “The blind Jiwticn Fielding walked for the 
first time into my room, when he once visited me, mid after speaking a few wrirdi 
said, ‘This room is about 22 feet long, 18 wide, and 12 high ’ ; all which he gwssad 
by the ear with great accuracy.” 

2 Oppel, Die harmonhehen OberVhie (le$ dureh parallek Wiinde ermgten Mi- 
flexionstones. FortschrUte der PhyHkf %x. p. 180. 

^ There is an underground passage in my house in which it ii poi«lhl@, hy 
singing the right note, to excite free vibrations of many lecondu’ duration, and it 
often happens that the resonant note is affected with distinct hmte. Th© breadth 
of the passage is about 4 feet, and the bright about Sf feet. 
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that there is to be no velocity across the sides of the tube : the 
nature of -4 as a function of z and t depends upon the other 
conditions of the problem. 

Let us consider the case in which the motion at every point is 
harmonic, and due to a normal motion imposed upon a barrier 
stretching across the tube at ^ = 0. Assuming to be proportional 
to at all points, we have the usual differential equation 


deep 


ft + 1-^.0 

dy- dz- ^ 


( 2 ), 


which by the conjugate property of the functions must be satisfied 
separately by each term of (1). Thus to determine Apq as a 
function of we get 



The solution of this equation differs in form according to the sign 
of the coefficient of When p and q are both zero, the coeffi- 
cient is necessarily positive, but as p and q increase the coefficient 
changes sign. If the coefficient be positive and be called fir, 
the general value of Apg may be written 

Ag,g = ( 4 )^ 

where, as the factor is expressed, Bpg, Cpg are absolute 
constants. However, the first term in (4) expresses a motion 
propagated in the negative direction, which is excluded by the 
conditions of the problem, and thus we are to take simply as the 
term corresponding to p, q, 


<f) = Gpg cos-^^^ cos 

In this expression Gpg may be complex ; passing to real quantities 
and taking two new real arbitrary constants, we obtain 

= \Ppg cos {hat — fjbz) 4- Epg sin {hat — fjiz)'\ cos cos . . .(5). 

We have now to consider the form of the solution in cases 
where the coefficient of Apg in (3) is negative. If we call it — 
the solution corresponding to (4) is 

Apg = {Bpg A Gpg 


(6X 
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«^f which the term is to be rejected as becoming infinite with z. 
We thus obtain corresponding to (5) 

^ [1^2 cos Icat + sin tet] cos^^- cos (7). 

The solution obtained by combining all the particular solutions 
given bv (5) and (7) is the general solution of the problem, and 
allows of a value of d^jdz over the section z==0y arbitrary at 
everv point in both amplitude and phase. 

At a great distance from the source the terms given in (7) 
bectnie insensible, and the motion is represented by the terms of 
(.■> \ alone. The effect of the terms involving high values of p and q 
is thus confined to the neighbourhood of the source, and at 
nuxlerate distances any sudden variations or discontinuities in the 
motion at ^ = 0 are gradually eased off and obliterated. 

If we iix our attention on any particular simple mode of vibra- 
tion (for which p and q do not both vanish), and conceive the 
frequency of vibration to increase from zero upwards, we see that 
the effect, at first confined to the neighbourhood of the source, 
gradually extends further and further and, after a certain value 
is passed, propagates itself to an infinite distance, the critical 
frequency being that of the two dimensional free vibrations of the 
corresponding mode. Below the critical point no work is required 
to maintain the motion : above it as much work must be done at 
j = 0 as is carried off to infinity in the same time. 


268 a. If in the general formula? of § 267 w^e suppose that 
r = 0, we fall back upon the case of a motion purely two-dimen- 
sional. The third dimension (j) of the chamber is then a matter 
of indifference ; and the problem may be supposed to be that of 
the vibrations of a rectangular* plate of air bounded, for example, 
by two parallel plates of glass, and confined at the rectangular 
boundary. In this form it has been treated both theoretically 
and experimentally by Kundt\ The velocity-potential is simply 

<#> = cos(^p^)cos(2^) (1), 

where p and q are integers ; and the frequency is determined by 

( 2 ). 

^ Pogg. Ann, vol. xl. pp. 177, S37, 1873. 
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If the plate be open at the boundary, an approximate solution 
may be obtained by supposing that is there evanescent. In 
this case the expression for (j> is derived from (1) by writing sines 
instead of cosines, while the frequency equation retains the same 
form (2). This has already been discussed under the head of 
membranes in § 197. If oc = /9, so that the rectangle becomes a 
square, the various normal modes of the same pitch may be 
combined, as explained in § 197. 

In Kundt’s experiments the vibrations were excited through a 
perforation in one of the glass plates, to which was applied the 
extremity of a suitably tuned rod vibrating longitudinally, and 
the division into segments was indicated by the behaviour of cork 
filings. As regards pitch there was a good agreement with 
calculation in the case of plates closed at the boundary. When 
the rectangular boundary was opeyiy the observed frequencies were 
too small, a discrepancy to be attributed to the merely approxi- 
mate character of the assumption that the pressure is there 
invariable (see § 307). 

The theory of the circular plate of air depends upon Bessel’s 
functions, and is considered in § 339. 

269 . We will now examine the result of the composition of 
two trains of plane waves of harmonic type, whose amplitudes and 
wave-lengths are equal, but whose directions of propagation are 
inclined to one another at an angle 2a. The problem is one of 
two dimensions only, inasmuch as everything is the same in 
planes perpendicular to the lines of intersection of the two sets of 
wave-fronts. 

At any moment of time the positions of the planes of maximum 
condensation for each train of waves may be represented by pa- 
rallel lines drawn at equal intervals X on the plane of the paper, 
and these lines must be supposed to move with a velocity a in a 
direction perpendicular to their length. If both sets of lines be 
drawn, the paper will be divided into a system of equal parallelo- 
grams, which advance in the direction of one set of diagonals. At 
each corner of a parallelogram the condensation is doubled by the 
superposition of the two trains of waves, and in the centre of each 
parallelogram the rarefaction is a maximum for the same reason. 
On each diagonal there is therefore a series of maxima and minima 
condensations, advancing without change of relative position and 
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with velocity a/ cos a. Between each adjacent pair of lines of 
maxima and minima there is a parallel line of zero condensation, 
on which the two trains of waves neutralize one another. It is 
especially remarkable that, if the wave-pattern were visible (like 
the corresponding water wave-pattern to which the whole of the 
preceding argument is applicable), it would appear to move for- 
wards without change of type in a direction different from that of 
either component train, and with a velocity different from that 
with which both component trains move. 


In order to express the result analytically, let us suppose 
that the two directions of propagation are equally inclined at an 
angle a to the axis of x. The condensations themselves may be 
denoted by 


coB^{at — x cos a — 3/ sin a) 

A/ 


and 


cos 


27r 

T 


(a ^ cos a -1- 2/ sin a) 


respectively, and thus the expression for the resultant is 

27r . . . ^TT , ^ . . 

5 = cos — (at — xQOB a — 3/ sin a)4-cos — (a^ — ^rcos a4-3/sm a) 

= 2 cos (a ^ cos a) cos ^ ( 3 / sin a) ( 1 ). 

A A 

It appears from ( 1 ) that the distribution of s on the plane xy 
advances parallel to the axis of x, unchanged in type, and with a 
uniform velocity a/cosa. Considered as depending on 3 /, 5 is a 
maximum, when 3 / sin a is equal to 0, A, 2A, 3A, &c., while for the 
intermediate values, viz. A, | A, &c., s vanishes. 

If a = i TT, so that the two trains of waves meet one another 
directly, the velocity of propagation parallel to x becomes infinite, 
and ( 1 ) assumes the form 

s = 2 cos ai) cos (y ?/) (2); 

which represents stationary waves. 

The problem that we have just been considering is in reality 
the same as that of the reflection of a train of plane waves by an 
infinite plane wall. Since the expression on the right-hand side 
of equation ( 1 ) is an even function of y, s is symmetrical with 
respect to the axis of x, and consequently there is no motion 
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fhrif .'ivj^ f ii<lMr* t h*-s(‘ (‘inMinistuncrs it in evident that the 
i'^.iiM in im wav )»»• ;dt<'iv(l l>y tin* inl.nxhic'.tioii al{>iig the 
a\:> m! ,r ,,f :m ah-ulnftdy iiuiuovahle wall. If a he tlu^ an^le 
ie iv. » cM ili,. -urtae** and lln* direetuin of prepay^fitinn of the in(‘-i- 
‘h ut wa^ fht' Vf-lnfif y willi wliieli tin* |)lae(*s of maxirmnii e.on-” 
nfh’.itiMU a‘^oT»'-j»oralirjLC ?lie jL(r< attest, eha'atieii of waUa’-vvaves) 
la^a- th*^ v,a!l Is f/ msec. Itr may be notie< hI (,hat blu; juirial 

pn -air« ha.i • no trnfirvney to move* the wall as a whole, (j.Koept in 
III*" e.or , ali>f4ut»'ly |jMr|u -udieiilar inei(len(!e, .sirK^(* tiny arc at 
aay oiMinout a- inueh iie'4;it ive as po.sitiv(‘. 

269 o. WiiMii vonid waves proctissling from a diMtant source 
an n-lli'i'tioi perpondi«’ii!nrly hy a solid wall, tin msnjHfrpositioii of 
lie* dire#‘f and r«'fiertnd wav<'s t,dve.s rise h) u systinn of nodes and 
I MMpv. !y as in the oasr* of n tube c!onHid(n*(!d ind^ 255. The 
n'*d.'d itlaie'*^. vi/, lie* surfaec's of (nanioHCicmt motion, occur at 
di'iaiior^ fi’oin tie- wall which are JW'mi multiples of the (juarter 
\va\r !»‘iiu;t!{. and tin* iocips biseet. the intervals hchwesui tins nodes. 
hi “XploriiiLC ♦•?cperinu'ntally it is usually l)est to H<mk the places 
m| inininmin Imt wlo'tlurr will Ixi nodes or loops 

d«'j M nd*". npiUi ilo' apparatus 4‘uiploye<l, a con.siderat>ion of which 
dc’ h’fi to some confusion h Thus a resonator will 

to n’spomi when its umuth coinciduK with u loop, ho that 
thi- mofliufl of »*x}sTimout.in^^ gives the loo/m whether the 
O'^^oijat or ho iii eonneet mn with the <*ar or with a “ matiornetric 
ca|HuIo'’ (j 2 h2i. The saiiu’ cjoricJunion ap[)lie8 also to the use of 
th*' u Jiaith'd ear. ex'copt that ill this case the head is an obstacle 
lnry»- enough to <!isturh H«'nHiIiIy tluj original distribution of the 
ioMpand liodt'Hl If on the other hand the indbiating apparatus 
b»' a snifdl sfrefelied membrane exponed upon both Hides, or a 
Hf‘i}Hili%’e smoke jet or tlaiins thi^ places of vaniehing dinturbance 
nr»* iJif* 

The complete ffstabliHlimmit of stationary vibrations with 
inodeH mid loopH #>muipies a certain time during which the sound is 
lo hi* maiiitaiiusL When a harmonium reed in sounding steadily 
ill n room fri.*e from carpets and curtains, it is easy, listening with 
a n-seiiator, to find phictes where the principal tone is almost 
etifcireiy Milntmai. But at the first moment of putting down the 

^ N, Havurtt Ann, M. CJiivo u%%u p. 20, IHBd ; p. 3S5, 1845. 

^ PhiL ?.ii. p. 104), 1872. 

“ Phil. M(t 0 . Uk, eit. p. 153 . 
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key, or iiunicdiitlcly ;trtcr Intiti;: it y.., t!,.. i.„„. 
itself, vvitli surjirisiiii; vii^.itir. 

The tdnu!i 1 i«i)i of .•-t;ili.,ii;iiy u.,.i, • ;ui.i jj,.,,, „j- 

!•( •licet wall tii.-iy 1 ..- tiini.'.l to y ...4 v,l„ i, it if. -in-.] 

to (l.•l.l•nliinc the . Th.- to.-tb-i 

i.s <.,s|M-eiiiliy valiial.l.. i,. ( 1 „. . ,f v ,y a-of- m.uicIh ,'„„i .,f 

vihrati.iiis of ftvi|iiei,rv a- i.. }»• iuauiiif].-. With ti,,. aid 

of a hi«h scn.itiv.- thuoc Uy 

“liinl-cull.s” may ho tiao.-.| .i.avn i., a .■..mj,!, « avr-I.-ii^ri J, ,jf 

ti into., corrcspniaiili^' In a fxv.,.,. „.y .f ah- it .'..-..(flJO j..,,- 

270 . So h.lljf ;m tho lO.iitlllM IV ha il ih.- ■,, iaei.. „) 

oontiimc.s of im!,n,koj, uiuf.noitr wav-,. ,aay h.- .j 

ill any iliroi-linii with ‘'i.jiviajii v.’.,oj'_v ..lai ivjtii iy|,. iinohaiiao.t , 

hut a ilistiii-haut vvla a tf. v.;,..,-. iv.-fh aa, imrl wla rv »ii- 

lacohaaioal |,ru|,ortics „f i !„■ -iiniu ami. n;.. a oiau.y.- Th- 

K.-uoral j,rol,!o,a ofth- viluai.oa. . a oan..!.].- i- pr-'-'-'Wv 

tiuitc la-yoi.a tho yrrasj, „f a.atf. a.ata -. },,,! taaav of 

the points ol idiysioa! iai.-ro-t .u- au , .1 ,1,.. -a*- „f 

wavc.s. Lot M.pposo tl.a, tf. n,..in,.o m ,n,.|..n„ a!«.v- a,al 
hi'lovv tv cortaui ,,,,, 

piano Ihoro an al.ruj.t van.ita.a in if.- to. .-iianioai p,o}o rito.„n 
winch tho i.r.,j,aoaii,.n „f .hjoioi aai„. h i},. 

ami tlio ,/oa.v,/y. ( aj.ic r m.|. „( ,1... , 

<lislnictaos.s Oi ,v.. ,o:,v ,.,j,|o..-.. h.-n/.-uiai, a t,..,„ 

piano vvayo.s a.lvanc-s as n. m. . t it ,,,.. 1 , Iv ; th- 

prolilotn iH to .lon-nainc li,.- u . fn.ot. ij, wmo- whi-h 1 . propa-nt. 4 

- '"1 ■‘•-.iinin. and aho ,ha, throv'n ha-k 

into tho tiM n,...iiuin, o, r-ii. ct,.,!. w,- ha-.,. tb- fir,t nh,-. 

nation. „j a,.,! . ho„.i-|arv 

la tho nppor tiioijinn., n ,, h. th- natural do,,.., tv and 1 },- 

f i' I 4 - 

'““I prosMtr,';s./<iJ i 

wherod ,s a coolfir-iont .1-poml,,,^ il„- o..in,„v»dhili!v. and /* 

.« tho niMhHtnrhoil prossuro, h, lib- nianm-r t l,o lower’, n-di,,,,, 
«lo!(Hi!y=s p, ( j 4 
pro«.siiror..i'fI + 
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key, or immediately after letting it go, the tone in question asserts 
itself, often with surprising vigour. 

The formation of stationary nodes and loops in front of a 
reflecting wall may he turned to good account when it is desired 
to determine the wave-lengths of aerial vibrations. The method 
is especially valuable in the case of very acute sounds and of 
vibrations of frequency so high as to be inaudible. With the aid 
of a high pressure sensitive flame vibrations produced by small 
‘‘bird-calls” may be traced down to a complete wave-length of 
6 mm., corresponding to a frequency of about 55,000 per second. 

270. So long as the medium which is the vehicle of sound 
continues of unbroken uniformity, plane waves may be propagated 
in any direction with constant velocity and with type unchanged ; 
but a disturbance ensues when the waves reach any part where the 
mechanical properties of the medium undergo a change. The 
general problem of the vibrations of. a variable medium is probably 
quite beyond the grasp of our present mathematics, but many of 
the points of physical interest are raised in the case of plane 
waves. Let us suppose that the medium is uniform above and 
below a certain infinite plane {x = 0), but that in crossing that 
plane there is an abrupt variation in the mechanical properties on 
which the propagation of sound depends — namely the compressi- 
bility and the density. On the upper side of the plane (which for 
distinctness of conception we may suppose horizontal) a train of 
plane waves advances so as to meet it more or less obliquely ; the 
problem is to determine the (refracted) wave which is propagated 
onwards within the second medium, and also that thrown back 
into the first medium, or reflected. We have in the first place 
to form the equations of motion and to express the boundary 
conditions. 

In the upper medium, if p be the natural density and s the 
condensation, 

density = p (1 + 5 ), 

and pressure = P (1 + -ds), 

where d. is a coefficient depending on the compressibility, and P 
is the undisturbed pressure. In like manner in the lower medium 

density = (1 + 

pressure = P (1 -f dj Si), 
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the undisturbed pressure being the same on both sides of = 0. 
Taking the axis of z parallel to the line of intersection of the 
plane of the waves -with the surface of separation x = 0, we have 
for the upper medium (§ 244), 



TTi 

dt- \da^ 

d), 

and 



(2), 

where 

= 

(3). 

Similarly, in 

the lower medium, 



^"5^1 __ pro ( 

dt- ^ V daf^ dy- ) 

(4), 

and 



(S), 

where 

Fr = PAi --- Pi 

(<3)- 


These equations must be satisfied at all points of the fluid. Further 
the boundary conditions require (i) that at all points of the 
surface of separation the velocities perpendicular to the surface 
shall be the same for the two fluids, or 

d(j>ldx = when x = 0 (7 ) ; 

(ii) that the pressures shall be the same, whence = or bv 
(2), (3), (5) and (6), 

p dcj)/dt = Pi d<pildt, when x=0 (8). 

In order to represent a train of waves of harmonic tvp>e, we 
may assume (j> and <f>i to be proportional to where 

ax + b'}/ = const, gives the dii*ection of the plane of the waves. If 
we assume for the incident wave, 

= (9), 

the reflected and refracted waves may be represented respectively 

by 

(j) = ^ 10 )^ 

( 11 ). 

The coefficient of t is necessarily the same in all three waves 
on account of the periodicity, and the coefficient of y must be the 
same, since the traces of all the waves on the plane of separation 
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must move together. With regard to the coefficient of x, it ap- 
pears by substitution in the differential equations that its sign is 
changed in passing from the incident to the reflected wave ; in 
fact 

[(± ay + 6^] = Vy [ar +b^ (12). 

Now 6 + 6“) is the sine of the angle included between the 

axis of X and the normal to the plane of the waves — in optical 
language, the sine of the angle of incidence, and b — + b^) is in 

like manner the sine of the angle of refraction. If these angles 
be called 6, (12) asserts that sin i9 : sin^i is equal to the con- 

stant ratio V : Fj, — the well-known law of sines. The laws of 
refraction and reflection follow simply from the fact that the velo- 
city of projDagation normal to the wave-fronts is constant in each 
medium, that is to say, independent of the direction of the wave- 
front, taken in connection with the equal velocities of the traces of 
all the waves on the plane of separation ( F -f- sin ^ = Fj ~ sin Oi). 
It remains to satisfy the boundary conditions (7) and (8). 

These give 
whence 



This completes the symbolical solution. If ai (and 6^ be real, we 
see that if the incident wave be 

— cos {ax 4 - % 4- ct), 

or in terms of F, X, and 6, 

27r 

<^ = cos — (a? cos ^ 4- y sin 0 i- Vt)' (15), 

the reflected wave is 

Pi cot ^1 

^ - E cos ^ cos 0 + y sin 6 4- Vt ) . . . (16), 

Pi cot Ui K 

cot 6 

and the refracted wave is 

2 27r 

^ pi — cot^ \ + 2 / sin + FiO- • -(17). 

P cot 0 
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The formula for the amplitude of the reflected wave, viz. 

Pi cot di 
<j>'' __ p cot 6 

(^' Pi cot 6i 

p cot 0 


m 


is here obtained on the supposition that the waves are of harmonic 
type ; but since it does not involve X, and there is no change of 
phase, it may be extended by Fourier’s theorem to waves of any 
type whatever. 

If there be no reflected wave, cot di : cot 0 = pi : p, from which 
and (1 + cot^ 6i) : (1 + cot- 6) — F- : Fi-, we deduce 



which shews that, provided the refractive index Fj : F be inter- 
mediate in value between unity and p : pi, there is always an 
angle of incidence at which the wave is completely intromitted ; 
but otherwise there is no such angle. 

Since (18) is not altered (except as to sign) by an interchange 
of 6, 9 1 ; p, Pi ; &c., we infer that a wave incident in the second 
medium at an angle 9i is reflected in the same proportion as a 
wave incident in the first medium at an angle 6. 

As a numerical example let us suppose that the upper medium 
is air at atmospheric pressure, and the lower medium water. 
Substituting for cot di its value in terms of 9 and the refractive 
index, we get 




or, since Fj : F = 45*3 approximately, 

cot 9il cot 9 — *23 — 17*5 tan- 0), 

which shews that the ratio of cotangents diminishes to zero, as 9 
increases from zero to about 13°, after which it becomes imaginary, 
indicating total reflection, as we shall see presently. It must be 
remembered that in applying optical terms to acoustics, it is the 
water that must be conceived to be the ' rare ’ medium. The ratio 
of densities is about 770 : 1 ; so that 

_ I - *0003 V(1 - 17*5 tan^ 9) 

~ 1 + *0003 V(1 - 17*5 tan^ 9) 

= 1 — *0006 a /(1 - 17*5 tan- 9) very nearly. 

Even at perpendicular incidence the reflection is sensibly perfect. 

6 
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If both media be gaseous, J.i= JL, if the temperature be con- 
stant; and even if the development of heat by compression be 
taken into account, there will be no sensible difference between 
A and Ai in the case of the simple gases. Now, if ^i = A, 
Pi : p = sm^d : sin-^^i, and the formula for the intensity of the 
reflected wave becomes 

— si n 2d — sin 2 ^i _ tan (6 — 0^ 

(f)' ~ sin 26 + sin 2i9i tan -f 6^) 




coinciding with that given by Fresnel for light polarized perpen- 
dicularly to the plane of incidence. In accordance with Brewster's 
law the reflection vanishes at the angle of incidence, whose 
tangent is F/Fi. 

But, if on the other hand pi = p, the cause of disturbance 
being the change of ^compressibility, we have 

_ tan 6i — tan 6 _ sin (6i — 6) 
tan 6i + tan 6 


^( 22 ), 


(23); 

In the case of 

(24). 


(f> tan + tan 6 sin {di + 6) 

agreeing with Fresnel's formula for light polarized in the plane 
of incidence. In this case the reflected wave does not vanish at 
any angle of incidence. 

In general, when 0 = 0, 

^■^-p V,- p^'v,- 

so that there is no reflection, if pi : p = F : Fi. 
gases F^ : Fi^ = pi : p, and then 

V ^ F~ F i 

4^' ^/pl + ^/p F-h Fi 

Suppose, for example, that after perpendicular incidence re- 
flection takes place at a surface separating air and hydrogen. We 
have 

p = *001276, Pi =*00008837; 
whence Vp • Vpi = 3*800, giving 

cl>" = ~ -5833 4'. 

The ratio of intensities, which is as the square of the amplitudes, 
is *3402 : 1, so that about one-third part is reflected. 

If the difference between the two media be very small, and we 
write Fi = F-f SF, (24) becomes 

<f>'~ ^ V 


(25). 
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* S*'-' 


4 «f 

'i 


!f i!ir fh>t !u^'«iiuiu .'til' at (i uii<l trli(‘ .s(‘(*.on(l lacdimu be 

air;ii/ I' e T . \\ { I h'iHrAWf): Hr> that 

f// 

Tie' r.'ifin “f til*” it”^ ♦»!* th<- refletiral and ineid(nit/ sounds is 

llo'P-iMr*” '■ '■ f : I. 

Ah aimTh.-r •• «»f fh** Haim- kirn! wt* may take, tin* ease in 

whieh til*' til'"' iu*'dinin dry air and tin* see.ond is air of the 
siun* nr* a! U!’a.t*'d with lunisture. At lO" (/(‘ut. air 

si!uiat*'d v,i!h in'OHtur*” i h^lit rr than dry air !)y n.bout oiU‘ ])art 
ill hm that f..r ^ b- 1" *i‘"trly. H<‘ne<* we (•onelmhj from (25) 
iha! t!i*' r» tl* •'!, -I Miufd niily abnut mm 774,000'’* part of the 
iuridenf sMiiud. 

Fn‘in t!i«- r r;den!;tn»»n'5 we see tliat. n‘th*ciionH from wwm or 
m«d-f air iim ;p n» r.dl v le* very small, tlmuj^di of lumrsi* th(j (‘ifect 
maV ari'umulat*” by r» jirtltdm. It must also In* rmriembivred that 
in prariir* tin* iran^itien from one state of thin^os to the other 
Would b** '^U'adnab and not. abrupt, as the pr<‘Hent theory supposes. 
If tile spa*'*' MOf-upied by tin* transition amount to a eouside.rable 
fraelion of lb.* wou.'.bnj^th, the retle{*tion would Ik* materially 
lo^^Honi'd, i Hi thi'^ ae* ount we might expec't grave* Houmls to travel 
through a le teiogoni otis ineflimu less freely than aeuti* houucIh. 

The refierunui *»f -,ound from siufaees separating portions of 
gas of diffrrrfit dmidties has engaged the attmition id’ Tyndall, 
who lias devr oft soveml striking experiments in illustration of this 
wuhji-eiT For e xample, smuisI from n high»piteh(‘d rer’d was con- 
dueled tlifoiigh a tin luhe towards a sensitive flame, wlvkdi served 
an an iiidieator. IW the ii4terpte>iti(m of a coal-gas llame issuing 
fivon an ordinary bafT-wing Imrner hetwef*n the tube and the 
sensitive flame, the greater part of the effect could be cut off 
Not ludv ox but by holding the liame at a suitable* angle, the 
Sfiniid could be refleetefl ihrottgh linotlicr tubf-' in sufficient ciuantity 
to leseile a Sf'cimfl sen.^^itive flume, which but for the interposition 
**( ilie reiiei^'Cing llaiiie w<>nhl have remained undiHtnrhed, 

|The refract iiui fd’ Sound ha.>i hemi demonstrated experimentally 
by SotidhfwisH" %vith the aid of a collodi<m brUloon charged with 
carbonic aciil j 

* S'lunil, Itril ••'lili'iii, i>, 1975. 

» Ann. t. 9.7, p. :i7M, l«53. Phil. .Vng. vol. v. p. 73, 1958. 
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TOTAL HKFf.Kt Tft A. 


The prcerdiiiL^ fXpn-.-H.sinii.w lUU, 1 1 7 i, ^ l^ i ii 
case of ref!i‘(*ti(>n from «'i r la* tinuu h e 

sound be ^viKiU'V in tin* IciWi-r ni»*diuni, .^u^i !L» ; 
(‘XC(‘ed the eritiral nii^h\ . 

require uiodilication. In !h.* laif^- f .i * ■ . 

refracted wave should oxi^f, sinf.'. . Vf e n' **1;* a 
were f)0 , its ti‘ae«* oii tin- |.|.in» mI -loue.’j .li 
outrun the tnie<‘ <,f the in«'id« n? wa*.* . 

If “-/u/ 1)1* writ {oft in |(|ro-.' ..f a , * J.,. 

huyidvid itutrr 

Hejlected v'ttrr 


lu 


Hia! a 
I' !fa**!a»|| 


Hefrdct&i <r*n'r 


from which by discnnlinu*' ^In- ntviiyln^n x n u '* 
LiCidait infvf^ 

<(} - i’ns ( tfj » A f/ H rf j 

ReJlecUd varr 

<j> -■ t'«»s i -- ff..r i » 2^ 

liefnicted irnvi’ 




■■■ , .. ... ^ , I . . 

//n o, ’ ^ '■ » f • . - ■ . ,1 I. 

I ‘ I 

'.p' O' , 

lai,. ''-" 



The.so foniiul:.. indiVat.. t..i;.i ,.-H, -i, ,t,u }„u.,v. i,, th,. 

second medium in mu a uav,- aJ nil m i.„d a! 

a short <lwtmmo from llm Mirfim.. H, pumuuu , o, -....ti'v,-, I,.- 

comes uwonmblo. (.'aleulatiu^ a/ hum 0 2) aiO .-^j.r.win. it 

terms of 6 and X, wo find 


' i V ‘ 


' ' {’■ 


thal th„ , 1 .,., i,„„ ,h,. 

medium more thim a fow 
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’■*' r*' 
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*' tiH j!? 


■*■-•* -UHl 




M 
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. . .., 

l»«»y irm. id* 
Hf m 

liW 





'ilii- <!lfiVrrUf‘f‘ of phase between th(* reilected and the incident 

waves is 2e’. where 


tan c 

- a/ tai)"0— 

\>i V 1 r 

..(.3,1). 

If the media havo the 

same compressibilities, p : —Vf : 

e, iuui 

tan r 

r /i^2 

" r* ' V V ' 

..(32). 


Sinee tlirre is no loss iifeinn-i^y in reflection and refraction, the 
w’nrk fransnuttf'd in any tino' a.eross any a.n‘a of the front of the 
incident wave mn^t he <*f|nal to tint work transmitted in the same 
time arrows eorre^pomliuif areas f>f tin; refl(‘et<‘d and ndracted 
\vaves. l*!ii‘S»‘ eorrespfmdinif areas are plainly in the ratio 

cos 0 : cos 0 : cos 0i ; 

and thu- by i 2 to (r bein;( the saim* for all tin*, waves), 

eo^ 0 ;..r. ef>H 0^^ ^ 

or Hin(‘e V : sin 0 : sin (9,, 

P eot 0 { ‘ } r : Pj cot 01 </)j“ 0 ^*^)} 

wbif'h is the enrr;,n’ conditi^nn and a^^rees with tint result of multl- 
pljin^ tot^eihor the two boundary tMpuU.ions (IH). 

Wlien tile Velocity af proj>agation is ^nuiU'r in the lower than 
in tin* upper inefiium, and the angh; of incidtaice exceeds the 
critif’al an^^le, no ener;(y is transmitb^d into the second medium; 
in other words tin* reflofUion in total 

The inetlnM! of the pre-^ent investi^''ation is Bubstantially the 
Haiae an that employe<l liy (ina-n in a l^apia* on the Reflection and 
Refract ion of Sound*. I’ln* case of perptuidicidar iii(ndc*.nce was 
first invcHlij^nded by IVu’sson^ who obtain<*d formula) corresponding 
to (2:1) and (24), which ha<l howf*ver br*en already given by Young 
for thi‘ refiectifui of Light. In a suh.secjucuiit memoir^ Poisson 
conHiflere«l the gauieral casf* of fd)li(|nc! incidfuico, limiting himself, 
hcnvevctr, to gaseous me<lia for which IJoylels law holds good, and 
by II very complicated analysis arriveil at a result equivalent to 

* CnmhriiUfC Trftmtfftimmt vol. vi. |>. 403, lH3S. 

Mfm. ik rimtitut, L u. p. 30;^ 1810. 

"* ** Mimmira nur Ic! inouvumeat do dettx tluidoB ^laBfciquen anperposte.” MSm, 
fk VlmlUut^ I. X. p. 317. I83I. 
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(21). He also verilied that tla* oiK^rgifs <4* th«^ n*tirct»'(l and 
fractcd waves makci up that of th<‘ iueith^uf wavuC 


rt*« 


271. If th(i secoud modiniu In* iudi‘liuit‘‘ly o\t*aided dowu- 
wards with corupletc* miifonaitv in its l^a,'ehanir^'^l propiTtios, the 
transmitted wave is propa^^ated onwanis rj»ntinnaily. Ihit if at 
= — Z there be a furtlu-r chan^o* in the compressibility, or fleiisitj, 
or both, part of the wavat will be tlirowu back, and on arrival at 
the first surface (.r = 0) will be dividfd into tw«) parts, «>iie trans- 
mitted into the first medium, and onc‘ rellocted bmrk, to be again 
divided at //; — — (?', and so on. l>y folhaving t he progress of these 
waves the solution of the problmu may be obtained, the resultant 
reflected and transmitted waves being eotnpmmded rif an infinite 
convergent sericNs of components, all parallel and harmonic. This 
is the method usually adopted in Djitics for tin* eorreH|H aiding 
problem, and Is ({uito rigounus, thougli perhaps not always stif- 
ficiently explained ; but it do«‘H not appear fo liave any aclvantagr* 
over a men* straightforwanl analysis. In the folhAving invi’sti- 
gation wti shall confine ourselves to the case where the third 
medium is similar in its pro])c*rtieH to tin* first niirdium. 

In the first medium 

(f) zT. -f 

In the second medium 

In the third medium 
with the conditioms 

== + // ) = Vf ( oj- 4- /c| 1 1. 

At the twf) surfaci,‘s of Hej)aration we have secure the 
equality of normal inotions and pr<?s.snres ; for w » 0, 

a — a 1 1 »«- i 




i2); 


for ^ = — L 


pi 4“ j 


.(3X 


1 [It IB intereeting and encouraging to note Larkce^i remark In a corrai|»fiitaei 
with T. Young. The great analyst writoH flH17) pewlut# i emim i|tti I# 
probkme de la propagation de« ondc«, lor«(|u’ci!e« tra?tr«it differeii* &% 

jamais 6t6 r^aolu, et <|u’U surpasse |>eiit*i'tr 0 kn foreti aclaelks dc i'aaalyst** 

(Young’s n or/«, voL n p. $74).] 
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:? * J- ! V ii 


*;» i • 

n n * ^!; tij' 


J 4 k 


.cr»h 


JM}. 


' M ^ I ^:]4 ‘»7 I ^ i ^ 

■ ' ‘ 3 '■ -^‘^ ^■.;UuU' *'\pf MMiHt li»< 

/^•■^ /f ., 1 , Kt' '4r filt^l ‘-'Si ^l‘■ij^MIirl|^^|^r fji 

•f ■■ ■ r -J; ^ * /iv ' f I, 


'•ft fn ’r;ti * I, V . ^'f . r I 

I f * (n « ft “ r- 
'I 


4 * K 


? 4'7 * »'f t iji •■• ri 
», I I * J ^ 4 »■ 


f.H|, 


I » 4 f| ■■ I / 

?*' -i- ' ■■■" ■•'■ I. ?n»'r<- |**» |r|1»‘rfr«i ||||t| tl|«^ 

.:*■< -1 %■> h.y 

p4 — ' -.^i # •'i..-.- 4 I, '7 s »'f 4‘ ■■"” I, 

I^r ?h*- ^4 ill*- ^4’ fll»‘ 

i|i — I J I -1 «.in t -■■ I-' llj/ I - 

;> i':'i£.,!',-;;ii ■ 5 ». L-ri, L!t‘’ llnfi iti rMiii|»ftriHMii %riiti 

thv --.ric- il iijijinir*! itiat l«ir a 

.-4 ifir*’r*t» 4 y E^t k^, ur 

%M \ 

|.H mv% ■« ,tVf»^' •!;«' f ilfun tl«' if ^ 'f , ttlEt- H, if 

4 ii itiU.^^- 1 . m%ir w wlinllr ir«ii^iiitll»^^ 4 .. 
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fi'Miii wlirli and are to In? (*liinhiaU‘cl. We get 
(<P^ ~ ) (!{*H f/j I -«• i ^ {(f)'" -I- .si I 

€l pi 

i<p' + (p ** ) fh t i (<f>' (f>'') II (ij> ^ ) 

Hi p / 

aiiii freifi th<'.se, if for l>re>vity (f pijaip ^ 

p' a f <x ‘ 2t c.ot dj/’' 

4 )i_ 

(P' 2 vAtH (ij, f' i Kill f/j/ (a 4»a “ *) 
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(+); 


(■^>). 


In erdiT to i-ium to mtl {juaiiiitie.s, thuHe uxpre.sHiouH miiHt bo 
jnit inf o fh<* fenii Rt*^. 7/ r/,i be nuil, Wix fiiul cerrospouding to 

tile infdfioiti wavo 

<p ; ■ cos (f/./.' -H /;y ‘I - ct), 

the reiiecied WiiVf*' 




(a * — a) Min bf/ \ <t ■ 

v/j'l* ('otaf,/ t (a t a \)’d 

fiiid the inuiHiui til’d %vav*tr 


' * 1 ) 


*(TX 


2 <mim ( (Ui •!• htf f r,t 4 * ill — €1) ^ 

[ d Htih dtil 4- sinV/, / (« t a ‘/I * * 

wlis-r*’ 

tan a | (-a-f a * ) tan ti il,,., (0). 

If a p^eol # p cni fij I , there is no relle.c.ted wave, and thit 
In 111 Hill it ted Wilin' i-H ri* presell ii si by 

i;^ j... efJM( aa: 4 b t/ -P ct * 4 * ai*— #(j /), 

Hhewiiig tiiat „ e.\:i'e|.}i for ill e all enition of phiiHe, the wholi^ of ih«.' 
iie'flpiiii iiiiglii iM well ha%’e been unifnriiL 

Jf I be Hiaall,, wr? hav«‘ a|iproxitiinteiy for the ridlc^.cteci wave 
jp ^ - ( 51 ' — a) HUB (- (f^ 'b 4 td.), 

II npplyiiig when the plate* in thin in etiiri|>ari«nn with 

iloj wiiv«--l*’iigt/li, Hiiinr- «j is {2i?r/X,) eoH , it appearH that fora 
gi%s.Oi angle of iiieidencM thit fimjilittnle varies invewdy m ^ 

m k. 

Ill liny eiiMi- t.lu* ref!ectie-#u vaat? 

2 / 


m la'iiig fill iiiti’gtrr. Thi 
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KEFLKCTIftX FKo.M A i'l.ATf: 


At pcrpciidiculiir inci<l<'ucf, tlic iub’iisity >>1' iljr n lii-' 
cxprcKsed by 




> !> 
*V') 




’UHli IH 

( IOK 


.1 I I I, 


Let xiB now sup)K)se tliut tin* mcdiniii i.- io^’Miapn 

that Fj == ; our exj>n*Hsi«ui Imtouh'S 

TTfhJ pX 

\ . I TT'ipi^ pX r * 

shewing how the anuMint of rofh'rt i<iii upnn ih*. 

maHKCS of such quant itios of tie* Uiodia a> h:ao VMlnno-^ in ratio 
of I It is obvious that tlu' so»*Mnfi loniisin} b.-liav* iiko n 
rigid body and acts <uily in virtue nf rfia, ff thus l#o 

ficient, the r(di(‘(‘tion may )>ervauo >onsibly 

We have now to consider thr in wlredi O; iinagiiiurv. 
In the symbolical <‘Xpressions to| anci it]} r-'dn*n/arr‘ 

real, while* a, a-fer \ a -- 5c * are ptiro inia^nnarn-s, "riuis, if w«* 
supp<»s(‘ that Uj^Tu/, a- ia\ aiui infrMiinor ihr nMt.itiMU of the 
hyperbolic sine and cosine I 70 k w«’ iriU 

<f>" _ - / { a q - '/ ^ } sinli o// 

<!>' 2(*o.shoj7 — O^-iidifq'/’ 

<f>' 2 cosh fi/l — i ( '/ — n' * } -Hinh e,'/ ' 

Hcuice, if the incident wave bo 

rs C(iH (e,r “f /e/ q- e^K 
the reflected wava* is expreRvi-d by 

, _ (a^ "f a sin h 0,7 c’os far q-- /e/ .f H a , | 

V^qi'croslr’e// q* C*x' - a' ff siidOo//^' ^ 

where rM>t c — | ta'' ^ tanli u.7, i I 'If 

and the transmitted wave is expr»’^^*'fl bv 

. 2 sin (thr q- f?/ a r/ q* o/ a # i 

O » * f'14t 

\/pl«coHli^Oj7 4 ia -- 'ff hinh'e//' f 

It is easy to verify that tin* energii^H of fliit refleeirrl unil 
transmitted waves m^connt tor the wiiolo of ifio 

waive*. Since in thft presi/nt rase the correspiiiiilitig 
front are efpial for all three waves, it is rudy to ii*id tlie 

8f|iiares of tlie amplitudes giv(ut iu es|iiiiiioiiH fTf, |Hf or in ifiiiiii- 
tiom (12), (14). 
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272 .] 

272. These calculations of reflection, and refraction under 
various circumstances might be carried further, but their interest 
would be x'athei optical than acoustical. It is important to bear 
in mind that no energy is destroyed by any number of reflections 
and refractions, whether partial or total, what is lost in one direc- 
tion always reappearing in another. 

On account of the great difference of densities reflection is 
usually nearly total at the boundary between air and any solid or 
liquid matter. Sounds produced in air are not easily communi- 
cated to water, and vice verm sounds, whose origin is under water, 
are heard with difficulty in air. A beam of wood, or a metallic 
wire, acts lilcc3 a speaking tube, conveying sounds to considerable 
distances with very little loss. 

272 it. In preceding sections the surface of separation, at 
which Teflection taken place, is supposed to he absolutely plane. 
It is of interest, both from an acoustical and from an optical point 
of view, to inquire what effect would he produced hy roughnesses, 
or corrugations, in the reflectinig surface; and the problem thus 
presented may be solved without difficulty to a certain extent by 
the method of | 2()cS, (^specially if we limit ourselves to the case of 
perpendicular ineideiice. The equation of the reflecting surface 
will be supposed to be where ^ is a periodic function of ^ 
whose in eat i value is zero. As a particular case we may take 

^ = 0008 pa* (1) ; 

but in general we should have to supplement the first term of the 
Hcries oxpres.scd in (1) by cosines and sines of the multiples of ^cc. 
T 1 k 3 vdoeity-potcuitial of the incident wave (of amplitude unity) 
iruiy be written 

^^^k{at+z) ( 2 ). 

For the regularly I'c fleeted wave we have <j) the time 

factor being dropped for the sake of brevity; hut to this must be 
acldeul terms in cosy^^r;, coH2j)a;, &c. Thus, as the complete value 
of ^ in the upper medium, 

^ -f cos 4- (3), 

in which 

(4). 

The expression (5), in which for simplicity sines of multiples 
of px have "been omitted from the first, would be sufficiently 
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[272 rc 


general even though cosines of multiples of jw; accompanied 
ccospx in (1), 

As explained in § 268, much turns upon whether the quanti- 
ties Ply 3;re I’eal or imaginary. In the latter case the 

corresponding terms are sensible only in the neighbourhood of 
z = 0. If all the values of p be imaginary, as happens when 
p > ky the reflected wave soon reduces itself to its first term. 

For any real value of /x, say pry the corresponding part of the 
velocity-potential is 

representing plane waves inclined to ^ at angles whose sines are 
± rpjh. These are known in Optics as the spectra of the rth 
order. When the wave-length of the corrugation is less than that 
of the vibration, thei'e are no lateral spectra. 

In the lower medium we have 


(f>i = cos px -{- cos 2px “h (5), 

where == k\- —p^% /x/- = kf - (6). 


In each exponential the coefficient of z is to be taken positive; 
if it be imaginary, because the wave is propagated in the negative 
direction; if it be real, because the disturbance must dcjcrtme, 
and not increase, in penetrating the second medium. 

The conditions to be satisfied at the boundary are (§ 27()) 
that 

p4> = Pi(t)i (7), 

% 

and that (i0/cZ?i = (i(^i/cZ72, where dn is perpendicular to the surface 
z=^. Hence 

dz dx dx 


Thus far there is no limitation upon either the amplitude (o) 
or the wave-length {^irlp) of the corrugation. We will now 
suppose that the wave-length is very large, so that p® may be 
neglected throughout. Under these conditions, (8) reduces to 

d((l>^<t>i)jdz = 0 ........(9). 

In the differentiation of (3) and (5) with respect to z, the 
various terms are multiplied by the coefficients pi, pu>-**Pi\ 
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biifc whi‘n p- is iHjgltict(.‘d thii.se (]uantitie8 tnay be identified with 
k, i'j. ^JHpectiveI 3 ^ Thus at the boundary 

d(p 

(h ' 


: ik ■ — A cos 2)x - 


d^i 

dz 


KyCpi — 


ikip<j> 


Pi 


■} 


and 

by r7). Accordingly, 

kip\€‘^^ -t Q;OH'px + 

- /‘Pi }, 

^ /p* 4 ^lo d“ -di empx 4 /bj cos 2p^ 4 . .. = 0 (10). 

By this etpuitioii A,,, A j, &c. are determined when f is known. 

If we put S'— 0, we fall back on previous results (23) § 270 for 
a truly plane surface. Thus A^, A..,.., vanish, while 

= (11), 

kpi 4 /'Ip 

expn^ssing t he amplif.inh* of the. wavet n^gularly ndlecte.d. 

We will nusY apply ( 10) to tlu* east*, of a simple corrugation, as 
expn-HHed in ( I ), and for brevity we. will dttnob; th<; right hand 
uieriiber of ( 1 1) ly /t Th»* rh'tormination of /I,,... rtHpares 
tin* <*xpn*HHion of in Ktuiritu's s<U’i{*s. Wt* havti (compare 
I 313 1 

P- r J ( o/y* ) - 2/‘c ) cos 2 px 4 2 (2kc) )s 4*]}X 4 . • . 

4 I 2J|f 2/o*) (*tjH px 2J.p2kr.) c()H Wpx 4 2Jn (2ka) cos fipa* — ...} 

( 12 ), 

are iiie BeHselH funeiiotiH of tin* varions orders. 


whiu'i* J5,, 

Tiiim 

A^/Jt 
A, I( 
A, K 


Jj 2 hA. 

2 J,m^’h 

2 JA 2 h:h 


A,in^ 2 iJ,m:ch 
A Jli -2t J,mch 
AJll - 2U,mcl 


the fiiwdlieieiitH of i-ven order In-ing rctal, and tfuiHu of odd order 
{uire iiiingiiiiirii'H. The cmnplettt Holution of thc^ problem of 
ridit^clioiu niidti* fdm reHtrietion that p is Hinall, is then obtained 
by .!<iibs|iiiitiiiii in t3|; and it may la* retmtrkeri that it is the saroe 
iih w’otilri }ir fiiriiis}a*fl by the UKiial ojitieid methoflH, which toke 
iiei'oiifii only of jihm* retardationH. Thus, as regards the wave 
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reflected parnllel to;?, the retaniation at any point, of th(‘ surface 
due to the corrugation is 25 ', or 2rr(isp./‘. The inlluoua* of the 
corrugatiorns is tluu-efore to cliange tho am plitiidi* of the ndlectcd 
vibration in the ratio 

/ cos (2 kx cos ju/: ) r/a; : f dr, ( )r f 2 kc). 

In like inaniior the amplitude of each of tlie lateral Hpc*etra of 
the first <»rcler is Jj{^2kc\ and so <ni. Ttu* Hiini of tlus iiitermities 
of all the reH(;ct(‘(l vvavaas is 

"k .....(14) 

hy a known theorem: s(» that, in the eas«^ Hnjiposcd (of p iulinitely 
small), thci fraction of tin* whoh* energy f lirowii bac^k is the saiiic 
as if the surface wer{‘ smooth. 

It should h(‘ remarkiut that in thisilieory thm'ttis no limitation 
upon the value of 2lx. If 2/r6’ ho Huiall, only iht* earlicu* Utriris of 
the st.nvies art^ scmsihli*, the HesselH fuiirdion /„(2/ve) Ixdnjf of order 
(2kcy\ When on the other baud tkeh large, the early terms arc 
small, while the .seri(*.s is h^.ss c.jmvorgemi. The vahms of and 
Ji are tabulated in | 200. F(jr certain vahn^s of ike individual 
reflected waves vanish. In tho ease fd' the n^gularly rellected wave, 
or spectrum of zero order, this first (kkuu's when 2/rc = 2'4()4» §206^ 
or c = ‘2\.. 

The full solution of (he problem of tlic. jirenent Hecibii would 
rc{{uire the. clet(.*rmimition of tin* reflection whtui k is giv(*n for all 
values of 0 and for all valuers of ji We havir eoiiHicIercd the ease 
of p infinit(dy small, and wa* shall prf/Hently ^Ireal wdth the ease 
where p>/i'. For int.enn(*<liate valutcs of p the problem is more 
difficult, and in consichring th(‘in wer slial! limit nurselvcH in the 
simpler boundary e.on<litions \vlu<*h r)l>kiin when no energy pene- 
trates the second unnlitnn. The simplest case* of all ariw*s when 
Pi = 0, so that the boundary e{|uaiioii (7) reduceH to 

................(15), 

the condition for an ‘‘open end/’ § 2Ml We riiriy also refer to 
the ease of a rigid wall, or clo.sird” end, where the siirfaoif condi- 
tion is 

d^jdn^Q .............(Ifl). 

By (3) and (15) the condition to be satislied at the surfiice is 
4 An 4 eosp*‘ 4 A 2p^ 4 ...» 0. ..(16). 
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III Miir |irnl)lriu is hy ( 1 ) as a fiUH-traai of .r; and Iho 

♦ 'f|iiat «»f <Mntditi*»n an* Im Ih* found hy inpialing l.o zero tho 

rH»‘tlir‘i*iits uf fill* \.'i.rious (onus involving ran /Ki\ (‘o.s2/;.r, 
wlioit I hr Irft h:Uiti utoudior of ( 1(1) is oKjiandcd in Fourier’s si»rieH. 
'Ill** df v«d«*|uu*'nt ‘4’ the various expoiienl ials is efleivtod as in (12); 
iin»l the ri'sultini; et|ua.tinus an* 

! d ( fiA A - fi.) - . ()...( IT). 

2 iJi ( 2 /- ) f- A j ./, ( /• - // 1 1 •/ . ( /* -- /n h; 

i /I, h/.i/r fiA iAjh " f ... IH), 

— 2 «/■■ t "If: 1 ! A A iJ, U: - ) ( k I \ 

! A J it /i t i fiA\ t .•• A ( Ih). 

and HO on, wliere hu’ the -ake uf brevity r has Imsui niade erjuaJ to 

uidtv. So far a^* i/r /ai may he treated as real, as liappens for a 

lari'** nuinher of fenuH vdteu ft is .Muidl relatively f,o /,*, the various 
hinefion'. are all r*”;d, and thus (he /l‘s «»f evim or«ler ar<t 
real and tlu' J* of odd onlrj- an- {Hire iiuaglnarie.s. Ae<s»rdin|.'!y 
the pha -e of the poip»«reli*’ularly refeefed wave is the same as if 
r 0; hut if inu4 !»*’ nun* mheierl that f his eomduHinu is in reality 
ofdv appro*^ iiuaf *a heeaii e/lnaveVfU’ small p may he, tla* fin end 
hy lif'eMuiino imai^nnary. 

From tlu' ahov*' ef|nafions it. is ea-iy to obtain the value of /!„ 
UH far a.H tin- feriii in /4, Fr**in i Id) 

A, 2J,(AJtr, 

from i iSi 

iJ, tJA2t) I 


and finally irom i IT j 

- d. Jrlti \ ih - fipJAtt) 

fi,f\ J, ( m 4-. 20 ). 

From I -I I 

f 4 ^ + -": 

•’oi ilial, exjiande-d in |Hiwau>* of with reinirociuntion of r, 

- J J f tkc ) 4 - hr. .J,( thr) 

4 lhr.J,mx)- ycr‘.J-Jthr)] ( 21 )*. 


* Uni. jfM. Itrp. IWIH, !». flStl. 
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This gives the ain])litud<t of th** jMTjH‘ti«ii«’ul'ir!y wiive^ 

with oinissiou ef //' and high«T powrr> <d p. 

The case of ndha^tif^n fn»ni a lix«‘d wall a iitth* iiioro emiipli- 
cated. By (<S) th (5 boundary t‘onditi»»n i> 

d<p, (Iz jic sin /nr . thf} tLr 

which gives 

tpX-- ... 

6 sin ]n j_^.,j ^ sin 2/u- -f . j ^ f) 

VC 

as th(‘ cfpiatiou to b(‘ sat istii*d whon r - c f-oH p.r. The first, iipjiruxt- 


niation to gives 

.T2:i>; 

whi'nce to a secjnnd approx i mat ion 

.'1 0 = ./,, ( 2iv) f l~Uk~ix, j -4 {l^ I j'.l , 

= ./„ (2/.-C)- , hr. . J,mri (24>. 


The first approximation to th«* various cooflieienls may be fiiiiiel 
by putting Jl-^l in 

When p>h^ tltore are nft «lifiVactetl spectra, iiial the %vhfil«? 
energy of the wave* inchlent uprai an iriifteiirtriilih? mriii*irii mitot 
be represcuiit'd in the wavi^ direetly rel!eet»’d. Thi’ mialtifiiM of 
is thc,a'C‘fore unity. When p<l% ilie emu’gy is fiiviflri! lii?iwe.|?ii 
the variems spcad.ra, inelmiing that of x<to order, Tfiere ii% thiiii m 
relation betwcaai the srpiaren of ih«^ iiioiluli of /I,,..,., tli# 

scries being continued m long m /x is reiil, 

A nuire analytical investigaiitai nuiy la* hiimsi v, Hnliii* 
holtz's theorem (| 293), according to which 

where S is any closed surface, an<l ^ and x «alt*fy the 

V’ + e-O. 

In onler to apply this we take for and x «»l *n»<l 
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iifiairiiiarv |»juis n*^pr»’tivt‘ly uf as l)y (H). Thus re.pre- 

stiUiiii; r’»Uiiplt‘X An iti th<‘ form + get 

j; rs (K /”j -a ( V'*MS l\z y IK, sin A’J 

4 iC. rnSfi^Z f /^jsin /4|C lensp.r P (25), 

via /'J f siu kz ■*■ h .fOS /i*J 

f { -- ' V i 1 1 jx^z i / / j e< >s ;i j ^ I n IS //./* {- ( 2 G ). 

fh f2.u. \Uh*ii tin* H<'ri<'s an* earrind snflic.icaitly far, the 

rhangi* fladr mh aemiuit <»t /x heeomiug imaginary ; 

Imi thr ih** purpnv** tli<*sr teimis will not \h\ nM|uir(‘(l, as 

tlioy disa[>p»'ar \v!ii-n ^ \«*rvgroat. 9'ln* suriinn? ()f integration 
,X !iia.d** np ‘<f fin* n'fh'ffiug snrfius* atnl of a plarn^ paralhd to it 
a! a gn at. diMtanr*'. Ahie»ugli this surface* is not strie-tly close, d, 
it mav b»* rn*a1od as mn-h. since the part still n*inaining open 
rally at infinity floes not cfnitrihute .sf*nsih)y tty tlie renult. 
Nmv the par! of the integral (’orrespondlng t»o th(^ ndhud.ing 
Mirfaoe vanisln"-. oitlier heranse 


X 


or ehi* I'HTailse 
Sind W'e colieluile th?it 


thi fix fiff ■- * 

when j is gri’sit 


Y 


f/fl 

fhj 


/ (I.r ::: 0 


(27). 


The application $tf dT i to tin* vahtes of \jr tttid x (25), (26) 

giia-s 


'V' *-c-4 ipf'M /v)+t'n^ 


« 1 (28), 


the seiieH in ( 2^1 being confifuied so fir sis to ificinde every real 

%"ii!no i*f fi, 

III riH| >¥ .hnA reprosi-ntH th<’ intensity of each spectnun 

of l!io at.h «>rd*'T, 

The coeflieieiit k is efpial t<» (’OH 0,^, whcrc d is the 
oldifiisily of ihf* difirac'ted rays. Ttn* meaning of thin factor 
will hi* e'iideiit ivhefi it in rein?trkc(I that to itach unit of area 
of flic wiivf's ii'icideiit nm\ directly reflecUsl, th(*.re ctUTe-spoiKls ati 
area of liie wsives which coristituti* the spectrum of the nth 

#inier. 

If all the niliO's uf ^ are imaginary, as happens when. j)>h 

(28) reilitCifH to 

ihf^ I -.........,...-.......(29), 

or the iiitensily of the wave directly reflected is unity. It lu of 
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impoi'tancc to notice the full signifi(‘ance of this result. However 
deep the corrugations may if only tliey are (xjrioclic in a period 
less than the wave-length of the vibration, the regular reflection is 
total. An extremely rough wall will tlius refh^ct sound waves of 
moderate pitch as well as if it were theond/ically smootln 

The above investigation is limiti/d to tint cas(> whent the second 
medium is impeiietrable, so that tlie whole fuiergy of the incident 
wave is thrown back in tin* r(‘gularly reflectod wave aii(i in the 
diffracted s])ectra. It is an int(‘n*sting ({n(‘stion wliether the 
conclusion that corrugations of ])m'i(>{l less tha,n X have no <‘ffect 
can be extended so as to a}>ply when tlnu’e is a wave n*gularly 
transmitted. It is evident tliat tln^ principle of (Uiergy does not 
suffice to decide t the ([uestion, l)ut it is pn>l)able that the answer 
should be in the iH‘gativc, If w(‘ suppose* the corrugations of 
given period to l>ecom(‘ vny (lee*]) and involvcsl, it would seem 
that the; condition of things weadd at last approjich that of a very 
gradual transition betweem the media, in whiedi case (§ 148 6) the 
reflection tends to vanish. 

Our limits will not allow us to tn*at at length the probl(*m of 
oblique incidimce upon a corrugateel surface; but om* or two 
remarks nniy be made. 

If j;* may be neglected, the solution correspemding to (13) is 

A-A/.,(2/y;c(ks0) (30), 

6 being the anghi of incidemee and ndhtetion, arnl R thet value of 
Aq, § 270, corresponding to o— 0. '^Fhe factor expreHsing the 
effect of the corrugations is thus a function of cooh 0 ; ho that a 
deep corrugation wh(*n 0 is large may have tin* same* effect as a 
shallow one when 0 is small. 

Whatc;v(*r be the angle of incadenc^e, thcTe are no reflected 
spectra ((^xc(q)t of zero onhtr) when thet wave-length of the 
corrugation is less than the //oi/ of that of th(] vibrations. Hence, 
if the s(3Cond mediuui b(* impeiietrable, the regular reflection 
unchrr the above condition is total. 

The reader who wishits to pursm* the study of the theory of 
gratings is referred to tr(‘.atisc*s on optics, and to papers by the 
Author^ and by Prof. Rowland-'. 

1 Tho Manufacture and Theory of Diffraction Gratings, FhiL Maff. voL iLvii. 
pp. Bl, 19S, 1B74 *, On Copying Diffraction Gratings, and on soma Phenomena con- 
nected therewith, Phil. Mag. voL xi. p. HHJ, 1881 ; Enc, Brit. Wave Theory of Light. 

2 Gratings in Theory and Practice, Phil. Mai/. voL xxxv. p. 897, 1B98. 
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273. In <*• j*#i3 wifli flu* prnhl<>in of urrial 

vi!*r;d.itiii.-4- in thr#'*^ diiupiiNiMioH un*- of ili<* tirhi, « pu/Htioim, winch 
iiuffirullv Hf|i-r^ in tho dot«'rniitjati*>n of t,hc niolioii in an 

niiliiiiit »"d ;tl lOMHjjion'o upon a.rhiirary initial (tiH« 

t urhaiH**--., If will !*»’ as-nnafcl that t-ln* tiiHt4U'hanc(* i.s ho 

tlnif fh»' or»iifinrv a| tproviuotfo oi jiiatiouH arc a.ppricahl<‘, and furihc^r 
tliat ! In- initial an* Htif'h a*^ cun In* dorivod frcnn a. velocity -» 

pofiiiiiaL »a'* in’ ‘J.'Idi thul thcro in no n rcftiftfioff. If the latt.ca* coti- 
flitioii III- vinlutf’d, the prohhuii in one of vorf.cx nioti(»n, <ai wliich 
w*' do liot pn!f'r. W** •-'hail al'-o .supponc in t.hc fir.nt placat that no 
o,x!»i’naI forc^',^ a^-t upon tin* fluifl, .no that the nuition to be 
i-. dm* >oleiy to a di-Hturbance actually c-xinting at 
a liiic' |/. fit |tr»*viou^' to which we do not punh our iiujuiric'H. 
llic laotliiai fJiaf. W"c Nhall I'lnphy IH not very diftt.ircnt from that 
f»t l^oiseiiih by W'lmiu flic problem wuh firnt micxa.eHHfully attac^ked. 

If 'C,, m, bf* the inilial vi-locificH at the point m, y, z, and 

till* iiiifiiil ciiiiiieii.^jitioii, We have (§ 244), 

~ - j( nj!.t 4- ?*,//// 4 nKfdz ) — ( I ), 

i (2), 

by tvliicdi tlif^ ifiitiai vaincH of flic vcimnty-poiential cji and of itn 
dillbri'iitiiil c«iidlif*ifiil with rcHpect t<> tiimt ^ arc cb*.tcnnincd. 
Thi^ j>robl«aii before ii-h in determinft <p at time t fnan the above 

^ Hut riii!#%rali«n li*- iNjuftltotifi lAtix fUf!/;r#jne(« pintiiillcw, 

i-l *ie du moyvoiutjfit d«i» lluidis 

M^m, df i, m. p, I^L 

It It 
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initial values, and thci giuicral ecpiatien appli(!a]>lt' at all tiiuen and 




When (j> is known, its derivatives giv(‘ tin* ctunp^uient veloc*itie» at 
any point. 

The symbolical solution of (3) may be written 

<p = sin cos — ........ ..(4), 

where 6 and % are two arbitrary fu!icti<mB cd* ./*, //, r ami i = a/(^ 1). 
To conni'ct 6 axid % wit.h the initial values of <jf> anti which we 
shall denote by /and F n‘sp(.*ctively, it is only net*eHSfiry ki olmerve 
that when t=^0, (4) givt‘S 

m that (Uir result may be expr(‘ssed 

=oos(»/,Vij./+ (5), 


in which (Mpiation the qu(*stion td* tin* interpnd,ation td’ odd |K>wm »; 
of V need not be (jonsiden^d, as botdi tlie Hvinbolit; fmictionH are % 
wholly evtui. 


In the case where ^ was a functioii (»f r only, wt* saw (| 24a) 
that its value for any point .'/• at t ime f depi*nde<i on the initial 
vahuts of <jfr and at the points whose eo-ordinatt*H were j: ( d 
and X -hat, and was wholly indeptunlent td’ t la* initial circimiHtances 
at all other points. In ihn pntstuit cast* tht* HiinpIf'Ht mipposition 
open to US is that th(‘ value of ^ at a point 0 tlepcunlH on the 
initial valiujs of ((> and <j> at points sittiatfal <ui the* surfiicc of the 
sphere, whosc^ ciuitre is 0 and radius (tt ; and, m ther«^ mti be no 
reason for giving one <lin‘cti<jn a preforiuna* over another, we are 
thus led to investigate the e*xpr(?H.si(in for the* mean value of a 
function over a spherical surfaca*, in terms cd‘ thi*. sticcessivc differ- 
ential coefficients of the function at the cuujtre. ^ 

By the symbolical form of Maclaurin's thcjortuii the value of 
F{x, y, z) at any point P on the surface <if the? sphere of melius r 
may be written 

d <l ^ d 

■F{x, y, z) = z^), 

the centre of the sphere 0 being the origin of co-orcliiiatea In 
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the intt‘gniti<)R evt-r llie surface of the spluu-c* (l|(L^:^,, dldy^^, djdz^i 
behave as constants; w<‘ inay (haiote them kmiporarily by I, m, ‘Hj 
so that V- = /" 4- f/r 4* n\ 

Tims, ?• being tla^ raditis of tlu^ sphere*, and dS an element of 
its surface, sinei*, by the synum'try of tlie Hph(*re, we may replace 

any function of d a- . saim^ function of z without 

*Ji{r + nr 4” a“} 

altering tin* result of thi‘ integration. 


^lx-\ mii lnzyy^^ 

= ||e''-f/*S': 


- Ir • mu f nz 
(^.V^ ^/(e; wo /e> 


Z'TTr 


r^^dz 


ZTrr 




sin (iVr) 

iVr 


The mean value of F ov(n* tln^ Hurfi<*,e of tint sphere* of radius r is 
thus (*xpr(‘ssed by the result of the opf*ration on F oi tln.^ symbol 
sin ('tV‘r}/iVr, m\ it' ffdcr demote integration with ntsp(.‘ct to angular 
Kpaxre, 

1 /" f’ »ji r « / 1 \7 >» ' 

((>). 




By comparison with (a) we now set* that so far as ^ depends 
on tin* initial values of it is c*xpresH(‘d by 




(7), 




III 


or in words, <f> at any fHu’nt at time f, is tin*, m<‘an of the irnbial 
valut'H (»f over tin* surface cd’ the sph<‘re. <h*Hcribed round the 
point in eputstion with radius uf, the whoh* mtdtiplicHl by L 

J^y SUd\es’ rtile (§95), f>r by simple inspc^ction of (5), we. see 
that the pari (tf (f> depending on tin* initial vahnw of (f> may he 
derives! from that just written l)y (littentntiating with n^spcict to t 
and changing tin* arbitrary function. The comph‘te value of (p at 
time t is thf^refore 

- m + L ,/('//•'' ''' '“>> 

wliich is Poisson's n*Hult \ 

On accDtmt of the imporbmee of the prciHcnt problem, it may 

^ Another investigation will bo found in Kipchhoflf’s Vorlmmgm Uher MMhe^ 
matimhe Phydk, p. a 17. ISTCI. [Hm also Not« to § 273 at thp und of this volutai.] 
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be well to verify the solution a posteriori. We have first to prove 
that it satisfies the general differential equation (3). Taking for 
the present the first term only, and bearing in mind the general 
symbolic equation 

dP tdt dt 

we find from (8) 


df 4f7rt dt 




dS being the surface element of the sphere r = at. 
.But by Green s theorem 


and thus 

d^J>_ 

df' 






<j) (i = 0) + J- ^ t 


'ljf(at) 


d<T (t — 0), 




Now jjv^Fdcr is the same as V^JjFdcr, and thus (3) is in fact 
satisfied. 

Since the second part of (p is obtained from the first by differen- 
tiation, it also must satisfy the fundamental equation. 

With respect to the initial conditions we see that when t is. 
made equal to zero in (8), 

= (« = 0 )=/( 0 ) ; 


47r;i ^4-7rdP 

of which the first term becomes in the limit F{0). When ^ = 0,. 

= 2a jjf (at) da- (< = 0) = 0, 

since the oppositely situated elements cancel in the limit, when 
the radius of the spherical surface is indefinitely diminished. The 
expression in (8) therefore satisfies the prescribed initial con- 
ditions as well as the general differential equation. 





l-f 




>%J.vJ| f 1 ^ 




h* ft f I 
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riiS, «Im‘W I 
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274 . If Hi*' iiiit Ml ‘ii-! ui-lKuit’»‘ hr ruufiurO to a Hpart* 'I\ tJu* 

iu ) 27'l .u-»* it'm, inihr^M -^nutt* )>;t,ri of t-la* Hurfiu*** nf' 

fiir >pli»*n' .r ^ h*' na’hah'O T, L«-t U hf‘ n point, oxtri’ual 

to 7\ r, :i.ii4 r, tli*- loOn «*! tii*- Ira.'*! ;tnii _^riMtrst. ^plnn’r.s doHt'rihrcl 
alMtiii n »*Ur.‘'h •■?!■ i?. 1’li»-n ’■■».♦ a-s r// < r^, tj) r*‘!naiiiH <Mpial 

to Zorn. W'hon In- n and r.. r|> may ho finif.r, hut for 

valnoH- than iU i'- aaain /or**, 'Dio di-'^turhanro ia thus a, f. 

anv luMinont *•. .nhnod lo th*.^' paiiH «d spa«‘»* fhr %vhic*h at is int.fa*' 
iiiofiia!»‘ hotwoi-n .and r.. Th*' hmU i^ftho wavo is tho onvtdnjio 
fi'f Hpliorox with ladiu- *ff. wh>»o* o*iif r.*H aro Hjhiatod on tlio surfaoo 
of 1\ ” Wlo'ii / li ana]], thr-*- :as!om *d’ hphoro.s will ham an 
oxlorior om. *d*»p»' m? \hoo?'-,. t}i»' ouit-r of tliono "ihonls hoin^ 

oxlrri».*r,, and tho inio r luu ilnr fo tho slndl forumd hy tha n.s- 
hoinhbi^o of" H»o .-plior*"-, ’Fiio outor .^dioot forms tin* oufor limit 
t<i i!io pojiniu of flo' inodinm in %vhioh tin* dila,tation in difloront 
from zm-o, Ah f inru'oa.^o,^ th*- innor nhoot ooiitnu’t.s, and at, lust, its 
uppo.mfo •Mid«-*' o?o'>n afid it- »’han;to-'^ its ohunu't.or from hojno i^x-. 
torior, \vi!!i Im flo- >'-.phoir t*, intorh»r. It-, thou mKpandH, 

and forim'* f!io iim.or lioundai-y of tho stndl jn whi^di tin* wavt* of 
mndoimaf ion in oompi i-'i^d h“ d‘ho ,Mtit*oouNiv»- positions of tin* 
iKumdarioH of tin* 'wavo aro thun a .Ho|-|r-x of parujhd HurffiroH, and 
honini-uA" in propapaf.-d nonoally with a vi'hicdly nqna! t.o n. 

If lit. Uio film- i . o tl4*-ro ho no motion, ho that thn initial 
disturham'S' or,nv|H!:4 moindy in a variatifUi of dotrsity, thn huIkso- 
<|iioMt nfUu'iiti’Ui *4 Hun^pi m ••xproHSorl hy tin* first tfain of (H)|27*i 
Lfi m Mippo^*- ilia! tin* *ai;^^inal diHturhanno^ ntill lirnitofl to a 
finiio r**ydoii 77 of »'‘ond*-ii'Harion only, wit.hout rarrfantiom 

It lio' fhon^d'd Hia? Hn' ^amo p**<ailianl.y w<mhl atiarh to ihi* 

tajHiiltiiix wav*’ !hr-oii^h'«nf, tin- whoh* of its stih-Hoipimtt roiirnn; htit, 
m IVof. Slokr'H ha-H i-i^-marl-n'-d. .Mn?*h a ronohisio-n would ho cuTomsHiH, 
For valuo.H of tin* timo than o ihn jfot,f*tif.ial at () is /4*ro ; 
it liiofi lioo,unoH n«-^atii-o iM., !»oing prisitivoh and r.ontinuns iin^a- 
tiivn until it vaninhi-H %vip*n i rp n, fiftf*r wliinh it al-wayn 

riiiiiainH «sjiiii! if# Whilo ^ is diniiiiisliiiiK; ih** mod turn at 0 

iH ill a slaio of ooiifloiiHinioin hut m ^ imwisifH iigaiii to znro, thn 
Htiilo fif tho ifioilmm a! O m ono of raivfantion, Tho wavo prfipa- 
gat-f'd iiiif.wards ooirsi-4-^^ f}ior«'foro of tw#» parts at loast, of %vhidi 
the? first ih rau'id*' nsoii and tho last rarofioth What'nvi*r iniiy bn fdm 
chiiniutor «if tfio* origiiui!. diHinrhaimo within T, ihi* fiiia! valun of ^ 

^ liyiiafioml Tho#ry of Tratm^ tt, |i* lo, Will, 
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jit <uiy extern ul ]>oiut in tin* smu** hs lli** tint ml \ nfu**, tiifn"- 
for(‘, niiicii fr-.v==— tin* mmui rnud^ii^-nf inn tluriir^ flif df 

the wave, (lepeu(Iiii|; (»ii the iute,Lrni.i /.tm, rndrr !h<t 

head of Hph(‘ri<'al wav(‘H we shall have neea^iuii fu refarii ta this 
subject (§ 27f)). 

Th(.‘ geiuu'al solutbui emlMMlird iu |Hf j 272 iau''a nf rMiim* 
embraeti the particular ease <»! plane wav»"s. Imf a wurds pu 

this application may not 1m* sap.-rlliMUs, f.ir it a|*pe{ir at 

first sight that the, tdfeet, at. a given pniut.. . 4 ’ a dint urlaue^' init ially 
eoidined to a sliee of t.he metlimu eurlosrd h*-! two pandkd 

planes would not pass off in any fuiile liifie, as vo* know ii iiiiglit- 
to do. Let UH suppose for slmpHeity that 4 ^... U t hioi|o||oi||^ 

and that within the sliri* in que.-fiou tfie iniiiai vahi** k 
constant. From the thec^ry of plane wavr^* we kaiow tha! at any 
arbitrary point the disturhanee will timdly afn-r the lapni-^ of 

a tinn* stadt that^ of is eipial L* lie* ffi'‘4uiie»' tr/i mI the jitdui 
tmder consideration from the furllier Itenndary m| ih.’ inii iully 
disttirhcd region; while on ftie other liand.. tin* '-^idiere of 

radius at contimu's to cut the region, if \v.*ujM appear from the 
general formula that the disturlnutr*' ee^ntiiiues. It is irnr^ iiideofl 
that (p nunairiK finite, lot t this is nf4.. incomd-f^-nf. with resl.„ It 
will in fact appear on e.vaminatbm fhnt the mejin value of 
multiplied by the rmlius of the sploTe i- the wune whaf^-ver inny 
b(i the position and si;^e of the sjdjer.*-. provid*'d **niy that it 
cut comj)h'd-ely through the region of *u'igiiia! de^t lirhaiiee. If 
at>d, p is thtis <‘onst ant with renpr^t hof!i to sp.-ire anil tiifie, 
and tutcordingly the medimn is at rest. 

[Thc!HJune [U'ineipleH may find unapplieatioii fo the ]ilif''tioiTtt*iii| 
of thunder. Along the path of the iighfmiig %%“e iiiiiy jii^rhrip 
suppose that the generation of heat in uniform, t*i i 

uniform initial distrilmtion of condeiisaiion. It apjiear^^, that Ihl 
value of p at the jKunt of olmervatioii *via eltiiiige riipidiy oiilj 
when the sphere r^at ine«*iH tin.* {with of idie diM-litirge at itt 
extremities or very ohlnpudy.] 

276. In two {UmensionH, whiui p is imlejW’iideni of it tiiighi 
be sui'ipoHed that the corn^spmding foritiiila wriiilil be otitiiiiieii bi 
simply substituting for the sphf»re of iimIiiis ai the -cirdit of e<|Ui 
raditis. This, however, is not the ciwe. 1 1 riiiiy lie |irfived tltf 



TWO DIMENSIONS. 


103 




■ti 


' ^ h>ii 




Wu;fi ,, 1 ^.. 4 |^ 


■ ‘ !I#^, 

‘*'‘‘‘« « V'? Vuy4 ;4 
^ I,'. '1 ',?'•■)*':■ 

■»•* ■:i: yik: 1 ^^, 

t Ji-.'V Wji.1 um 

'*' |«^;iiC'!! tli# <1^1 

l:rftS#1iM'| 4 ii -Jill# ||^ 
*lfcli4ii‘j‘"' .1^ i1it |^:|||i» 
■mi I'Ue i^W'f 

'^•fn >'-‘ km 4 

Nt«m#.ni/rrl ft* ■; 

; -'hhi 1%^: 4 | 

I'M Hfcfiiw ilyflAollstI » 

. jrvt iWw .»:! ii T 

H’.uA i.‘ i^iisrf,«? ^ 


!*ji4ir.; %y iM 

mf 

s.S-iJ-Jm*. >1. 

r;il. } 1 i|4if«ft ^ 
t;%0: <i.i^^ »P%«* 


iftift rf 


275.] 

the mean value of a function F{x,y) over the circumference of a 
circle of radius r is where i = ^(— 1), 

V- = d^jdxi? + d"ldi/o‘, 

and t/o is Bessel's function of zero order; so that 


1 Tct/ X 7 /•, 

2 ^J ^ y) + 02 - + o. “Ti + 


F, 


22 2^4^ 

differing from what is retjuired to satisfy the fundamental equation. 

The correct result applicable to two dimensions may be obtained 
from the general formula. The element of spherical surface dS 
may be replaced by 7 ^drdO/c{myjr, where r, 6 are plane polar 
co-ordinates, and yjr is the angle between the tangent plane and 
that in which the motion takes place. Thus 


cos \jr = 


— r-) 


at 


-(1). 


F {at) is replaced by F(r, 6), and so 

ff F(r, 6)rdrd0 

^a^J(cei^-7^ 

where the integration extends over the area of the circle T=at 
The other t(Tm might b(‘ obtained by Stokes' rule. 

This solution is applicable to the motion of a layer of gas 
between tvvo {)arall(il planes, or to that of an unlimited stretched 
membi*ane, which d(jj)ends ui)Oii the same fundamental equation. 

276 . Fi'om the solution in terms of initial conditions we may, 
as usual (§ 60), deduce the effect of a continually renewed dis- 
turbaiKMj. Let us suppose that throughout the space T (which 
will ultimately be made to vanish), a uniform disturbance 
equal to <I> (0 dt\ is communicated at time t\ The resulting value 
of ^ at time t is 

where 8 denotes the part of the surface of the sphere r = a{t — t') 
intercepted within 2\ a quantity which vanishes, unless a(t — t') be 
comprised between the narrow limits and r.^. Ultimately t — f 
may be replac^cd by r/a, and cp (i') by <i> (t - r/a) ; and the result 
of the integration with respect to dt' is found by writing T (the 
volume) for JaSdt'. Hence 

«. 
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shewing that the disturbance originating at any point spreads itself 
symmetrically in all directions with velocity a, and with amplitude 
varying inversely as the distance. Since any number of particular 
solutions may be superposed, the general solution of the equation 


may be written 





dV 

r 


•( 2 ) 

( 3 ), 


T denoting the distance of the element dV situated at co, y, z from 
0 (at which cf) is estimated), and <I> (t --rja) the value of $ for the 
point X, y, z at the time t — rfa. Complementary terms, satisfying 
through all space the equation ^ may of course occur 

independently. 

In our previous notation (§ 244) 

<I) = + Ydy + Zdz ) ; 

and it is assumed that Xdx+Ydy Zdz is a complete differential. 
Forces, under whose action the medium could not adjust itself to 
equilibrium, are excluded ; as for instance, a force uniform in mag- 
nitude and direction within a space T, and vanishing outside that 
space. The nature of the disturbance denoted by 3> is perhaps best 
seen by considering the extreme case when <I> vanishes except 
through a small volume, which is supposed to dimmish without 
limit, while the magnitude of <& increases in such a manner that 
the whole effect remains finite. If then we integrate equation (2) 
through a small space including the point at which is ulti- 
mately concentrated, we find in the limit 

W’ 

shewing that the effect of <I> may be represented by a proportiaxml 
introduction or abstraction of fluid at the place in question. The 
simplest source of sound is thus analogous to a focus in the theory 
of conduction of heat, or to an electrode in the theory of electricity. 

277 . The preceding expressions are general in respect of the 
relation to time of the functions concerned ; hut in almost all the 
applications that we shall have to make, it will be convenient to 
analyse the motion by Fourier’s theorem and treat separately the 
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ph* huriii(»ni(! umtions of various periods, aft(;r\var(lsj if luicessaiy, 
|Hmndin;4 tiie results. TIk' vahu^s of and <I\ if siujple har~ 
lie at every point of spare, may be expn^s.scjd in the form 
+ <:)> € heiiijj;* iude.pcmdeut of but varialilo 

1 point to point. I>ut as in siudu cases it often conduces to 
[ilitdty to add tlie, Uuan v /i sin (//O- tO. niakint^ altogetht3r 
or W(‘ will assunu^ Hiin))ly tint all the functions 

::h enter into a prol)l(‘in ant proportional to the coitffi- 
ts brdn;.,^ in gen(*ral e.omphvx, Aft<n* our opetrations are corn- 
ed, the real ami iina^dnary parts of tint (txpntssions can be 
irated, (Other of them by itsedf (ujnstitnting a solution of the 
-tion. 


Simu* (f) is propnrtional to <jb — — /r<;() ; and the diffentntial 
iition be(alnH^s 

V“</3 f L''<f)ha-<h :.r.O (1), 

■re, for the sake (d’ brevity, k is writhtn iii [)lace of //,/a. If X 
rd(t the of the. vihr’ation of tint period in (putstlon, 

k n!<i, - 27rlK (2). 

To adapt (‘Ij (d' the prer(*dino section b/ tint pntsitnt caset, it is 

• ne(‘(*ssarj to nanark tliat tin* substitution of t’-rja for t is 
c*t(*d l>y int rodiiein^.^ the factor e cu* a i tlnis 

<f>U - /• V/ ) - c (7). 

the S(dutiotJ (d* n ) is 

«■ 


.duc:h may b(* aflderl any s<dittion <d* = 0. 


ff tin? disturbing' lbrf?<*s la- all in the same phase, and the 
on through wldcli tln*y act ixj very Hinall in compariHon with 
wavc>h?ngtli, c may be reinov<?d from umh^r the int(3gral 
n and at a sufheijmt distanc^c? we may take 


<P 


rrr 

47rfr/\ JJ 


4>dV, 


li real (pninfities, tm n^storing tlui time factor and replacing 


^PdV by cl>,, 




4'rr(i^r 


( 4 ). 
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simple harmonic motions of various periods, afterwards, if necessary, 
compounding the results. The Values of cf) and <t>, if simple har- 
monic at every point of space, may be expressed in the form 
li cos (nt -h e), li and e being independent of time, but variable 
from point to point. But as in such cases it often conduces to 
simplicity to add the term Hi sin {7it -h e), making altogether 
or lie^ we will assume simply that all the functions 
which enter into a problem are proportional to the coeffi- 
cients being in general complex. After our operations are com- 
pleted, the real and imaginary parts of the expressions can be 
separated, either of them by itself constituting a solution of the 
question. 

Since (p is proportional to ^ = — and the differential 
equation becomes 

V“<j|l) + = 0 (1), 

where, for the sake of brevity, k is written in place of nja. If X 
denote the wave-leuf/th of the vibration of the period in question, 

k =n/a= InrjX (2). 


To adajit (3) of the preceding section to the present case, it is 
only necessary to remark that the substitution of t — rja for t is 
effected by introducing the factor or thus 


and the solution of (1) is 




to which may be added any solution of V-^+k-efy — O. 


1 

47ra--. 


.(3X 


If the disturbing forces be all in the same phase, and the 
region through which they act be very small in comparison with 
the wave-length, may be removed from under the integral 
sign, and at a sufficient distance we may take 




a—ikr r r r 

? <PdV, 

4nra‘rJJJ 


or in real quantities, on restoring the time factor and replacing 


Ilf^dV hy 

COS hit — kr -h e) 


( 4 ), 
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In order to verify that (3) satisfies the differential equation (1), 
we may proceed as in the theory of tie comnaon. potential. Con- 
sidering one element of the integral at a time, we have first to 
shew that 


satisfies 4- = 0, at points for which r is finite. The 
simplest course is to express in polar co-ordinates referred to 
the element itself as pole, when it appears that 


. 

r vctr- r dr I r r dr^ r r 

We infer that (3) satisfies -h =0, at all points for 
which <I> vanishes. In the case of a point at which ^ does not 
vanish, we may put out of account all the elements situated at a 
finite distance (as contributing only terms satisfying -f A- <^> = 0), 
and for the element at an infinitesimal distance replace by 
unity. Thus on the whole 

exactly as in Poisson’s theorem for the common potential. 

278 . The effect of a force distributed over a surface S may 
be obtained as a limiting case from (3) § 277. (ZP"is replaced by 
4> hdS, h denoting the thickness of the layer ; and in the limit we 
may write J = <I>i. Thus 




The value of is the same on the two sides of but there is 
discontinuity in its derivatives. If dn be drawn outwards from S 
normally, (4) § 276 gives 


th 





If the surface S he plane, the integral in ( 1 ) is evidently 
symmetrical with respect to it, and therefore 

[d^/drC)^ = {dcpldn}^. 


1 See Thomsan and Tait’s NatuTal JPhilosoph'^, § 491 . 

2 Helmholtz. Crelle, t. 57, p. 21, 1860. 
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Hence, if dcfi/dn be the given normal velocity of the fluid in 
contact with the plane, the value of ^ is determined by 




2-7rJj d?i 


y—ikr 


dS, 


•(3), 


which is a result of considerable importance. To exhibit it in 
terms of real quantities, we may take 

d<j>ldn = (4), 

P and € being real functions of the position of dS, The symbolical 
solution then becomes 




from which, if the imaginary part be rejected, we obtain 


w- 

corresponding to 

dcf^/dn = P cos h- e) (7). 

The same method is applicable to the general case when the 
motion is not restricted to be simple harmonic. We have 




dS 


.(8), 


where by V(t — rja) is denoted the normal velocity at the plane 
for the element dS at the time t ~ r/a, that is to say, at a time 
r/a antecedent to that at which is estimated. 

In order to complete the solution of the problem for the 
unlimited mass of fluid lying on one side of an infinite plane, we 
have to add the most general value of </>, consistent with F = 0. 
This part of the question is identical with the general problem of 
reflection from an infinite rigid plane \ 

It is evident that the effect of the constraint will be represented 
by the introduction on the other side of the plane of fictitious 
initial displacements and forces, forming in conjunction with those 
actually existing on the first side a system perfectly symmetrical 
with respect to the plane. Whatever the initial values of ^ and 
<l> may be belonging to any point on the first side, the same must 
be ascribed to its image^ and in like manner whatever function of 


^ Poisson, Journal de Vicole 'poly technique y t. vii. 1808. 
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t.h(‘ time <I> maybe at the first puinl, it innsi L** euiieri veil t.i be 
sane*. fuii(;tien of th(‘ tiiHt* at tiu* (^tiier. I ii4er ilie>e <'irrmustai 
It is ek‘ar that for all future time (j) will be ijuiief rieal v 
to the ]>Ian(% arid tbiU’efere tlie normai \el»*eiiv 
far tht‘U as {b<‘ motiuu eu the first sidt* i*- et tnr‘'riM «i, liter** wi! 
no ehan|^^(* if the plane lie r*-mo\*'(b arid fie* fiuid enuiin 
indefinite! V in all <lirec*(ions, provided fh*' eireiine'iaiireH on 
SC*(M)nd si<I(‘ ai’e tll<* eXaet retiertion *‘t those o|j the fii'vl. *^1 
beinj^ understoo<b the tc«*ner*al s*»lnlion «4 fh*- prehlem fo 
fluid lionnded by arj infinite plane is r'**nfainer| in the form 
(8) § 27:1, (:i) ^ 277, and (8; <»f tlie present seefiMn, dliev eive 
r<rsult of arbitrary initial (‘ondit ifue^ {(f>. and r/e l. arbitrary appl 
forces (d>), and arliilrary niotioii of the plane ( L). 

Mt'usured by the I'l'sult iiih^ potentiah a souree of hpven 
tudc% i.e. a sottree. at wbieh a i^iven int rMthief ion and wit hdra' 
of fluid takf*s plac(\ is thtis twiee as etihetive when elo>e to a ri, 
pIaiH‘, as if it were situated in the open: and fho r»>ult in u 
inately t.ln^ Hanna whether t lie source be eoneent rat erf irj a |mi 
chiHit to tint plane, or be dtte to a eorre^pondiiiL^^ normal mot 
of the surface* of tin* plarn* itself. 

The operation of the plane is to ^baihle the eireeiive prcSHii 
whic.h oppos<* the exjuinsimr and eontra«‘ti*»n at tin* source, u 
tlnuatfore ti> douldi* tin* total eneri^y emitted ; and since this (*tici 
is difftisc'd thr»>u<,di only tin* half of an;^od;ir i-pace, tin* infeiisitj 
the sound is (|unciruplcd, whi(*h CiirresporniH to a doubled ainplitu 
or potential (§ 245). 

We will now suppose that insit%'id of tin -■■■- 0, the pre.Hi’rit 

condition at tJie infinite plane in that 0. In IliiH mHe I 
fictiticuis distribution <if dh tm the serund side of the pin 

must b(* the opjHmtn of that on tin* first, side, so that tin* sutn of t 
values at twe^ cfurespcuiding poiafs is ahvavs zero. This scfciii 
that on the. plane of synuuetry itself^ shall vanish tliroiighciiii 

Let im next supposi* that there are i%vo parallel surfaces , 

separat(»d by the infinitely small inferva! dn, aini that t 
value of on thesecoml surfacf* is ef|iiai and oppoMiie to ihi* viil 
of 4>i on the* first In crossing *SL tlif*re is liy rii a tiiiite chfiri 
in the value of d4>/dn to the amount of o% but in croKHiiigiSa fc 
sanut finite change occurs in the ri^verse <iirecti«uu Wfieri dn 
reduced wdthout. limit, and d>irhi. rc:»plfM;**cl by dha d^Jdti will 
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the same on the two sides of the double sheet, but there will be 
discontinuity in the value of ^ to the amount of At the 

same time (1) becomes 

w- 

If the surface S be plane, the values of cj) on the two sides of it 
are numerically equal, and therefore close to the surface itself 

4)= ±^a-- 

Hence (9) may be written 

("». 

where under the integral sign represents the surface-potential, 
positive on the one side and negative on the other, due to the 
action of the forces at S. The direction of dn must be under- 
stood to be tovjurds the side at which is to be estimated. 

279 . The problem of spherical waves diverging from a point 
has already been forced upon us and in some degree considered,, 
but on account of its importance it demands a more detailed 
treatment. If the centre of symmetry be taken as pole the velo- 
city-potential is a function of r only, and (§ 241) reduces to- 

~ or to equation of free motion (3) § 273 

thus becomes 

d^(r<p) _ d;^{rcl>) 

^ 

whence, as in § 245, 

r^~f(at — r)-{-F(at + r) (2). 

The values of the velocity and condensation are to be found by 
differentiation in accordance with the formulae 

d7 - ' a" dt ' ' ^ 

As in the case of one dimension, the first term represents a wave 
advancing in the direction of r increasing, that is to say, a diver- 
gent wave, and the second term represents a wave converging upon 
the pole. The latter does not in itself possess much interest. If 
we confine our attention to the divergent wave, we have 

( 4 ). 
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Wheri r is very great the term divided by r- may be neg 
and then approximately 


u = as. 


the same relation as obtains in the case of a plane wave, as 
have been expected. 

If the type be harmonic, 

r<j> = A 

or, if only the real part be retained, 

27r 

rcj) = A cos — (at -f 0 — r) 

A. 


If a divergent disturbance be confined to a spherical 
within and without which there is neither condensatio 
velocity, the character of the wave is limited by a remarkal 
lation, first pointed out by StokesL From equations (4) we 

{as — u) = f(at — r)j 

shewing that the value of /{at - r) is the same, viz. zero 
inside and outside the shell to which the wave is limited. ] 
by (4), if a and y8 be radii less and greater than the ex 
radii of the shell, 

r/3 

I srdr==0 

J a 

which is the expression of the relation referred to. As in 
we see that a condensed or a rarefied wave cannot exist 
When the radius becomes great in comparison with the thic 
the variation of r in the integral may be neglected, and (8^ 
expresses that the mean condensation is zero. 

[Availing himself of Foucault’s method for rendering 
minute optical diiferences, Topler’* succeeded in observing apt 
sonorous waves originating in small electric sparks, and 
reflection from a plane wall. Subsequently photographic n 
of similar phenomena have been obtained by Machl] 

In applying the general solution (2) to deduce the n 
resulting from arbitrary initial circumstances, we must remi 
that in its present form it is too general for the purpose, su 
covers the case in which the pole is itself a source, or place i 

^ Phil. Mag. xxxiv. p. 52. 1849. 

2 Pogg. Ann. vol, cxxxi. pp. 33, 180. 1867. 

^ Sitzber. der Wiener Akad., 1889. 
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fluid is introduced or withdrawn in violation of the equation of 
continuity. The total current across the surface of a sphere of 
radius r is 4i’7rr-u, or by (2) and (3) 

— 47r {/{at — r) + F(at -f r)} + 47rr [F' (at + r) — (at — r)}, 

so that, if the pole be not a source, /(a^ — r) r), or r</), 
must vanish with r. Thus 

f(at) -1- F (at) = 0 (9), 

an equation which must hold good for all positive values of the 
arguments 

By the known initial circumstances the values of u and s are 
determined for the time ^ = 0, and for all (positive) values of r. 
If these initial values be represented by Uq and Sq, we obtain from 
(2) and (3) 

f{-r) + F{r) = rfuodr \ 

/(- r) -F(r) = a fs^ rdrj 

by which the function / is determined for all negative arguments, 
and the function F for all positive arguments. The form of / for 
positive arguments follows by means of (9), and then the whole 

subsequent motion is determined by (2). The form of F for 

negative arguments is not required. 

The initial disturbance divides itself into two parts, travelling 
in opposite directions, in each of which rcj) is propagated with 
constant velocity a, and the inwards travelling wave is continually 
reflected at the pole. Since the condition to be there satisfied is 
r<j[) = 0, the caKse is somewhat similar to that of a parallel tube 

terminated by an open end, and we may thus perhaps better 

understand why the condensed wave, arising from the liberation 
of a mass of condensed air round the pole, is followed immediately 
by a wave of rarefaction. 

[The composite character of the wave resulting from an initial 
condensation may be invoked to explain a phenomenon which has 
often occasioned surprise. When windows are broken by a violent 
explosion in their neighbourhood, they are frequently observed to 


^ The solution for spherical vibrations may be obtained without the use of (1) 
by superposition of trains of plane waves, related similarly to the pole, and tra- 
veUing outwards in all directions symmetrically. 
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have fallen outwards as if from exposure to a wave of rarefaction. 
This effect may be attributed to the second part of the compoxmd 
wave; but it maybe asked why should the second part preponderate 
over the first? If the window were freely suspended, the 
momentum acquired from the waves "of condensation and rare- 
faction would be equal. But under the actual conditions it may 
well happen that the force of the condensed wave is spent in 
overcoming the resistance of the supports, and then the rarefied 
wave is left free to produce its full effect.] 


280. Keturning now to the case of a train of harmonic waves 
travelling outwards continually from the pole as source, let us 
investigate the connection between the velocity-potential and the 
quantit}^ of fluid which must be supposed to be introduced and 
withdrawn alternately. If the velocity-potential be 

A 

= ^ coH k(at — r) (1), 


we have, as in the preceding section, for the total current crossing 
a sphere of radius r, 


47rr- ^ = -d {cos k {at ~ r) — kr sin k {at — r)} ~ J. cos kat. 


where r is small enough. If the maximum rate of introduction of 
fluid be denoted by the corresponding potential is given by (1). 

It will be observed that when the source, as measured by is 
finite, the potential and the pressure-variation (proportional to 
are infinite at the pole. But this does not, as might for a moment 
be supposed, imply an infinite emission of energy. If the pressure 
be divided into two parts, one of which has the same phase as 
the velocity, and the other the same phase as the acceleration, A 
will be found that the former part, on which the work depends, 
is finite. The infinite part of the pressure does no work on the 
whole, but merely keeps up the vibration of the air immediately 
round the source, whose effective inertia is indefinitely great. 

We will now investigate the energy emitted from a simple 
source of given magnitude, supposing for the sake of greater 
generality that the source is situated at the vertex of a rigid cone 
of solid angle co. If the rate of introduction of fluid at the source 
be A cos katf we have 

(07^ dt^jdr = A cos kat 
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280.] ENERGY EMITTED FROM GIVEY SOURCE, 
ultimately, corresponding to 


6 = cos i; (at — r) 

^ (07' ^ ^ 


whence 


; kaA . , / , ^ 

<f> = sin A: (ai - r) (3), 

Q)r"^=A {cos h {at — r) — ki' sin k {at — r)} (4?). 


Thus, as in § 245, if cZTF be the work transmitted in time dt, 
we get, since Sj) = — p <^, 

^ 7 , V 

-I- p S 1 J 2 - {at — r). 




: *'■• .,■ 


Of the right-hand member the first term is entirely periodic, and 
in the second the mean value of sin- k {at — r) is Thus in the 
long rim 

(5)‘. 

Zft) 

It will be remarked that when the source is given, the ampli- 
tude varies inversely as <», and therefore the intensity inversely 
as (o^. For an acute cone the intensity is greater, not only on 
account of the diminution in the solid angle through which the 
sound is distributed, hut also because the total energy emitted 
from the source is itself increased. 

When the source is in the open, we have only to put fi> = 47r, 
and when it is close to a rigid plane, (o = 27r. 

The results of this article find an interesting application in the 
theory of the speaking trumpet, or (by the law of reciprocity 
1^*109, 294) hearing trumpet. If the diameter of the large open 
end he small in comparison with the wave-length, the waves on 
arrival suffer copious refliection, and the ultimate result, which 
must depend largely on the precise relative lengths of the tube 
and of the wave, requires to he determined by a different process. 
Eut hy sufficiently prolonging the cone, this reflection may he 
diminished, and it will tend to cease when the diameter of the 
open end includes a large number of wave-lengths. Apart from 
friction it would therefore be possible by diminishing oo to obtain 
from a given source any desired amount of energy, and at the 

^ Cambridge Mathematical Tripos Examinatioa, 1876. 
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same time by lengthening the cone to secure the uiiiiiiptHiiicj 
transference of this energy from the tube to the stirrounfliug uir. 

From the theory of diffraction it appears that tiu* sfutiifl muH 
not fall off to any great extent in a lateral {lircct ion, uiilt^ss th 
diameter at the large end exceed half a wave-length. The 
ordinary explanation of the effect of acomniun t rumpet, depeiifiiiig 
on a supposed concentration of rays in the axial (iin‘ctimg is tlius 
untenable. 




281. By means of Euler's equation, 

_ ,d-(r4>) 

clr^ 

■we may easily establish a theory for conical iiija-H with oih*ii i'nd«, 
analogous to that of Bernoulli for paiallt^l tiihcH, subject tu the 
same limitation as to the smallness of the (lianu^teu' (>f the t ubt*H in 
comparison with the wave-length of the sound’. Assuiiiing that 
the vibration is stationary, so that ref) w everywhen; iimjan-tiidiai 
to cos kat, we get from (1) 

d- (r<j)) , 

= 0 (2). 

of which the general solution is 

r<f> = A cos kr + J5 sin kr ( 3 ), 

The condition to be satisfied at an opetJ end, vise., that tliere k 
to be no condensation or rarefaction, gives ref) = 0, so that , if the 
extreme radii of the tube be and n, wo have 

A cos kvj, -f B sin Jer^ = 0, A cos kr.j + B siu kr^ = 0, 
whence by elimination o^ A : B, sin /.: (r, - r,) = 0. or r, ~ r, » f r«X, 
where m is an integer. In fact since the form of the g.-ncml 
solution (3) and the condition for an open end are the same a« for 

length of the tube is a multiple 
of the half wave-length is necessarily also the .same. 

A cone, which is complete as far as the vertex, may be treated 
as 1 e vertex were an open end, since, as we saw in S 27 fL th# 

condition r^ = 0 is there satisfied. ^ 

to the position of the nodes. In the case of the gmvost vibmtwn 

Liowille Jmm, 
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281.] 

of a parallel tube open at both ends, the node occupies a central 
position, and the two halves vibrate synchronously as tubes open 
at one end and stopped at the other. But if a conical tube were 
divided by a partition at its centre, the two parts would have 
different periods, as is evident, because the one part differs from a 
parallel tube by being contracted at its open end where the effect 
of a contraction is to depress the pitch, while the other part is 
contracted at its stopped end, where the effect is to raise the pitch. 
In order that the two periods may be the same, the partition must 
approach nearer to the narrower end of the tube. Its actual 
position may be determined analytically from (3) by equating to 
zero the value of d(f>ldr. 

When both ends of a conical pipe are closed, the corresponding 
notes are determined by eliminating A : B between the equations, 

A (cos h7\ + kvi sin hr-^ + B (sin kr^ kr^^ cos kr-^) = 0, 

A (cos -f /erg sin kr^ + B (sin ku — kr^ cos kr^) = 0, 
of which the result may be put into the form 

kr^ — tan"^ kr^ = kr^ — tan~^ fcri (4). 

If ri = 0, we have simply 
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tan kr^ = kr^ , 


■ 05)^; 


tan kl = : 


.( 6 ). 




if Ti and be very great, tan^^i^ri and tan""^/rr 2 are both odd 
multiples of -J-tt, so that r^ — Vi is a multiple of as the theory 
of parallel tubes requires. 

[If rs — ri = k ^2 + (4) may be written 

_ kl 



When 7 ’ is great in comparison with I, the approximate solution 
of (6) gives 

X = 4^-^) (7), 

m V m^ir^ry 

m being an integer. The influence of conicality upon the pitch is 
thus of the second order. 

Experiments upon conical pipes have been made by Boutet- 
and by Blaikley®.] 

^ For the roots of this equation see § 207. 

2 Ann. d,. Chim. vol. xxi. p. 160, 1870. 

» Phil. Mag. VI. p. 119, 1878. 
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282. If there be two distinct sources of sound of the same 
pitch, situated at 0i and 0^, the velocity-potential at a point 
P whose distances from Oj, 0. are 7\ and may be expressed 

B - “) n) 

where A and B are coeffici(jrits re.pr(‘S(uiting t,h(^ magnitudes of 
the sources (which without loss of generality may be. supposed to 
have tlie same sign), and a i’epn‘sents tint r(‘tanIation (considered 
as a distance) of the second sources ndatividy to tlic*. first. The two 
trains of s])h erica! waves are in agrecuncmt at any point P, if 
n -}- a — ri = f vaX, where Vi is an integ(jr, that is, if P lie on any 
one of a system of hyperboloids of re.wolution having foci at 
0i and ()o. At points lying on tlu^ int<‘rm{‘<liat(! hyperboloids, 
represented by rvH- a — 7*1 == 4 i (2///. -f 1 ) X, the. two sets of waves 
are opposed in pha.se, and ne\itralize oms anot,h(*r as far as their 
actual magnitudes juunnit. The. neutralization is (romplete, if 
ri:ro=^l : B, and then the density at B continin*s pennaneutly 
unchang(‘.d. The intersections of this splnu’c with tlu^ system of 
hyperboloids will thus mark out in must c‘ases several circles of 
absolute silence. If the distancij 0/A betwfMUi tlu* sourc(‘S he great 
in comparison with thii huigth of awa,v<\and tin* .sounres thcunsolves 
be not very uncfpial in power, it will be pos.sible to dejuirt from 
the sphere 7*1 : 7 v = yl : B for a distancci of seA'eral wavelengths, 
without appreciably disturbing th<i e([nality of intensities, and 
thus to obtain ov<‘r finite surfaces sevtu’al altei'nations of sound 
and of almo.st complete silence. 

Inhere is some difficulty in actually r(*alising a satisfactory: 
interference of two indepcuident soiiiid.s. tint unison be 

extraordinarily perfect, thc.^ sileiices are only momentary and are 
consequently difficult to appreciate. It is thendore best to employ; 
sources which are mechanically connected in suedi a way that the; 
relative phases of the sounds issuing from them cannot vary. The 
sirniilest plan is to repeat the first sound by reflection from aflat 
wall 269, 278), but the experiment then loses something in 
directness owing to the fictitious ch?tracter of the second source. 
Perhaps the most satisfactory form of the exp( 5 riment is that 
de.se, ribed in the Philosophical Magazine for tJuiuj 1877 by myself. 
“An intermittent electric current, obtained from a fork interrupter; 
making 128 vibrations per second, excited by means of electro-: 
magnets two other forks, whose frequency was 250, 63, 64).! 
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TheHM latt(‘r forks wr.rr; jilac^sl at a <li.sfan(^fj of about t.i'ii yards 
apart, and wort* pro\‘i(lo<l wit h suitably tuned r(*.soiiators, by which 
their sounds woro j’oiafoiviod. Tin* pitch of tlu* forks was 
aeeossarilj idfuitieol, siiH-e the vibnit/niiis vven^ fomaj by (‘le(*tn>» 
mu^Oietie fftreos of* absolutoly tlu* saun* period. Wdt.li oinj c‘ar 
closed it was found pessibh* todofun*. tin* phua^s of silonert witli 
€unsido‘rablo aetauney, a luot iori <»(' alauit an meli 1>eiiig Huflie.ioiit 
to j)ro(lue«? a marked revival of sound. At a point of sihuico, from 
which llm line joininj.^^ tlie forks .subteii(|e<l an an^dte of about (iO ', 
the apparent strikini^ up td’ one fork, when tin.* (ddier was stopper 1, 
had a very petndinr effs-t,." 

Auollier m(*tho(l i.s to duplit-ate a sound coming along a tube 
by 7in*an.s of branch t u lies, %vlii »se open ernhs a<^t as soiircoH. lint 
thtt (*xpcTiuH*ut in tins form is not a vauy easy om*. 

It often happens that (omsidenitions of sytiim<d/ry an*, Htdilcietit 
t(; iudicafj* tlie e.^i.stem’r of places <if,silenee. For i*xanipl<',, it ih 
evid<*nt iluit there run he n<» variation of deusity in tdn; coutimia- 
tion of tlie plane t»r a vihi'uting plate, nor in (la* e(|uatorial plain* 
of a syuiiue! ri(‘ai solid of revolution vibrating in tie* direid.ion of 
its axis. Mon* generally, any plane is a plane of .sil(‘iH.!i^ with 
reHjieet to whieh the soure4‘s are syniniet.rieal in stK’h a iiuiinier 
that at any point and at its image in the plane tliere am H()urcf*H 
of «!tpia! Ill tfUisities and of opposite pliasr*s, i»r, as it is olten luon* 
convenient !}• ex piessed, of (he same phast* and of (^pponite nmplb 
tildes. 

If any iiuiuher of soureeH in the same whose amplitudoH 

an* on tlie whole as much negative ns positive, lie plue.erl on the 
eireuinferciiee of it c'irelo, they will give* rise to no disturlmucm of 
pressure at points on the sfraii^dit line which pasHes through the 
centre of the einde and is direepMl at riglifc angles to its plane. 
IIiIh is the case of (he symmet.rical l>ell (| :2‘i2], which emits no 
Hound in the <lin Motion of its ax ink 

The* ar*cuni.te « 'Xperimeriia! inv(*stigation of a(*rial vihrations is 
beset with c!onsideni.ble dilliculties, wdiich Invvc* been only partially 
surmranded hitherto. In or<ler to avoid unwished for reflijetions 
it in generally neef*ssary work in the opmi air, wln.ue ilelicate 
apparatus, such as a sensitive fiatne, is diHscnlt uf manugcincnt. 
Am>ther impefliinent ariHes (nmi the prtts^'nci; of the (!X|K‘ri inenter 
hiiuself, whoHc I'lerHsm is Large, ruimtgh to disturh materially tlu.t 

* mi J/oi;. I e), iiu p, -ilia IH77. 
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state of things which he wishes to examine. Among indicators oi 
sound may be mentioned menibi’ancs stri^tcluMl ov(‘r cu|)s, tlie agita- 
tion being made apparent by sand, or by small jHinflulums resting 
lightly against them. If a membrane be simijly str(‘tciu‘d across a 
hooj:), both its faces are acted upon by nearly tlie saim^ fon‘<*s, and 
consequently the motion is much diminished, unless tin* nuunbrane 
be large enough to cjxst a sensible shadow, in which its liinder face 
may be protected. Probably the.* best method of cexainining the 
intensity of sound at any point in the air is to div(*rt a portion of 
it by means of a tube ending in a small contj or resonator, the 
sound so diverted being led to the ear, or to a iiianornetric 
capsule. In this way it is not difficult to cletennine ])laces of 
silence with considerable precision. 

By means of the same kind of apparatiis it is possible to 
examine even j)hme of the viliration at any point in air, ami to 
trace out the surfaces on which tlie phase does not varyh If the 
interior of a resonator be connected by flexible tubing with a 
manometric capsule, which influences a small gas flame, tlu^ motion 
of the flame is related in an invariable manner ((hqjtmding on the 
apparatus itself) to the variation of jiressnre at tiu* immth of the 
resonator; and in particular the interval lietween the lowest drop 
of the flame and the lowest pressure at the resonator is incl(!p<mdcnt 
of the absolute time at which these effects occur. In Mayers 
experiment two flames were employcjd, placed clos<? t>ogether in one 
vertical line, and were examined with a rev(dving mirror. Bo long 
as the associated resonators were undisturbed, the serrations of the 
two flames occupied a fixed relative position, and this relative 
position was also inaintaiiK^d when om^ resonator was moved about 
so as to trace out a surface of in variable? pliasct. For further 
details the reader must be referred to the original paper. 

283 . When waves of HOund impinge upon an obstacle, a 
portion of the motion is thrown back m an echo, and under cover 
of the obstacle there is formed a sort of sound shadow. In order, 
however, to produce shadows in anything like optical perfljction, 
the dimensions of the intervening body must be considerable. 
The standard of comparison proper to the subject is the wave- 
length of the vibration; it requires almost m extreme conditions 
to produce rays in the ca^e of sound, as it recpiires in optics to 
avoid producing them. Still, sound shadows thrown by hills, or 

1 Mayer, Phil Mag. (4), aCLiv. p. 321. 1872. 
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builflini^'S *^^1' t-ffou lolMrahly uml must In* within tint 

expen«*ii(*o (A all. 

Fnr rlnsi>r oxauiinafiMii h'l n-n tak** first, tin* f^aso of piano waV(‘S 
of liannonio typo inipin;^hu,k( npon an imniovahlo piano H(a'(‘.on, of 
infiuit«*Hinntl thioki.o*-'^. in whioh tln*ro is an ap<*riun‘ of any fornn 
the piano of tlo' ‘-on'»*n 1/ <h h»*in_i( parallel to tho fronts of the 
xvavos, llio \ ohioity-pon-nt ial of tin; ninlistiirhod train of waves 
may bi; taken, 

</# ran i Nt -- (1). 

If thf‘ vaiiio of fitf) iLr o%-»i’ tin* aporturo ho known, fonnnla; (f>) 
and (T)§ 2T*S allow uh it. rakodato tin* valno of at any point on 
the furthor stole. In tin- ordinan theury <*f diflraotion, as jfivm 
in Works on opties, it in a ^siuned that the distnrbanoi* in tin; piano 
of the; upertnro, is tin* ,aune as if tin* Me.roon wore away, ddiis 
hypothesis, tlneigh it ean never he ri^oironsly oxaot, will Huttioft 
when tin; aporlnri; Is very large in ootiiparison with tin; wav(;- 
lcngth,as in usiiaHy the c^ase in opties. 

For thf* nndisturhf'd wave wo liave 

=())®4-Niii nt (2), 


and therofirf* on the fufiln-r sidf*, wo get 

. /r f f hin (ttf kr) 


d,H . 


.(n 


the intc*grati«in extending over the area of tiio ajHaiurc;. Since 
A:=27r/X, we heo hy ronijarison with fl) that in HUppomng a 
primary wavf“ lirMken up, with tin* view of applying MuygeriH’ 
principle, dS tnnsf In* divifled hy \r, nrnl the pha.sf,; nnist bo 
ac(;eh-*rated hy a «juartt*r of a periori. 

When r h large in c«»inpariHon with tin* clirmtitHioiiH of the 
aperture, the corn posif ion of the integral in bent studiml by the aid 
of Fresnels^ zones. With the point 0, for which ^ in to be 
estimated, an cmilre deserihe a series of nphercH of rmlii incretaHing 
by the coiwtant flifrerfUici; |X, the first Hphere of the HericH being 
of such radius (r) as to touch the plant; of the m!reen. On this 
plane are thim niarkis! out a Ht^rien of circles, whose radii p arc 

* [Thewf r.on<'fi tr« iiMially »|iokf*a of m llttyacnn* jJonifH hy optical writers (c.g. 
Billet, Tmiti phtjmqnr, voL I. p. 102, Barit, 1H5H) ; hut, ftM has hocii 

pointed out by Schufiter (Phi!. Map. vol. xaxi. p. Ho, IHOl), it i« more corriot to 
iiame thorn after Fri»neL] 
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given by p“ + f’“ == (Vm* | //XP, t»r /r v«Ty ie':ir!y ; that the 

rings into which the jilaia* is i!ivi«ir»i, bi iug uf aj»|»ru\iin;itply 
equal area, inak** contrihut iuiiN !«> (f> whali an* aj»|in*xiiiiati’lj 
equal in niuucrical uiaguitufh' aiai alt <*r!fa?<'Iy in sign. 

If 0 lie decidedly within the pnfjs t'i imi ef fie- an-a. lie- tirsi tprui 
of tlu* S(‘n{*H re]>resi*nl ing the iiit»-gral i-. linit*-, and fie* !•*^ll.s 
which hdlow an; alternately «qi|in>ite in >ign and nf luine-rical 
maOTiitude at first nearly eeiistaiit, luif afterwards diiidiiisliine 

o n 

gradually to zer(», as flu* parts of the rings infrreepfed within the 
aperture l)econH; less and less, d'he an a|H'r?nr»\ whose 

boundary is tspiidistaut frotii (I, is exeeptr*d. 


In a Males of this deserii>iien any lerm aff»'r tfif* tlrst is 
neutralized alniost (*xactly [that is, so far as first rliffei'i uf’es are 
concern(‘(l] by half the siitu of thoM* whi«*h iinna^diately pn-cedt* 
and follow it, so that tin' sum of tin* wlmle serif^s is repn'Seniefl 
approx iinatdy by half tin' first tenu, wliieh stands over uin'ian- 
p(*usated. We see; that, jimvich’d a suflieieiit numlH-r of zon»‘S !>e 
incluchtd within the apertune tin* valtie of (p at tin* point 0 is 
indep<;ud(;nt of tin; natun; of tin* apt'rture% and is tliorofon' the 
same as if t}n*re; lunl been no screen at all. ( h‘ we may caleulatc 
directly tlu; effect of the circle wilii wldcli the systi-m of zones 
begins; a course whicli wall have the advantage of bringing out 
more clearly the* significance of tin* ehangr; of phase which we 
found it nec(,*.SHary h) iiitnnluce when the primary w%uve was hroki.*n 
up. Thus, l(*t us conce-ive* tile circle in cpiesiion clivicied into 
infinitesimal rings of ecpial area, ddn; parts of due to each of 
thcMi rings are equal in amplitude ami of phuM* ranging uniformly 
over half a comph;te period. The pliase of tlm resultant is there- 
fore midway betwe(;n those.; of tim c'Xtn'nn; elements, tliat is to 
say, a quartcu* of a p<‘riod hf‘hiud that dm* to tin; element at 
the centre of the circle. Tin* amplitude* of the* remdtant will be 
less than if all its (sanponents had heem in tlie hiiiiu* phase, in 
the ratio Hin ic(h : tt, or 2:7r; anci thcTefon* since tin* area 
of the circle is ttXc, half the effect of tin; fimt zoiu; in 




2 sin {nt — kc — Itt) 
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Xc 


. ttXc = cciS (rd * 


the same as if the primary wave were to pass on undisturbesL 

When the point 0 is well away from the* projection of the 
aperture, the result is (piite different. The series representing the 
integral then converges at both ends, and by the same reasoning 
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as hrfun* its huiu is sf*»*n In !)»• uj)j)njxi!iia,tit‘ly y^mK W(t conclxule 
that, if tJa* i>rt»J*'(!t i‘»ii uf () on tin- plain; a*=:() fall within the 
a|H*rt !in% aial !>»* noaror to 0 hy a ^n-nat many wavolcngthn than 
tin* noarosi. |H»iut *tf th*- houinlary of t.ln; apnrtun;, thini the 
(list url»ain‘«‘ at O is noarly th** sann- us if tin ‘n*. wen; no obstacle at 
all: hut, if tin* pnfjortiun of () fall outshlo tin* tap(;rturc and he 
nraror h* hv a nroat many wavrdont^ths than tin; rn*ar(;st point of 
tin* houinlary, th»*n fin* f list uriuun*(; at O practiiuilly vaniHhes. 
Tliis is th»* fh*‘ory of hooikI rays in its .siinplost ft>rni. 

Tin* ar4unn nt is not vorv difli-n-nt if tin; scu-etm lx; ol>li(|M(; to 
tin* piano of tin* wav»*s. As hofus*, tin* motion on the furthc‘r side 
of the snroon m.ay h*- n-^ardotl as dm* to tin* normal motion of the 
parfinh-s in tin* piano of tin* aportun*. hut tins n(;rma,l motion now 
varios in piia-o tnuu point to point. If tin; primary waves proceed 
fnan a sourof* af T* hVo^nors y,nn*\H for a fxn’nt P an; the series of 
ellipsns roprosnifod hy /'? T t A // X, when; ?*| and arc 

the (iistain-os • .f any point, on tin* s<*rf«*n from QamI /4’(‘.Hp(;ctively, 
and n is ar» infr^n-r. t hi aorvumt trf the assiuni'd smalhn;HS of X in 
comparison with r, and tho /.onos arc; at first of (‘([luil area and 
ruaki* nqiial and f^pposito nontrilmt ions to tin; vahn; of ; and 
thus i)y tin* Haim* roasouin^ us Ix’fon* wo may <;oncJude that at any 
point doridodiy outdiio tin* ^oonn-tncal projection of tin; aperture 
tin* disiurhain'r v;uii^ln*^% whih* at any point do(u<h;dly within the 
ooonmtrical projff’ti»»n tin* di-lurhance is tin; sann; as if the 
primary wave had passed tin* serern unimpedexL It may bo 
remarked that fin* iimreaM* of an-a of tlie FreHm*l’.s jconcs due to 
obliquity is rofopoii uitod In tin* calculation <»t the intt;gral by the 
c'.orrf^spondin^d y diiuinisln*d vabn; of the imrmal vi;locity of the 
lluifl. Tin* onferldmnent of the primary wave b(‘tw(‘en the screen 
and tin* point }* rhie to diver|,(ern*y is repr<;H(;nted hy a diminution 
in tin* luea sd th** Fresin*rH koim*h below that corres[)oriding to 
plain; incident wfivmi in the ratio 

llicre is a simph* relation betwi'cn the transmission of sound 
through an aperture in a Hcrecii and Its ndlec;tion from a plane 
reflector of ihf" Haiin* form an thi; nj'K*rtunu of which advantage may 
Hoine.times hr* taken in f*x|H‘riiiient, Let us imagine a source 
Himilarto Q and in the same phuKc to he; placed at (/, the image of 
Q in the piam* of t.he Hr*r«.*en, and h;t us suppoHc that the screen is 
removed and replaced by a fdate whose form ami position is exactly 
that of the apmiJircf ; then we know that the effect at P of the two 
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sources is iu)intluenc(Hi by the; ])n‘S(;U(‘e of tJu* plate, so that the 
vibration from reflected from the plat^; aiicl the vibration from 
Q transmitted round the platei togc*ther make* up the same* vibra- 
tion as would be rc‘.ceived from Q if t lu‘re wen* no obstach* at all. 
Now according to the assumption wlneh we* made; at the* begin- 
ning of this section, tlie unimp(‘ded vibration from Q may be 
regarded as composed of the vibration that finds its way rouml the 
plate and of that which would ])ass an ape‘rt=nr(* of tin* same, form 
in an infinite screen, and thus tin.* vihnition from Q as transmitted 
through the. apertunj is eepial to tin; vibration from (/ as retie, ;cted 
from the plate. 

In order to obtain a nearly com]>lett; r4‘fle‘(‘tiou it is not necees- 
sary that the refi(;eiing plate include* more than a small nnmbe*r of 
Fresners zones. In the cjise of dire*c;t refle*{;tion tin* radius p of 
the first zone is determined by tin* etjuation 

+ = ^ (H 

where Ci and Ca are the distances from the; r<*fi<*cte)r of the: source 
and of the point of observation. \Vhe*n tin; distauce*H eonce*rued 
are gr(;at, the zones become He> large that ordinary walls are 
insufficient to give a comphEc reflection, i)ut at more moderate 
distances echos are oftem ncfirly p(*rfi'ct. 'The area n(;<a.*s.sary for 
complete reflection depends also upon the wave-length; ami thus 
it happens that a board or plate, which would bt? quite inade(|uate 
to reflect a grave musie.al note, may ndieett very fairly a hiss or 
the sound of a high whisth*. In 4;xpennn*nt.s on n*fle(;tion by 
screens of moderate size, the principal difficnilty is t«> ge,t rid 
sufficiently of the direct Sf)und. The simph^st plan is to refioct 
the sound from an electric bell, or othc;r fairly Ht(*ady sciurcc*, round 
the corner of a large buildingb 

284 . In the preceding section we hav<* a{)plii,‘d Huygens’ 
principle to the ca.se where the primary wave; is .supj>osi*d to 1)6 
broken up at the surface of an itnaginary plane. If we rc;ally 
know what the normal motion at the plane is, we can calculate 
the disturbance at any point on the further side by a rigorous 
process. For surfaces other than the plane the problem has not 
been solved generally; rieverthelcss, it is not difficult to see that 
when the radii of curvature of the surface are very grctat in com- 
parison with the wave-length, the effect of a normal motion of an 


1 Phil. Maj/. (5), m. p. 45S. 1H77. 
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If till* siirfaro ho i»iio fif r«*v<iluti<in round iY/, the area of the first 
n zom-s i?4 rrfi4 and sitiot* is projiortiorial to u, it follows that the 
zouoM are* of aroa. If tho surfaco. h(‘ not of revolution, the 

area <d' tin' fir?-! a z*uteH in n^presented | where & is the 
aziiiinth of tip* piano in whic'h p is imnisured, hut it still rcTnains 
true that tile Zones are of e<putl ure.a. 8iuce by hypothesis the 
iionua! luotion diMvs net vary rnpitlly oven* the wave-surface, the 
diHlurhaiice-H at ctu#» to the various zon<*s are nearly equal in 
magnitude ami alfornately opposite in sign, and we conclude that, 
in thf* ease of plane waves, the aggregate eifect is the half of 
that dm* to ilie first zoip*. 'fhe phasf! at is i.u;cordingly retarded 
behind that |>r#a7ii!irig over the give*n wave-surface by an amount 
corresponding to t he distance c. 

The intfuisiiy of the disturhaiici} at P depends upon the area of 
the finst Fresind H zone, and u|Kai the (listancc c. In the case of 
sv mine try, we haia.* 

TTp® 7r\Ii 

•- SS 

c /i + c' 

which fihew.s that the diNttirbancc is less than if R were infinite in 
the mtio /£ + c : IL 'I’his diiniimtion is the effect of divergency, 
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and is the same as would be obtaiiuid on tin* supposition that the 
motionis limited by a conical tube whose* vtTifox is at the (‘entre of 
curvature (§ 200). When the siirfaeu* is not of revolution, the 
value of pHld c maybe e.Kpntssed in terms td’ tin* principal 
radii of curvature iij and iL, it which ]i is (‘onneef ed |>j the 
relation 

Ijli == -p IL. 

We obtain on effecting tluj integration 

^ '• TrX^lli lL 

so that the amplitude is diininish(‘tl hy divergtutcy in tin* ratio 
^(Mi + o) {/t.j + c) : result wliic’h might la; a,nlic*ipate<{ hy 

supposing the motion limited to a tube fermed by normals drawn 
through a small contour traced on tin*, wavmsurface. 

Although we have spoktm hitherto of div(trging wavets only, 
the prc!ceding expressions may also he* applied to waves conv(*rging 
in one or in both of tlu^ principal planes, if we attach suitahle 
signs to 111 aiid In such a case the area of tin* tirst Fresii^dn 
zone is greater than if the wavuj were* plant*, and tlie inti*nHity 
of the vibration is correspondingly incn*ased. If tint point P 
coincide with one of the jtrineipal tM‘ntn*s tif rmrvatun*, the 
expression (2) becomes infiniit*. ''Flu* inv(*stigatb)n, on wlii(*h (2) 
was foundtid, is then insuflicioiit ; all that Wit an; tuiiith‘fl to affirm 
is that the distairbance is much grttabtr at P than at otlier pfunts 
on the satin? n<»rmal, that the disproportion imtreases with the 
frequency, and that it would become itifinitc* ibr md.es (jf infinitely 
high pitch, wdiose wavc-hingth would be negligilde iii cotuparison 
with the distances concerned. 

286 . Huygens’ principle may also be apjdied to invf‘Htigate 
the reffectiou of sound from curved Hurfaf?t*s. If the material 
surface of the r(tH(*ctor yitdded so comph*!4*Iy to tin? aihial 
pressures that the normal mot.ii>n at (wuuy point w^en* the sann? as 
it would have Ixjen in the ahsiiuce of the reflector, tln?n tin* sound 
waves would pass on undisturbed. I’ln; ndii?etion wfd<‘h actually 
ensues when the surface is unyielding may tlu?n‘fore Ih? n*gard(;(l 
as due t(i a normal motion of each (dement of th<; r(*fl(?(‘tor, c^fual 
and opposite to that of the primary waves at the sann* point, and 
may be investigated }>y the formula proper to |dane surfitetts in 
the manner of the preceding section, and subject to a sinular 
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limitation as to the relative magnitudes of the wave-length and of 
the other distances concerned. 

The most interesting case of reflection occurs when the 
surface is so shaped as to cause a concentration of rays upon a 
particular point (P). If the sound issue originally from a simple 
source at Q, and the surface be an ellipsoid of revolution having 
its foci at P and Q, the concentration is complete, the vibration 
reflected from every element of the surface being in the same 
phase on arrival at Q. If Q be infinitely distant, so that the 
incident waves are plane, the surface becomes a paraboloid having 
its focus at P, and its axis parallel to the incident rays. We must 
not suppose, however, that a symmetrical wave diverging from 
Q is converted by reflection at the ellipsoidal surface into a 
spherical wave converging symmetrically upon P; in fact, it is 
easy to see that the intensity of the convergent wave must be 
different in different directions. Nevertheless, when the wave- 
length is very small in comparison with the radius, the different 
parts of the convergent wave become approximately independent 
of one another, and their progress is not materially affected by 
the failure of perfect symmetry. 

The increase of loudness due to curvature def)ends upon the 
area of reflecting surface, from which disturbances of uniform 
phase arrive, as compared with the area of the first Fresnel’s 
zone of a plane reflector in the same position. If the distances of 
the reflector from the source and from the point of observation be 
considerable, and the wave-length be not very small, the first 
Fresnel’s zone is already rather large, and therefore in the case 
of a reflector of moderate dimensions but little is gained by 
making it concave. On the other hand, in laboratory experiments, 
when the distances are moderate and the sounds employed are of 
high pitch, e.g. the ticking of a watch or the cracking of electric 
sparks, concave reflectors are very efficient and give a distinct 
concentration of sound on particular spots. 

286 . We have seen that if a ray proceeding from Q passes 
after reflection at a plane or curved surface through P, the point 
R at which it meets the surface is determined by the condition 
that QP-fjBP is a minimum (or in some cases a maximum). 
The point R is then the centre of the system of Fresnel’s zones ; 
the amplitude of the vibration at P depends upon the area of the 
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first zone, and its phase depends uj^ou the (li.staiic(,‘ QR 4- Rl\ If 
there be no point on the surface of tin.*, refits: tor, for which 
QR + RP is a maximum or a minimum, tluj syst^ua of Fresnel’s 
zones has no centre, and there is no ray prof^ei^ding from Q which 
arrives at P after reflection from the surfac(.;. In like manner if 
sound be reflected more than oncii, tlie course ‘ of a ray is deter- 
mined by the condition that its whole length between any two 
points is a maximum or a miiiimiim. 

The same principle may be applied to investigate the refraction 
of sound in a medium, whose mechanical properties vary gmdiially 
from point to point. The variation is suj)posed to be so slow 
that no sensible reflection occurs, and this is m>t inconsistent 
with decided refraction of the rays in travelling distances which 
include a very great number of wave-lengths. It is evident 
that what we are now concerned with is not merely the length 
of the ray, but also the velocity with which the wave travels 
along it, inasmuch as this velocity is no long(*r constant. The 
condition to be satisfied is that the time occupied by a wave 
in travelling along a ray between any two points shall be a 
maximum or a minimum ; so that, if V be the velocity of propa- 
gation at any point, and dn an element of the length of the ray, 
the condition may bo expressed, S J ds = 0. This is Fermat’s 
principle of least time. 

The further developement of this part of the subject would 
lead us too far into the domain of geometrical optics. The funda- 
mental assumption of the smallness of the wave-length, on which 
the doctrine of rays is built, having a far wider application to the 
phenomena of light than to those of sound, the task of developing 
its consequences may properly be left to the cultivators of the 
sister science. In the following sections the methods of optics 
are applied to one or two isolated (piestions, whose acoustical 
interest is suflScient to demand their consideration in the present 
work. 

287 . One of the most striking of the phenomena cormected 
with the propagation of sound within closed buildings is that 
presented by “ whispering galleries,” of which a good and easily 
accessible example is to be found in the circular gallery at the 
base of the dome of St Paul’s cathedral. As to the precise mode 
of action acoustical authorities are not entirely agreed. In the 
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opinion of the Astronomer Royal ^ the effect is to be ascribed to 
reflection from the surface of the dome overhead^ and is to be 
observed at the point of the gallery diametrically opposite to the 
source of sound. Every ray proceeding from a radiant point and 
reflected from the surface of a spherical reflector, will after 
reflection intersect that diameter of the sphere which contains the 
radiant point. This diameter is in fact a degraded form of one of 
the two caustic surfaces touched by systems of rays in general, 
being the loci of the centres of principal curvature of the surface 
to which the rays are normal. The concentration of rays on one 
diameter thus effected, does not require the proximity of the 
radiant point to the reflecting surface. 

Judging from some observations that I have made in St Paul’s 
whispering gallery, I am disposed to think that the principal 
phenomenon is to be explained somewhat differently. The ab- 
normal loudness with which a whisper is heard is not confined 
to the position diametrically opposite to that occupied by the 
whisperer, and therefore, it would appear, does not depend 
materially upon the symmetry of the dome. The whisper seems 
to creep round the gallery horizontally, not necessarily along the 
shorter arc, but rather along that arc towards which the whisperer 
faces. This is a consequence of the very unequal audibility of a 
whisper in front of and behind the speaker, a phenomenon which 
may easily be observed in the open air^ 

Let us consider the course of the rays diverging from a radiant 
point P, situated near the surface of a reflecting sphere, and let us 
denote the centre of the sphere by 0, and the diameter passing 
through P by AA\ so that A is the point on the surface nearest 
to P. If we fix our attention on a ray which issues from P at an 
angle ± 0 with the tangent plane at A, we see that after any 
number of reflections it continues to touch a concentric sphere of 
radius OP cos d, so that the whole conical pencil of rays which 
originally make angles with the tangent plane at A numerically 
less than 0, is ever afterwards included between the reflecting 
surface and that of the concentric sphere of radius OP cos 6. The 
usual divergence in three dimensions entailing a diminishing 
intensity varying as r”- is replaced by a divergence in two dimen- 
sions, like that of waves issuing from a source situated between 

1 Airy On Sound, 2nd edition, 1871, p. 145. 

2 Phil. Mag. (5), ni. p. 458, 1877. 
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two panillel reflecting j)lnnes, with an intiaisliy var\ing a.s 
The less rapid (‘iifeeblcmeiit of sound by distanoi* tliaii that usually 
experiencccl is the leading- feature in the pheneniena of whispering 
galleries. 

The thickness of the sheet includcxl bctw(‘(*ii tin* two s|jhcfre.s 
hccomcB less and less as A ap] u-oacdies P, and in tin* liuiitiiij^^ e^ige 
of a radiant point situated on the .surface of tin* rclh'i-tor in 
expressed by OA (1 —cos0), or, if 0 he siualL approxi- 

mately. The solid angle of the*, pencil, wliicli <h‘l«'noin(*.H the 
whole amount of radiation in tin; slieet, is : so tliat as ^ in 
diminished without limit tin; intensity b(*eoiucs infiiiiti*, as com- 
pared with the intensity «*tt< a finite distauo* from a .similar sou rce 
in the open. 

It is evident that this (dinging, so to sp{*ak, of souml the 
surface of u concave wall (hx^s not di^ptmd njion tJu! t*xaclri(*SH of 
the sphtudeal form. Butin the (^asc of a inn*. sphor<', (»i* rather of 
anysuifacMj syninietri(‘.al with rinsped- to AA\ there is in addition 
the other kind of coiuMUitratiou s[>okeu of at the conuuenctuiHUit of 
th(i pres(iTit section which is peculiar to thi* point (liaiiitttrically 
opposite to the source. It is prolialiht that in tlic (nso (if a licarlj 
siihcjrical dome like that of St Pauls a j)}irt of’ the obsm-ved eftbet 
di^ponds upon the symmetry, thougli p«u*haps the great tr fiart is 
reftirabhi simply to tlie general (.‘oncavi fcy cif the wulLs. 

The propagation of (*arth( juak(Mli.sturhanc(‘s is ])rohal)ly afTected 
by the e.urvaturij of the surface of tin* globe aeddng lik»* a whisper- 
ing gallcu’j, and perliaps even sonoron.s vibrations geii(*ratecl at the 
surface of the laud or water do uot entirely esc^ape. the .samci kind 
of influence. 

In connec^tion with the acoustics of public IniildingH there am 
many poirlts which still remain oliscure. It is iinprirtant in bear 
in mind that the 1 o.hh of sound in a singhj n.’fhjction at a Binouth 
wall is very Kinall, whether the wall lx? jilami or tuirved. In oitler 
to prevent reveiberatioii it may often be necc^HHJiry to- introduce 
carpets or haugii:ig.H to absorb the Hound. In soinfi cases the 
presence of an audience is found Bufficicnb to produce! the di^sired 
effect 111 the absence of all iloadcuirig mateiial the* prolongation 
of sound may lie very considerable, of which perhaps the inost 
striking example i.s that afforded by the Baptisteiy at Pisa, where 
the notes of the coinnioa chord sung consecutively rnay be hiiird 
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288. AhiiM-t fin- 'ally iii-tan<'** uf a*'<Hrsf ic*nl ivfninldoii. wlurh 
has a |»ni«’!i*’al inf»*rr»*?, i- tin- titaintinu <»f st»nnroiiH rays from a 

rnriiliii* -nr rMur-H** dtm tn h**t »'r»nfe;;«'in-sty of (.!m* n,tum.Hj ilmn*. 'Tlitj 

variation of at b-vrls dn>*H unf uf ilHfdf ^L(ivn risf^ 

tn rnfr;n’tioH. viuio- ifn- vrlM<’ity of >,utinfl is iiulopnndoiit, nf density; 
Imt. a> '^van fir^: jiMinfi-rl lan by !*{*<<(', { tshfirtm Ivcynolds'’, tlHMs'isa 
is dillbrnit with tin* vajiatmn^. *4* tnmp«Tai.!trn \v}ii<4i an* ti.suully 
tr#1)ptii**t wiili. "fin* ?‘-iii]inratm**’ nfth«^ af rnuHphnri* is dn.foTrninnd 
priiirijiali V by fli»- »-MMd*'n-alb m or rarnrar‘l.i<jm wliinh any [aHldnii 
of air in if . pas^a^n from b ‘V oI t o anotluvr, and 

its la^niial sfair is nn»^f4 rnavor-tivn ripuliliritinA/' rntdu'r l-bnn of 
miib a’liiif V. Amnidinj^j to tliiH viow t in* rnlatiim liftwoou proHsnri* 
and fb’inity is t!uif n^pn^v-rd in {0> | ‘JHI, and t Im vc-bunty nf 
Hiauii! is by 

^ dp ^ p.: fj 

To rainni'ot, ilio jiia'vHuro and fb-nsity with ilia «‘b*vatinn (j), wo 
havo ih«t by<lrnht;i.ii«'al »ojn/iti(»n 

fiji tjpih ( 2 ), 

from wliicdi and ( 1 1 w#* liiifi 


hr 


/I \ 


rp. : ry I)/p. Cl), 

if V„ }>o idn* vi’bif'ity at tli*» smfaor. 1*tu‘ aHTospoiifliiig ndatiim 
hr*tw#'iii t oinpf 'raitir*’' and >dia*ii,ib»ii ubtfiiiMHl by ui«*atirtnf (a|aaLinu 

a O) § 24 G is 

n IV I 

J“ ... 'i~ (' 0 . 


0 

{I. 


wIiLW Onin Ihn toiiiporaf.iir^** at tho siirfactit. 

^ aiv f*win tiuMbi in iNHIl, Kiitvo fclio tlunitioa an l^Hitooriilti. 

If ft oot<? diarfi-O'f'* |4i-«ls, Hoar>4« rtr#* I«*ar4 tfigotliwr fual niftj givo to ft 
■eonjljlfmlkanlriri#?, j| r»H. H«'«f Ilfih«*'r 4 il? 4 , 4 i« van Itviif/tk b#!ohi.iehtf!Uoi Vari- 

BtioiiKtoiL “Wkis* Ahid. Sifsliirf,, n, |>, 

Jnifr, A^gitr, Vrm\ |o 1 kJ, 

^ PnKrnlm^M (if i/ift Vat, 3 S)Cfn p. o 3 L IH 74 . 

^ Tlicaiwri!!, f)n i/»# mnvridn^)^ rquilifjrium a/ iemperaturn in the {limfmpher^. 

M€imhiBkr Memmn^ iSIfl— flil. 
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According to (4) tin' fall r>f !«iu|‘« rat ur*- w^nUl b*' almut 
1^'Cont. in 330 [100 iii.j, whirh il*“ - ditb r from the 

resullH of (jkislH'r’s lalhM»ii idiM-rvatmti.-. U loii lii*- wky is tdw, 
the fall of t(‘in|H*ratun* (hiring thi* dav is ujmiv rapid ihaa whim 
the sky is cloudy, hut towards sun.^ i ih^' f^-iop' rafiiiv 
ap])roxiniat(dy ('onstunt*. Prohahly <ui r-loar night it in often 
warmer above than below. 

The explanation (T lu'oustieal n-fraeiiMn a- d^ p^ inhiif a 

variation of hunpiTatun* with ii‘'ig!d i- .'\;e‘f|y i!i»' Maiin^ as 

that of th(i optical phmoUH'non *4 iniriLp-. 'He- enrvuliir*' ip 0 of 
a luy, whos<' course is approx iniah'ly hMii/Miii.d. • adlv *”^tiijia!ecl 
by th(; method given by Pr-f Jaim-^ 'riiom^-Mik. Xoriua! planes 
drawn at two consecul iv«' points ahuig tbo ray ne * t at I lie e»*niri* of 
curvatunt and are tangential to the wa^» sortae** in its two eon- 
secutive positions, d'lie portions oi ray> a? rhoaliMii't r and j fSj 
respect ivcily int.<‘rc(’pted hi'iween the normal plan* >>* are to fttw 
another in the ratio p and a]‘-'e anei- tin y ;rre doyerihcfl 

in the same time, in tlu' rati«i P : t • hi . lb le**' in the liinii 


p 

In th(‘- normal state <tf th** atnio'j/lei'o a niy, wlueh HtartH 
horizontally, turns gradually upward-, and at a stiiliei. nt dintarice 
passers oviU'* th(‘ lu'ad of an obvorvor wleor ^^lafion ih at fh*‘saj[iie 
level as th(^ sourct'. If the sonree In- e'|»’-\at*'d, tie- sound is In/iird 
at the surface* e^f the earth hy means of a ray wlu*"’h starts with 
a downward inclination; Imt. if lioih tie ulo'^ivrr and ihi* 
source be on the* Hurfuc»% tlu're no diro'-f ray. and i}ie soiiiid in 
h(*ard, if at all, hy means of difTractiMn, lie* oh-^^erver may l.ficn 
be said to be situated in a sounii shadow, all!ioug}i there maybe 
no obst^icle in the direct line ln'tween hiiii*«^'it’ and the soiircf*. 
According to (3) 

4 I" 

so that p ;■'* . Cb I ; 

^ (y-Uff y-l 

or the radius of curvature of a horizontal ray is alioiit iim tiine^ 
the height through which a Iw^ly must fall tifidor the iniiori of 

^ Nature, Bept. 20, 1H77. 

* Bee Bverett, On the; Opticu nf Mi xia*. pf*. PU, 
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gravity in order to acquire a velocity equal to the velocity of 
sound. If the elevations of the observer and of the source be Zi 
and 2 ^ 2 , the greatest distance at which the sound can be heard 
otherwise than by diffraction is 

V(2irip) + V(2^2P) (7)- 

It is not to be supposed that the condition of the atmosphere 
is always such that the relation between velocity and elevation is 
that expressed in (3), When the sun is shining, the variation of 
temperature upwards is more rapid; on the other hand, as Prof. 
Reynolds has remarked, when rain is falling, a much slower varia- 
tion is to be expected. In the arctic regions, where the nights 
are long and still, radiation may have more influence than convec- 
tion in determining the equilibrium of temperature, and if so 'the 
propagation of sound in a horizontal direction would be favoured 
by the approximately isothermal condition of the atmosphere. 

The general differential equation for the path of a ray, when 
the surfaces of equal velocity are parallel planes, is readily obtained 
from the law of sines. If 0 be the angle of incidence, F/sin 9 is 
not altered by a .refracting surface, and therefore in the case 
supposed remains constant along the whole course of a ray. If x 
be the horizontal co-ordinate, and the constant value of F/sin 9 
be called c, we get dxjdz^^ F/a/(c“— F^), 

or ^ = -7=:::^== (8). 


If the law of velocity be that expressed in (3), 


and thus 


, _ 2VdV 
^ r 


or, on effecting the integration, 

(y — l)^x = constant + V J{d^ — F^) — sin""^ (9), 

in which F may be expressed in terms of z by (3). 


A simpler result will be obtained by taking an approximate 
form of (3), which will be accurate enough to represent the cases 
of practical interest. Neglecting the square and higher powers of 
z, we may take 


2F/ 


( 10 ). 
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Writing for brevity j6 in place of (y — 1)/1 ^im wc; have 

^ clz =■ dV~\ 

By substitution in (8) 


.log 

ivwr=-i) *’ 


r “H F“— 1) 


...( 11 ), 


the origin of a; being taken so as to corr(.‘spon(l with F=c, that is 
at the place where the ray is horizontal. Expressing V in terms 
of X, we find 

2c/ V = 


whence 


- Fr' -k ^ . 


..( 12 ). 


The path of each ray is therefore 
downwards; the linear i)aranieter is 
ray to ray. 


a 


eat(‘nary 

0 I/" 3 
- 0 




whos(.t vertcix is 
and vaiiijs fruin 


289, Another cause of atmospheric n‘.fraction is to be found 
in the action of wind. It has long Ixion known that sounds are 
generally better heard to leeward than to windward of the source; 
but the fact remained unexplained until vStokes^ pointed out that 
the increasing velocity of the wind overhead must intcu'fere with 
the rectilinear propagation of sound rays. B'rorn Fermat s law of 
least time it follows that the course of a ray in a moving, but 
otherwise homogeneous, medium, is the sanu.? as it would be in a 
medium, of which all the parts are at rest, if the velocity of 
propagation be increased at eveay point by the component of 
the wind-velocity in the direction of the ray. If the wind be 
horizontal, and do not vary in the same horizontal plane, the 
course of a ray, whose direction is everywhere but slightly inclined 
to that of the wind, may bo calculated on the same principles as 
were applied in the preceding section to tlie casci of a variable 
temperature, the normal velocity of propagation at any point being 
increased, or diminished, by the local wind-velocity, according as 
the motion of the sound is to leew^ard or to windward. Thus, 
when the wind increases overhead, which may be looked upon as 
the normal state of things, a horizontal ray travelling to windward 
is gradually bent upwards, and at a moderate distance passes over 
the head of an observer; rays travelling with the wind, on the 


1 Brit, Assoc. Eep. 1857, p. 22. 
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other hand, herit downwards, so that an observer to Iccjward of 
the souree hears by a dir(‘ot ray which starts with a slight upward 
inclination, and has the advantage of being out of the way of 
obstnictions for the greater part of its course. 


Th(i law of refraction at a horizontal surface., in cTossing which 
the vtdocity of tln^ wind chang(‘s disi^ontinuously, is easily investi- 
gate<l. It will bit sufheicnit to consiihu' the case in which the 
din.‘ction of the wind and the ray an‘. in th<j Hanie vertical plane. 
If ^ l)e. th(‘ angl(‘ of incid(‘nc(*, which is also the. a,ngle btjtwoen the 
plain.*, of tin* wavt^ and tin* surface* of separation, U lie the velocity 
of tin* air in that dintction which makers thi*. smalhn* angle with 
tin* ray, ami V ho tin* eonnnon V(‘locity of propaga,tion, the velocity 
<d* tin* traco of tin* j)lan(* of the wave on the surface of separa- 
tion is 


V 

sin 0 




( 1 ). 


which (|uantity is un(*hanged liy tin* refradlon. If therefore he 
tin* velocity of the wind on tin* s(‘(tond sid(‘, and 0' be the angle of 
r(*fraction, 


V 

sin 0 


sm 0 


( 2 ), 


which dithTH from tin* ordinary opt.ic^al law. If the wind-velocity 
vary continuously, the i^oursc* of a ray may be calmdated from the 
comiitiem that the eKprossion (1) remains constant. 

If W(‘ suppose* that U — 0, the greati^st admissible valium of 

U* is 

6^' -. V[vjmH,0-^l \ (3). 

At a Hiratnm where U' lias this valin^ the direction of the.* ray 
wliif'h Htarted at an angle* 0 has bmuuint parallel to the refracting 
surfac(*H, and a stratum wh<n*e. U' has a gn^ater value cannot be 
penetratetd at alL Thus a ray travtdling upwards in still air at an 
inclination (|7r « 0 ) the hi^riztm is refhtcted by a wind overhead 
of vi'lociiy i*x(;eefliiig that given in (3), and this indepenchiiitly of 
the velocities of inti‘rrnediat<,* strata. To take a numerical example, 
all rays whose upward inclination is less than 11^ are ti)tally 
reflectted by a wind of tin* same* azimuth moving at the moderate 
speed of 15 miles per hour. The ctffects of such a wind on the 
propagation of g4>und cannot fail to be very important. Over the 
surface of still water sound moving to leeward, being confined 
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1 T' ]t|:n]s-s uivtTg«.'S in two (limensions 

’■ jv ^h-Tri-r^^ U’ lu'.-ini at distances far greater than 
’ I;, , r ;-■> I--. ■ --rah-. Aie )tla t |Hi->il)le of the reflector 

V.. ->ein-.s a.iai;b]t/ which in still air would 

Y vt a ov hii> *'tht/r ebstaelfS intervening. For the 
: \ .-f rhi n-na na it is not neeesf^xry that there 1:^ 

, t v;:!-! -<;:tvr af Ss iUiid, but, Es apix^Jirs at oiic» 

.. : !' ^ tv !i.-!vly that the difference of velcxhties J7" — IT 

L - ;rh va’-e-. 

arh rft.r;u; v-pmtum the path of a ray, when the wind- 



:ni:o»U''ly v.iriabku is 



V\ 1 + d* '-0+ U 

\ ajr 

(4), 


: vdc 

(o)- 


" (f ± W-W'l 


la Cl la I firing ^a) with (N) of the preceding section, which 
i- tla- c''.Tr! -I, Handing e'.|iiatiuii for ordinary refraction, we must 
rt: r ticit V is lanv ivaistaut. If, for the sake of obtaining a 

ch hnce ftS'idr. wi* suppose that the law of variation of wind at 

ojttiTtnt ho'tA is that expressed by 


'WC 


V 


= a 4* 0s , 

du 


(6), 

•in 


jvao±i7f-F^i 

wh^i.ii iif tla; same form as (ii) of the preceding section. The 
e-,:'!:isL' if a my is iiecordingly a catenary in the present case also, 
hni ilifFr IS a inr'St impi»rtant distinction betw^een the two problems, 
Whr'ii the reiractioii is of the ordinary' kind, depending upon a 
v ariable velixity of propxgation, the direction of a ray may bo 
reieTsecl In the ease of atmospheric refraction, due to a diminu- 
tiid'i 'f teinpenitiiFe upwards, the course of a ray is a catenary, 
vt'ftex is ilimTi wards, in whichever direction the ray may be 
pryui^ateii mhen the refnu'‘tion is due to wind, whose velocity 
ijit It upwards, acconiing to the law expressed in (6) with 0 
tht^ path d! a ray, whose direction is upwind, is also along 
a eatiiiary with vertex downw’ards, but a ray whc©e direcrion is 
iiiiWi'iWiinl earinot travel along this path. In the latter tiho 
vcrti'X of the catenary along which the my travels is diiwtoi ■ 
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290. In the paper by Re}Tiolds already referred to, an account 
is given of some interesting experiments especially directed to test 
the theory of refraction by wind. It was found that “In the 
direction of the wind, when it was strong, the sound (of an electric 
bell) could be heard as well with the head on the ground as when 
raised, even when in a hollow with the bell hidden from view by 
the slope of the ground ; and no advantage whatever was gained 
either by ascending to an elevation or raising the bell. Thus, with 
the wind over the grass the sound could be heard 140 yards, and 
over snow 360 yards, either with the head lifted or on the ground ; 
whereas at right angles to the wind on all occasions the range was 
extended by raising either the observer or the bell.’' 

“ Elevation was found to affect the range of sound against the 
wind in a much more marked manner than at right angles.” 

“ Over the grass no sound could be heard wdth the head on the 
ground at 20 yards from the bell, and at 30 yards it was lost with 
the head 3 feet from the gi'ound, and its full intensity was lost 
when standing erect at 30 yards. At 70 yards, when standing 
erect, the sound was lost at long intervals, and was only faintly 
heard even then; but it became continuous again when the ear 
was raised 9 feet from the ground, and it reached its full intensity 
at an elevation of 12 feet,” 

Prof. Reynolds thus sums up the results of his experiments : — 

1. “When there is no wind, sound proceeding over a rough 
surface is more intense above than below.” 

2. “ As long as the velocity of the wind is greater above than 
below, sound is lifted up to windward and is not destroyed.” 

3. “Under the same circumstances it is brought down to 
leeward, and hence its range extended at the surface of the 
ground." 

Atmospheric refraction has an important bearing on the 
audibility of fog-signals, a subject which within the last few years 
has occupied the attention of two eminent physicists, Prof. Henry 
in America and Prof. Tyndall in this country. Henryk attributes 
almost all the vagaries of distant sounds to refraction, and has 
shewn how it is possible by various suppositions as to the motion 
of the air overhead to explain certain abnormal phenomena which 
have come under the notice of himself and other observers, while 

^ Report of the Lighthouse Board of the United States for the year 1874. 
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Tviidall\ whose investigations have been equally extensive, 
eoosiders the very limited distances to which sounds are sometimes 
audible to be due to an actual stopping of the sound by a flocculent 
eoiidition of the atmosphere arising from unequal heating or 
moisture. That the latter cause is capable of operating in this 
direction to a certain extent cannot be doubted. Tyndall has 
prin'ed by laborator}’ experiments that the sound of an electric bell 
may be sensibly intercepted by alternate layers of gases of different 
densities ; and, although it must be admitted that the alternations 
of density were both more considerable and more abrupt than 
can well be supposed to occur in the open air, except perhaps in 
the immediate neighbourhood of the solid ground, some of the 
observations on fog-signals themselves seem to point directly to 
the explanation in question. 

Thus it was found that the blast of a siren placed on the 
summit of a cliff overlooking the sea was followed by an echo 
of gradually diminishing intensity, whose duration sometime 
amounted to as much as 15 seconds. This phenomenon was 
observed ‘‘when the sea was of glassy smoothness,” and cannot 
apparently be attributed to any other cause than that assigned to 
it by Tyndall. It is therefore probable that refraction and 
acoustical opacity are both concerned in the capricious behaviour 
of fog-signals. A priori we should certainly be disposed to attach 
the greater importance to refraction, and Reynolds has shewn that 
some of TyndalFs own observations admit of explanation upon this 
principle. A failure in reciprocity can only be explained in 
accordance with theory by the action of wind (§ 111). 

According to the hypothesis of acoustic clouds, a difference 
might be expected in the behaviour of sounds of long and of short 
duration, which it may be worth while to point out here, as it does 
not appear to have been noticed by any previous writer. Since 
energy is not lost in reflection and refraction, the intensity of 
radiation at a given distance from a continuous source of sound (or 
light) is not altered by an enveloping cloud of spherical form and of 
uniform density, the loss due to the intervening parts of the cloud 
being compensated by reflection from those which He beyond the 
source. When, however, the sound is of short duration, the 
intensity at a distance may be very much diminished by the cloud 
on account of the different distances of its reflecting parts and 

^ Phil, Tram, 1874. 3rd ediiioa, CL. vn. 
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consequent drawing out of the sound, although the whole intensity, 
as measured by the time-integral, may be the same as if there had 
been no cloud at all. This is perhaps the explanation of Tyndall’s 
observation, that different kinds of signals do not always preserve 
the same order of effectiveness. In some states of the weather a 
howitzer firing a 3-lb. charge commanded a larger range than the 
whistles, trumpets, or syren,” while on other days ‘‘ the inferiority 
of the gun to the syren was demonstrated in the clearest manner.” 
It should be noticed, however, that in the same series of experi- 
ments it was found that the liability of the sound of a gun to be 
quenched or deflected bj^ an opposing wind, so as to be practically 
useless at a very short distance to windward, is very remarkable.” 
The refraction proper must be the same for all kinds of sounds, 
but for the reason explained above, the diffraction round the edge 
of an obstacle may be less effective for the report of a gun than for 
the sustained note of a siren. 

Another point examined by Tyndall was the influence of fog on 
the propagation of sound. In spite of isolated assertions to the 
contrary^ it was generally believed on the authority of Derham 
that the influence of fog was prejudicial. Tyndall’s observations 
prove satisfactorily that this opinion is erroneous, and that the 
passage of sound is favoured by the homogeneous condition of the 
atmosphere which is the usual concomitant of foggy weather. 
When the air is saturated with moisture, the fall of temperature 
with elevation according to the law of convective equilibrium is 
much less rapid than in the case of dry air, on account of the 
condensation of vapour which then accompanies expansion. From 
a calculation by Thomson^ it appears that in warm fog the effect 
of evaporation and condensation would be to diminish the fall of 
temperature by one-half The acoustical refraction due to tem- 
perature would thus be lessened, and in other respects no doubt 
the condition of the air would be favourable to the propagation of 
sound, provided no obstruction were offered by the suspended 
particles themselves. In a future chapter we shall investigate the 
disturbance of plane sonorous waves by a small obstacle, and we 
shall find that the effect depends upon the ratio of the diameter of 
the obstacle to the wave-length of the sound. 

The reader who is desirous of pursuing this subject may 

^ See for example Desor, Fortschritte der Fhysik, xi. p. 217. 1855. 

^ Manchester Memoirs, 1861 — 62. 
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consult a paper by Reynolds “ On the Ktdniet ion of Suuncl hy tin* 
Atmosphere^’' as well as the autln)riti(\s already ref*i’r«'ci to. R 
maybe mentioned that Reynolds agnn'S with Henry in ennsider- 
ing refraction to be the really important eausi* <if dist urbanee, hut 
further observations arc much needcnl. Sen* also § 2f>4. 

291 . On the assumption that the distnrhanr*e at an aportnre* 
in a screen is the same as it would havt* h(*e.u at t he sam** place* in 
the absence of the screen, wo may soKui various |)rol)lenis respecting 
the diffraction of sound by the sanut metlmds us are employed for 
the corresponding problems in phy.sical optics. Idu* rxample, the 
disturbance at a distance on th(i furtht*r side, of an infinite })lane 
wall, pierced with a cirevdar aperture on whieli plane waves of 
sound irnpungc directly, may he calculated a.s in the analogous 
problem of the diffraction pattern formed at the foeus of a ciretdar 
object-glass. Thus in the case of a Hymm(*tric.al speaking tnunpet 
the sound is a maximum along the. axis of the iustruinoni, where 
all the elementary disturbance's iH.suing from the various points 
of the plane of the mouth ani in one* pha.se. In ohliijUf* diroc.. 
tions the intensity is less; but it does not fall materially short 
of the maximum value until thej obliquity is such that the 
difference of distances of the near(‘.Bt and furthest |>oints eff the 
mouth amounts to about half a wavcelengtin At a somewhat 
greater obliquity the mouth may h<^ divided into two ]»arts, of 
which the nearer gives an aggrcigatci c*ff«*ct (‘rpird in magnitude, 
but opposite in phase, to that (ff the furthcjr; so that the intensity 
in this direction vanishes. In directions still m»a*e oldiqmt th«i 
sound revives, increases to an intfmsity erpial to '017 of tfiiit 
along the axis^, again diminishes to zero, and so on, the aliernaiioiiH 
corresponding to th(5 bright and dark rings whidi hiirrouncl the 
central patch of light in thci irnagci of a star. If H denote t,ht; 
radius of the mouth, the angle, at which tint first sihuice of’cmrs, in 
sin”“^(*610X//i). When the diarnetcir of tint mouth doen not excer*fl 

the elementary disturbances combine without any itonHiflerable 
antagonism of phase, and the intensity is nearly uniform in all 
directions. It appears that concentration of sound alfuig the. axis 
requires that the ratio JR. : X should be largit, a cfuidition not 
usually satisfied in the ordinary use of speaking trumpctlH, wliose 
efficiency depends rather upon an increase in the original v^dumc 

1 Phil. Traiu. VoL 160, p. 815. 1876. 

2 Verdet, Legom d'optique phi/Biqm, t i. p. BOS. 
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of soiuhI (§ 280). Wlion, howovor, th«‘ vihrat.ioiiH are of voiy sliort 
wavo»l<fnc(th, a trurnpc^t, mtxloratr sizo is (*apal)lf‘ of (!ffo.{':j,iopf a 
coiisi(l(‘rabl(^ oon(M‘ntrati(jn alon^^ tho axis, as I ha.v<‘ inys(^lf vorifioci 
in tho ease of a hiss. 


292 . Although siu^h (!al(‘ulatious as those. r(‘feiTe(l to in tin* 
pro‘C(*flin^i^^ S{*efion are usi‘ful as /jcivin^- us a, ^oujeral i(I(‘a of tin* 
phenonnaia of diffraet ion, it must not, he form>ti,en tJiat tin* 
auxiliary assumption on whieh thoy are fomnhsl is hy no nn‘a,iiH 
strietly and ^oaiorally true, d'hus in tin* (rase of a, wa,V(‘ diree.dy 
incident upon a sr-nren tlnr inu-mal V(‘loeity in tJnr pbine- of tin* 
apertun* is not eon.sfa.Ilt^ a,s has heon suppos«*d, hut in(jn*as(js from 
tin* (rentni towards tin*, rslgr*, hee.tmiin)^^ intinitc*. at tlnj (‘dgt*. its(*lf. 
In order t(^ investi^oattr tin* conditions hy whieJi tin? arrtual V(‘Io(rity 
is d(‘termined, h*t us for tin* nnuneiit, suppose? t<hat tin? ap(?rture is 
filled up. Tin* incid<*nt wav(* </> - (?os (a/ — /e/') is tln‘n peilectly 
r(*fh?ct(*(h Hnd tin? V(‘lf;c?ity~potofitial on tin* n(?ga,tiv(? side; of tin? 
scn‘<?n = 0) is 

rz: cos { nf. — /<’./*) 4- eos (/if, + /»*./■) ( I ), 

givinf(, when x - 0, </> -rt 2 c.os /if. This c(,rresponds to tin? vanish- 
ing of tin? normal v<*loc?ity «A'er the area, of tin? aptuTun?; the, 
<*omph*ti(»n of the prejhiem n?(|uires us to (h'termine. a variahh? 
normal veIo<*ity (Aa‘r the ap(*rturo such tliat tin* p(»tcntial dm? to it 
(| 27Hj sliaJl increase hy the c(Uist,a?jt (juautity 2 aoH /d in crossing 
from tin? negative* to the positive side?; or, siinrc? tin? crossing 
involves simply a change of sigtj. to dektrmitn? a value of the 
normal V(?loc*ity over tin* an*a of the ap<*rtur(? which shall give? on 
the |)ositive .sidi» (p^-conttf <»v<»r tin? same ar(*a. ^fln? n^sult of 
sup(*rposing the twee nnetions thus <h*finf*d satisfies all tin? amdi- 
tions of the prohlem, giving the saiin* vc*lo<?ity and pressun? on tin? 
two sides of tin? apertun?, and a vanishing muanal velocity over the 
remainder of the scn*(‘m 


If P Ac) deinRr? the vatm? of (hf^jilx at tin? vari(niH points 

of the area (H) of the ap**rture, tin? condition for deterndning 
P arid c is by (Cl) | 278, 


1 ffp roH (/ft 

27r.hr 


kr A c) 


(IH sss c(iH nt 


.(2), 


whe*re r denotes the distance betw<»en tire element dH and any 
fixed point in the aperture. Whiui P and e are known, the 
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complete value of for any point on t!n‘ positive .side of the screen 
is given by 


and for any point on the negative sich* by 


// 


cos (Nt — Irr + 
r 


•( 3 ), 


</) = + 


I — hr + 

27 rJJ^ ' r 


c 


f/N 4“ 2 Cixs ni cos hr 



The (oxpnjssion of /Cand e for a finite apiniure, e,vfui if of circular 
form, is probably b(*yond the p(over tTkinwn nKUinals; but in the 
case whenj tin* dimensions are very small in eompariHf)n with the 
wave-length the solution of t he problmn nuiy Ik* efleeJod for the 
circle and the ellipse. If r bi* the distance l)etw«‘m]i two j>oints, 
both of whi<‘h an* situat(*d in tin* apeitun*, hr may be neglected, 
and we tln*n (»btain from (2) 


£: == 0, 



r/N 

r 


( 5 ), 


shcuving that ~ /^Stt is the density f»f the matter which must be 
(listributed ovc*r in order to produce there the roiiHfcimt potential 
unity. At a distatnut from ihe opi*niug on the? jamitive side we 
may consider r as cemstant, and take 


I 


4> - J/ 


cos ( ttt 
r 


Xr) 


( 6 ). 


wluTC d. *noting the total quantit^y of matter I 

which must he .suj>posefl to be disiributetl. It will bt? shewn j 
on a future page (§ that for an ellipne of Hemiraiijor axis a, | 
and ecccMitricity e, i 

JZ-a-ri’fe).,...... ..............(7), I 

where F is the syinbol of the auupictc elliptic function of the fiwt i 
kind. In the case (if a circhn F(e) « |7r, lunl ; 



TT 



This result is quite different from that which we should obtain on 
the hypothesis that the normal velocity in the aperture has tb# 
value proper to the primary wave. In that ense by (3) | 283 
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If there be several small apertures, whose distances apart are 
much greater than their dimensions, the same method gives 

COS(«j _ -M) cos(^- ^ g) 

The diffraction of sound is a subject which has attracted but 
little attention either from mathematicians or experimentalists. 
Although the general character of the phenomena is well under- 
stood, and therefore no very startling discoveries are to be 
expected, the exact theoretical solution of a few of the simpler 
problems, which the subject presents, would be interesting; and, 
even with the present imperfect methods, something probably 
might be done in the way of experimental examination. 

292 a. By means of a bird-call giving waves of about 1 cm. 
wave-length and a high pressure sensitive flame it is possible to 
imitate many interesting optical experiments. With this apparatus 
the shadow of an obstacle so small as the hand may be made 
apparent at a distance of several feet. 

An experiment shewing the antagonism between the parts of a 
wave corresponding to the first and second Fresners zones (§ 283) 


SOURCE 

O 


Pig. 57 a. 


o 

z 

N 


BURNER 

o 


is very effective. A large glass screen (Fig. 57 a) is perforated 
with a circular hole 20 cm. in diameter, and is so situated between 
the source of sound and the burner that the aperture corresponds 
to the first two zones. By means of a zinc plate, held close to the 
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glass, the aperture may be reduced to 14 cm., and then admits 
only the first zone. If the adjustments are well made, the flame, 
iiiiaftected by the waves which penetrate the larger aperture, 
flares violently when the aperture is farther restricted by the 
zinc plate. Or, as an alternative, the perforated plate may be 
replaced bv a disc of 14 cm. diameter, which allows the second 
zone to be operative while the first is blocked oflf. 

If «, 6 denote the distances of the screen from the source and 
from the point of observation, the external radius p of the ? 2 ,th 
zone is given by 

{Or 4- p“) 4- \l (6" 4" p“) '—Ob — h — ■ 2 ‘^iX, 


or approximately 


When a = 6, 


P“ = n\ 


ah 

a + 6 


(!)• 


p“ = \n\a 


( 2 ). 


With the apertures specified above, p- = 49 for n = l ; p^ = 100 
for 71 = 2: so that 

\a= 100, 

the measurements being in centimetres. This gives the suitable 
distances when X is known. In an actual experiment X = 1*2, 
a = 83. 

The process of augmenting the total effect by blocking out the 
alternate zones may be carried much further. Thus when a 
suitable circular grating, cut out of a sheet of zinc, is interposed 
between the source of sound and the flame, the effect is many 
times gi'eater than when the screen is removed altogether^ As 
in Soret s corresponding optical experiment, the grating plays the 
part of a condensing lens. 

The focal length of the lens is determined by (1), which may 


be written in the form 


1 11 nX 

f ah~p‘ 

so that 

( 3 ); 

f=p^lnX 

( 4 ). 


In an actual grating constructed upon this plan eight zones— the 
first, third, fifth &c. — are occupied by metal. The radius of the 
firet zone, or central circle, is 7*6 cm., so that p^-jn = 58. Thus, if 
X= 1*2 cm.,/=48 cm. If a and h are equal, each must be 96 cm. 


^ “Diffraction of Sonnd,” Proc, Eoy. Inst. Jan. 20, 1888. 
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The condition of things at the centre of the shadow of a 
circular disc is still more easily investigated. If we construct in 
imagination a system of zones beginning with the circular edge of 
the disc, we see, as in § 283, that the total effect at a point upon 
the axis, being represented by the half of that of the first zone, is 
the same as if no obstacle at all were interposed. This analogue 
of a famous optical phenomenon is readily exhibited ^ In one 
experiment a glass disc 38 cm. in diameter was employed, and its 
distances from the source and from the flame were respectively 
70 cm. and 25 cm. A bird-call giving a pure tone (X = I ‘5 cm.) is 
suitable, but may be replaced by a toy reed or other source giving 
short, though not necessarily simple, waves. In private work the 
ear furnished with a rubber tube may be used instead of a sensitive 
flame. 

The region of no sensible shadow, though not confined to a 
mathematical point upon the axis, is of small dimensions, and a 
very moderate movement of the disc in its own plane suffices to 
reduce the flame to quiet. Immediately surrounding the central 
spot there is a ring of almost complete silence, and beyond that 
again a moderate revival of effect. The calculation of the in- 
tensity of sound at points off the axis of symmetry is too com- 
plicated to be entered upon here. The results obtained by 
Lommel^ may be readily adapted to the acoustical problem. With 
the data specified above the diameter of the silent ring immediately 
surrounding the central region of activity is about 1*7 cm. 

293. The value of a function which satisfies ^ == 0 through- 
out the interior of a simply-connected closed space S can be 
expressed as the potential of matter distributed over the surface 
of S. In a certain sense this is also true of the class of functions 
with which we are now occupied, which satisfy V^cl) + Jc^cl>=0. 
The following is Helmholtz’s proofs. By Green’s theorem, if (p 
and ^{r denote any two functions of Xj y, z, 

//■* sJ S ‘*'5 -///+’“ 

^ “Acoustical Observations,” Fhil. Mag. Vol. ix. p. 281, 1880; Proc. Boy. List. 
loc. cit. 

2 Abh, der hayer. Ahad. der Wise. ii. CL, xv. Bd., ii. Abth. See also Encyclo- 
padia Britannica^ Article “ Wave Theory.” 

® Theorie der Luftschwingungen in R’dhren mit oj'enen Enden. Crelle, Bd. lvii, 

p. 1. 1860. 
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To each side add then if 

+ <4> = 0, f) + ^ = 0, 

If 4> and T vanish within 3, we have simply 

f{4,ltas.fy£^s ®. 


Suppose, however, that 



( 3 ), 


where r represents the distance of any point from a fixed origin 0 
within S. At all points, except 0, $ vanishes ; and the last term 
in (1) becomes 

jjj 'yjr<PdV = — a^j'J' dV = 47ra^yjr, 


i/r referring to the point 0. Thus 





in which, if "T' vanish, we have an expression for the value of T* at 
any interior point 0 in terms of the surface values of ^jr and of 
dyfr/dn. In the case of the common potential, on which we fall 
back by putting k = 0, yjr would be determined by the surface 
values of dyjrldn only. But with k finite, this law ceases to be 
universally true. For a given space S there is, as in the case 
investigated in § 267, a series of determinate values of k, corre- 
sponding to the periods of the possible modes of simple harmonic 
vibration which may take place within a closed rigid envelope 
having the form of S, With any of these values of k, it is obvious 
that yjr cannot be determined by its normal variation over S, and 
the fact that it satisfies throughout S the equation + k^y[r = 0. 
But if the supposed value of k do not coincide with one of the 
series, then the problem is determinate ; for the difference of any 
two possible solutions, if finite, would satisfy the condition of 
giving no normal velocity over S, a condition which by h 3 rpothesis 
cannot be satisfied with the assumed value of k. 


HELMHOLTZS THEOREM. 
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If the dimensions of the space S be very small in comparison 
with X (= 27 r// 6 *), may be replaced by unity ; and we learn 
that 'yjr differs but little from a function which satisfies throughout 
S the equation V-0 = 0. 


294. On his extension of Greens theorem (1) Helmholtz 
founds his proof of the important theorem contained in the following 
statement : 1/ in a space filled with, air which is partly bounded by 
finitely extended fixed bodies and is partly unbounded, sound waves 
be excited at any point A, the resulting velocity -potential at a second 
point B is the same both in 7nagnitude and j)hase, as it would have 
been at A, had B beeri the source of the sound. 

If the equation 

“■//(•* It - + 3 <»■ 

in which <f> and are arbitiury functions, and 

cp = — (X- (y^<f> + k"<j>), (V-'v^ 

be applied to a space completely enclosed by a rigid boundary and 
containing any number of detached rigid fixed bodiiis, and if '\|r 
be velocity-potentials due to sources within S, we get 

fll(irCl>-<f>^lr)dV=0 ( 2 ). 

Thus, if <)b b(t due to a source concentrated in one point A, = 0 
except at that point, and 

whore J jJ<l>dV represents the intensity of the source. Similarly, 

if be due to a source situated at J5, 

jjj<j>'irdV=4,„jjyd]r. 

Accordingly, if the sources be finite and equal, so that 


(3). 

it follows that 

0 ), 

which is the symbolical statement of Helmholtz’s theorem. 

E. II. 10 
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[294. 

If the space S extend to infinity, the siirfac'.c integral still 
vanishes, and the result is the same; but it is net luMXissary to go 
into detail here, as this theorem is included in tlie vastly more 
general principle of reciprocity established in Cha{)ter V. The 
investigation there given shews that the prineipla r(‘mains true in 
the presence of dissipative forces, provided that tlu‘s(* arise from 
resistances varying as the first power of thf‘ vtdoeity, that the 
fluid need not be homogeneous, nor the neighl)ouring bodies rigid 
or fixed. In the application to infinite space, all obscurity is 
avoided by supposing the vibrations to be slowly dissipated after 
having escaped to a distance from A and B, the sourees under 
contemplation. 

The reader must carefully remember that in this theorem 
equal sources of sound are those prodiuied by the ixulodic intro- 
duction and abstraction of equal quantities of fluirl, or something 
whose effect is the same, and that crjual sonrct.;H do not rioceasiirily 
evolve equal amounts of energy in eciual times. For instance, a 
source close to the surface of a large obstacle <‘mits twiccj as much 
energy as an equal source situated in the opem. 

As an example of the use of this theonun we may take the 
case of a hearing, or speaking, trumpet consisting of a conical tube, 
whose efficiency is thus seen to be the same, whether a sound pro- 
duced at a point outside is observed at the V(..*rt(?x of the cone, or 
a source of equal strength situated at the vertex is obsiTved at the 
external point. 

It is important also to bear in mind that Helmholtzs form of 
the reciprocity theorem is applicable only to simple 8<>urces of sound, 
which in the absence of obstacles would generate symmetricral 
waves. As we shall see more clearly in a subsequent chapter, it is 
possible to have sources of sound, which, though concentrated in 
an infinitely small region, do not satisfy this condition. It will be 
sufficient here to consider the case of double sources, for which the 
modified reciprocal theorem has an interest of its own. 

Let us suppose that ^ is a simple source, giving at a point B 
the potential — '\/r, and that A' is an equal and opposite source 
situated at a neighbouring point, whose potential at J5 is + AiJ^. 
If both sources be in operation simultaneously, the potential at B 
is Now let us suppose that there is a simple source at B, 
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wlit*si‘ intrnsit y Jirul pliasi* an* IIk* sam<; as those* of t,hc^ sonrccis at 
A anti A ; flu* rosullint^ polontial at A is ^f/', jind at A^ -j- A'x/r. 
If I ho (listaiH‘o A A' 1 X* elornttod hy //, a.nd Ixi HU|)|)os(*d to diminish 
withtMi! litiiil, tho vc-looity of tho fluid nl A in tlu* dinted', ion A A.' 
is t ho limit of A^jr /i. Ilonoo, if wo d<‘fin(t unit, elonhlo source 
as llio limit’ of two o»jua.l aial opposite* sirnpht soun*.(‘s whose*, clis- 
lanof' is dirninishod, and whoso, intorisity is in<tn‘a,s(Ml without 
limit in smdi a tnaunor that, tin* proeiued, of the*, iiikuisitry juhI 

1110 disfa.n<*o i-^ (ho saim- as f<»r two unit, simple* sounte.s plae{‘d a,t 
iho tuiif «li>tane‘o apart, we* may say t.luit t.he*. v<*locity of the iliiid 
at si in elirof'tion .l.r dm* ie> a, unit, simple* HeHin‘o at, // is niimeri- 
oaily ♦•♦{ual lo tla^ pot»-n}iai a.t. /> dm* to a unit (luidde soure.e at A , 
wlaoo axis is in I ho din-ot ion A A\ d'his tlie‘on‘m, be*, it, eibseuwed, 
is t ruo in spite* of any ohstaoh-s eu* rofl«*(:t.or.s t.luU, nia,y (exist in tlic*. 
noiojihnnrhooil of tho semre*«*s. 

A'j'aiu. if A J’ an<l ///>' ropn*^**nt t we» unit donhle^ source\s of tin* 
‘"anio plia, so, tlio ledooity at />' in dire'ction ////' elite* to the* source 
J is tlio satno as tho v»deH*ity ,*it /! in diroe-tioti A A' dm*, t.o the 
soure‘e' lilf, dlu’-.o anel otln-r n-sultseif a like^ c.hanictttr may also 
bo ohiainoti on a,n imim-diate* ap|ili«*at ion of th«* | 4 ’«*ne‘ra,l prineupleof 
'>j iffS. lltoso oxamplo.H will be* sufli<*i«'nt t,e> she^vv that in applying 
tlio prinoiph* «rf re*oipnx-ity it is nes-evssary te)a,ttenel t.o ihe^ cbaracteT 
of tin' seeuroov. A doiibh- seinroe*, situate*ei in tin e>p(m space*, is in- 
ambblo from a,nv pemd in its ♦•epiaf e>ritil plane*, hut it doe^s not 
follow fiiaf a ^Imph' se»uror in tho e'tpiat eulaJ planer hs inandihlei 
from f!io poaljon of f Ijo rhiuldo seturoo. On this pritu^iplej, I bedievet, 
may bo -^plijinrd a vtiruf\is oKpe-rimont, by "ryndall \ in wliieb 
tIioto an apparont failnre* ed’ roe’ipnjcity e Hkj semn'.e of sound 

01111 Joy* ti wa a rood nf vrvy inht;h pit.erli, tmntntod in a tubee along 
wh oso a\is fhr intf'ii'-ity was (*on-.ieiorahly gn*at<*r than in obliejue 
dii’or’ii.ms. 

295. Tlio kiiiotic onorgy T of the* rnedaon witliin, a clo.sed 

snrfaoo A* in «'.xpro->se*d by 



^ fhi* Imfifufitiu, Jem. IHTa. 'lyndall, On Sound,, 3rd 

ifditiori, ft. -lifa, 

• Ho' a “llii tho Ani»liimtion of ihn Fniidpln td jtitciprocity to Aeountics/’ 
Vtd. sstv, p. US, or Phil, Mn^, (5), ni. p, 300. 

10—2 
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Ko that 


(IT 

(It 




< 2 ). 


l)y Green’s theonna. 
(12) § 245 


For Un; |K)tentiaI riirr;^y Tj w** havet b] 




wh(aiC(‘ 


(It 


<j>^> ^ ■ 


j (//■ 


I- ^f/r .,.(4), 


by the /general (‘^nation of njotinn (if) 24-4. Thus, if A* (haioti 
the whole eii(*rgy within the. .spaf‘<- >V, 


d/; 

dt 





[idU ! 


of which th(^ first t(*nn ri'presiuifs the work t niiiHiait ted af’rosH thi 
boundary aV, and th<t .sc*coiid r»?preseuts the work dfui*' by interna 
source hs cjf Hound. 


If the boundary *4 be a fixed rieid envelope, and there k* n 
internal soiirees, E retains its initial vahn* fhrou;.^hoiit tin* mofcioi: 
This principle has been applied by KirehliofT^ to prove the deter 
minuteness of ihit motion resisting from ^i^dven arbitrary initia 
conditions. Since e.very tdeiaent of K is posit ive, ilim* tmii be n 
motion within S, if E bit zero. Now, if there were tw^o motion 
possible correspomling to the sarm* initial eoiidif.ionH, their diffei 
enco woiihl be a motion for which ilie initial vidue <*f E wm zern 
but by what has just lasu* aaid Huch a motion cannot exist. 


* Vorlemnifm tlher Mnth. Phtjuik, |i. nil. 


CHAPTER XV. 



” m 

m &:.: 
m0, 

t : ■ 



FURTHEF.^ APPLICA.TION OF THE GENERAL EQ-UATIONS. 

296 . When n train of plane waves, otherwise unimpeded, 
ixTQping’CJs upon <t space occupied by matter, whose mechanical pro- 
perties (lificr from those of the surroixiKling medium, secondary 
waves are thrown off, which may be regarded as a disturbance due 
to the chaiige in the nature of the medium — a point of view more 
especial ly appropriate, when the Tcc/ion of distuTh(ifiC6p as well 
as th(i alteration of inecharrical properties, is small. If the 
medium and tlic obstacle ho fluid, the mechanical properties 
spoken of arc two — the compressibility and the density: no 
account is hcjre taken of friction or viscosity. In the chapter on 
spherical harmonic analysis wo shall consider the problem here 
proposed cin the supposition that the obstacle is spherical, without 
Bny restriction as to thc^ smallness of the change of mechanical 
pro|)(*rti<ts; in the present investigation the form of the obstacle 
is arbitraiy, htit we assume that the Bguares and higher powers 
of the changes of nKichanical properties may be omitted. 

If ^7 17 ^ denote the displacements parallel to the axes of 
€0-or<liuntes of the jiarticle, whoso equilibrium position is defined 
by y, z, and if <r be the normal density, and m the constant 
of compressibility so that the equations of motion are 



and two similar equations in tj and On the assumption 
that the whole motion is proportional to where as usual 
Jfe = 27r/X, and (| 2U) ( 1 ) may be written 

dx 




( 2 ). 
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The relation betsvocai tlie conflciisatiun .v, and th(.‘ displace- 
inonts rj, ohtaiiKid by intt%n*a,t in,*( (3) § ids willi n^spect 
to the time, is 




•CO. 


For tlie s 3 'slom (d’ priiuar}* \va\'cs advanoini^ in tie* direction 
of - x, 7} an<l f vanish; if f.,, .s\. he tla* values of | and ,s‘, and 
Wo, <7o Ik‘ the mechanical (constants for the undisturl)ed me,dium^ 
we have as in (2) 

(///.Ad 

//./* 


— crjrii^,, ™ 0 


• W; 


hut fo, do not satisf\' ( 2 ) at tie* reL(ion of di-^turhance on ace/amt 
of th(! \*ariation in ta an<l /r, which oc(Uir.s there. Let u.s assume 
that tlie complep^ values are f,, f f t V, C •'‘u f -s’ \ and substitute 
in ( 2 ), Then takiii;( ac.eount of ( 4 ), we t(et. 


(rr — /r.d — 0, 


V \ - /'/s., ///// 

^ — < 7 A*o/-f -f (//4 -* ///,d / h 


or, as it may also be written, 


' (U 


(7ns} — /r/.r'-V/” f 4* / ( -A ///. . .s*., ) A/r . A'd / 
(A/; (/./• 


if Am, Act stand respectively for /// 

in r; an<l fare in lik<t niaiuier 


///„, /T — /r.,. 


( 7//,v ) — 0 4*. ( A///. . s,/) = 0 

//y 


(u), 

Th(t equations 

..(b). 


d 

dtj 

— crk"n"^ 4- ( A/// ..v.d () j 

It is to l>e observasl that A///, Acr vanish, except tliroit|.(h a 
Hiuall space, whicdi is regarded as the region <»f dislurhance; 
E Vi being the result of ihit clisiurbanc^e are in bi* tritated 
as small cjuaiitities of the* ortle.r A///, A/r ; sfi t liat in our ap- 
proximatij analysis the variationH of ///. aial o’ in the first two 
terms of (5) and (G) nn* to i)e negh*ctf*d, bi‘ing tlii*re multiplied 
by small (|uantitiitH. Wtt thus o!>taiii from (5) and (l>) by differ- 
entiation and additi/m, with use* //f ill), as tin? (liffereniial e(|uation 
in 1 ?, 

V'-* (vui) 4* /r" ms = //* a" { Ait * ~ ( A//i - (7 ). 


^ [This notation wan adopted for brevitj. It might be dimriir to take 
+ A#, <fec. ; m tlmt s, Wc. iiiioidd r«!taiii tlicir formfir meftriing«d 
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if on the right-hand sides Am, Aa refer tn the nii-<ni vitlues of 
the variations in questhm. 'I'hus frum (H) 

-j fir ( i 2). 

win r [ j 

To expn'Hs in torniH f)f vvr hav** from (»i), and 

thus, if the eondensation fnr tin* primary svavfs Ih‘ .s-„ - 
~ aiid (12) may be put int<> t.lu* f irm 




: 


7r7V Arr ) 

... “h M 

X,-/* ( ///. fX i 


im, 


in which .% denotes tie* (‘uudensatieii of the primary waves at 
tlu‘. placf^ of disturbanf‘e at time /, and x denatrs the condensa- 
tion of tlu.* secondary waves at the same tina* at a disiatice 7* from 
thf* disturbanm*. Sim^e the ditfereuee uf pha^e represent tal by the 
factor c(>rr(*sponds simply the di^^tanee /*, we may consider 
that a simpii^ n^versal of phase t»r(‘urs at. the plaee of disturbance. 
Tint amplitude, of tin* se(‘oudarv \vaves is inversely proportional 
to the*, distance, r, and to tin* stfuare uf the wave-length X. Of 
the. two t(‘rmH <*xprcssed in (Id) the in>t is syiumetncul in all 
directions round the* place of disturl*aiM*e, whih* the Hem>nd varies 
as the cosims of tlnj angle hetwe<*n tin* primary and the Kif*condary 
rays. Thus a plac<* at whi<*h /// varies behaves as a niniple source, 
and a placet at which cr varies ladiaves as a SfUtree {| 204), 

That tint H(*condary disturbance must vary as may be 
provftd immediately* by the method <*f dimendons, iS.m, and A<r 
being given, tint amplitudtt is necessarily proportional to T, and in 
accordarute with tin* principle of (‘liergy must also vary inverHcIy 
as 7*. Now the only <{Uantitic*H (clejamdent uj>on s{)acf% time, and 
mass) of which the rati»> of amplitudes ean la* a function, are 
T, r, X, a (tint velocity <d’ sound), and <t, of which the last cannot 
occur in tint expn?ssion of a simple ratio, an it is tin* only one of 
the five which involves a refen*n<*c* to mass. Of the remaining 
four cjuarititiitH 7\ t\ X, and o, the last is tint only one which 
involves a refercmccj to time, arn! is ihereforit **xc!tnlt*cl We are 
left with 7\ r, and X, of wliich the fudy comhinaticai varying 
as Tr'^\ and independent t)f the unit of length, is 7V“^ X“'“^d 

An intemsting application of tint residl.H of this Hitction may 
be made to explain what havet been called harmmdc mhoesK 

^ **0n the Light from the Bkj,” Phil. Mag. Feh. IS71, and the fmlteiing 
of Light by smaH Farticle«,” Phil. June, ltt7L 
^ mture, 1 B 7 S, vin. Sit). 
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If ihn |)rimurv .sound In* a <*<nnjMUiiid imisit^al note, thci various 
componoiit ionos an* s<’at,i«*n‘<l in \iniik(‘ proportions. Thn octave, 
for t*xampl<% sixfoiui tiiiu*s stnuij^cu* n*lativo.iy to the funda- 
iiKUital ifUit* in tin* somndary than it was in thi^ primary sound. 
Thero is thus roj ditlitudty in umlcrstandin^ how it may happen 
that ochoos rot urnod from suoh ndloctinnr Ixxlii^s as gro\v])s of trees 
raav he raised an o<*tav«'. 'fhe plumoiniuion has also a comple- 
nuuitary sido. If a numhor of small h(Kli(‘S li(‘ in th(‘. path of 
waves of sound, tin* vibrations whie.h issue from the.rn in all direc- 
tions are at tin* expense of the ener^^y of tln^ main str(‘.am, and 
wh<*re the xmnd is <‘ompounfh tin* exaltation of tint higher har- 
monics in the sc*attered waves involves a. pro|)ortIonal deficiency 
of them in the direr-f wavf* after pas.sing tin; obstacles. This is 
j)«*rhaps the exphmaf i(»n of certain et'hoes whi(*.h are said to return 
a sound gra.ver tlia,n the (original ; for it is known that tlui pitch of 
a pure tone is apt to he esfimate<l too low. But tlui (ividcnca^ 
is (‘oufiici ing, and the whole suhj(t(*t nspiin's further (*an;ful expe- 
rimental investigation; it, may he (Commended to th(i athmtion of 
tln»se who may have the n«*<*ossarv opporttinii-ies. Whih‘. an alt/cra- 
t.ion in tin* rhanirtrr of a smind Is <*asily inUilligihh^, and nuist 
indeed generally happiUi to a limitetl extiuit, a change in the 
pitcli of a simple tone would he a violation of the law of forced 
vibrations, and liardly to he reeoueiled with tlnn>r<‘.tu*-al i<lcas. 

In ol^aining f 1*B we have iieglecttsi the (dfcct of thci variable 
nature of the medium e// ///r d int ttrl^a Wlien the dinturb- 
ance rm this ‘-upposit ion is thonmgldy known, we might approxi- 
mate again in tin' same manner. The additi<mal terms so obtained 
Would he nere.*.ssirily of llie seeon<l ordm* in A/a, Ao*, ho that our 
4'Xpre:.s>‘iotis an* in all eaies <*fnTe(-t as far a.s tluj first poworH of 
those c|nantit.ie».;, 

Even when the ri’gion of disUirbanc<* in not small in com- 
p*iris<4n witli X, the Hame method Is applicable, provided th(j 
Hfpiate.s of A///, A/t be really negligible. Idic total efbict of any 
obstacle may then ho eiilcnlated by integration from those of its 
parts. Jn this way we may trace the transition from a small 
region </f disturbanci* wltose mirfitcA doc^s not cormj into considera- 
tion, to a tliin plate of a few" or of a gnuit many square wave- 
lengths in area, wliicfi will ultiinatcdy reflect according to the 
regiihir opti<‘iil law. But if th<^ <jbHta<iIe he at all elongated in the 
(lireidaoii 4/f tin* primary mys, this rnethcxl c/f calculation soon 
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coaslis to ])(‘, jiraotically available, boc*au>«‘. ovni altlum^h the 
change of nnM‘hauical properties lie very suiall, the inierac.tion 
of the various parts of tin* ohstaoie <*a,nnof. he left nut of account 
This (caution is more esp(*ciall\' needed in dealing with the c‘ase of 
liglit, when^ th(5 \vave-i(‘ngt li is so eKceedingly small in esanparison 
with the diimmsions of oniinarv ohsta,eles. 

297. Ill some degrei* similar to the effec*| prodiK'ed by a 
c.hang<‘ in tlie mechanical projierties ot a. small n*gion of the fluid, 
is that which ensues when the squan* of the motion rises any- 
where to Huc.h importance that it can 1 m- no longi*r neglected. 
V-^ 4“ /is’cjf) then ac^ipu’res a fhdte value dep.-ndont upon the square 
of th(‘. motion. Sindi place.s therefore aet liko sourees of sound; 
th(5 [leriods of tin* sources infdudiug the suhmultiples of the ori- 
ginal pc^riod. Thus any part of ^paco, m. which tin* intensity 
ac(uuuulat«*s to a suflicdent, extent, In-comcs itself a secondary 
sonrc(^, emitting the harmonic tones of the primary sound. If 
there. b(* two primary sounds of suflkd«*nt intensity, the secondary 
vilirations have fre({Uenci<‘s which an* tin* sums and diflcnmces of 
tin*, frerpnundes of the primaries hH)h 

298. ddnt pitcli of a soiuni is liable te i{ioditi<%ation when the 
source and tlni n*cipient an* in relativi* motion. It is dear, for 
instama*, that an observer a]i]»roaching a fixed source will meet 
the wav(ts with a freipicmw <*.Kc«-eding tliat proper to the Hound, by 
the number of wav(*-lengths passerl over in a se<*oinl of time. Thus 
if V be. the velocity of the ehservi^r and tt that of sound, the 
freapnuny is altered in the rat io u f r : a, according as the motion 
is towards or from the sfuirce. Sima* the alif-raiion of pitch is 
constant, a musical p(*rfonnam-e wmdd still be. Iteard in tune, 
although in the ,s(‘comI ease, wlmn a and c are nearly equal, the 
fall in pitch wouhl bit .s<* gn*at as tr# destroy ail musical character. 
If we could sup|>t)se V to be greiitj*r tlmn a, a houiuI |>ro<i«ced after 
th(i motion hml begun would m-vt-r rcac‘!i thr* observer, but sfjimds 
[nxiviously cjxcitcd would be gradually fjverlakcui and heard in the 
reverse of the natural order. If r — 2u, the (observer would hear 
a muHical piece in <!orrcct time and tune, hut bnchmtnh. 

Corresponding rcHidts emsm* when the Hourect is in motion and 
the obscrv<*r at rest; tlie alteration ileptuKling only on thci relative 
motion in thet line of hearing. If the source aial tin* tibsetrver move 
with the same veh>city then^ is no alteration of froc]uency, whether 

^ Hc4TOholt55 uber CoiiibiiiationHUjili!, Fogg. BcL xcix. «. 497, 


Doppler’s prixciple. 
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the medium be in motion, or not. With a relative motion of 
40 miles [64 kilometres] per hour the alteration of pitch is very 
conspicuous, amounting to about a semitone. The whistle of a loco- 
motive is heard too high as it approaclies, and too low as it recedes 
from an observer at a station, changing rather suddenly at the 
moment of passage. 

The principle of the alteration of pitch by relative motion was 
first enunciated by Doppler^ and is often called Doppler s prin- 
ciple. Strangely enough its legitimacy vras disputed by PetzvaT-, 
whose objection was the result of a confusion between two 
perfectly distinct cases, that in which there is a relative motion 
of the source and recipient, and that in which the medium is in 
motion while the source and the recipient are at rest. In the 
latter case the circumstances are mechanically the same as if the 
medium ^vere at rest and the source and the recipient had a 
common motion, and therefore by Dopplers principle no change 
of pitch is to be expected. 

Doppler’s principle has been experimentally verified by Buijs 
Ballot^ and Scott Bussell, who examined the alterations of pitch 
of musical instruments carried on locomotives. A laboratory in- 
strument for proving the change of pitch due to motion has been 
invented by Mach^ It consists of a tube six feet [183 cm.] in 
length, capable of turning about an axis at its centre. At one end is 
placed a small whistle or reed, which is blown by wind forced 
along the axis of the tube. An observer situated in the plane of 
rotation hears a note of fluctuating pitch, but if he places himself 
in the prolongation of the axis of rotation, the sound becomes 
steady. Perhaps the simplest experiment is that described by 
Kdnigl Two c" tuning-forks mounted on resonance cases are 
prepared to give with each other four beats per second. If the 
graver of the forks be made to approach the ear while the other 
remains at rest, one beat is lost for each two feet [61 cm.] of 
approach ; if, hovrever, it be the more acute of the two forks which 
approaches the ear, one beat is gained in the same distance. 

1 Theorie des farbigen Lichtes der Doppelsterne. Prag, 1842. See Pisko, Die 
neueren Ajpparate der Akustik, Wien, 1865. 

Wien. Ber. viii. 134. 1852. Fortschritte der Physik^ vin. 167. 

3 Pogg. Ann. Lxvi. p. 321. 

^ Pogg. Ann. cxii. p. 66, 1861, and cxyi. p. 333, 1862. 

® Konig’s Catalogue des Appareils d'Acoustique. Paris, 1865. 
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A riiixiirieation of this experiment due to Mayer^ may also be noticed, 
lo this case one fork excites the vibrations of a second in unison 
with itsrif, the excitation being made apparent by a small pendulum, 
bi:^b rrsts against the extremity of one of the prongs. If the 
exi^itiiig f ^rk be at rest, the etfect is apparent up to a distance 
oi ijij feet [18o0 cm.], but it ceases when the exciting fork is 
!iiuve(l rapidly to or fro in the direction of the line joining the two 
f -rks. 

There is some difficulty in treating mathematically the problem 
of a iiitndng stairce, arising from the fact that am^ practical source 
acts als-> as an obstacle. Thus in the case of a bell carried 
threiigh the air, we should require to solve a problem difficult 
enough witheiir including the vibrations at all. But the solution 
nf such a problem, even if it could be obtained, would thi'ow no 
particular light Doppler’s law, and we may therefore advan- 
tageously simplify the question by idealizing the bell into a simple 
Source of scaiiid. 

In § 147 we considered the problem of a moving source of 
disturbance in the case of a stretched string. The theory for 
aerial waves in one dimension is precisely similar, but for the 
general ease of three dimensions some extension is necessary, in 
order lo take account of the possibility of a motion across the 
direction of the sound rays. From ^ 273, 276 it appears that the 
effect at any point 0 of a source of sound is the same, whether the 
source be at rest, <>r whether it move in any manner on the surface 
of a sphere described about 0 as centre. If the source move in 
such a iiianner as to change its distance (r) from 0, its effect is 
altered in two ways. Not only is the phase of the disturbance on 
arrival at 0 affected by the variation of distance, but the amplitude 
also undergoes a change. The latter complication however may 
be put out of account, if we limit ourselves to the case in which 
the source is sufficiently distant. On this understanding we may 
assert that the effect at 0 of a disturbance generated at time t and 
at distance r is the same as that of a similar disturbance generated 
at the time f + and at the distance r — aht. In the case of a 
periodic disturbance a velocity of approach (?;) is equivalent to an 
increase of frequency in the ratio a : a + v. 

299. We will now investigate the forced vibrations of the 
air contained within a rectangular chamber, due to internal sources 

^ Phlh (4), xim. p. 278, 1872. 
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of sound. By § 267 it appears that the i-esiilt at time t of an 
initial condensation confined to the neighbourhood of the point 

I, 

= '2'Z'ZkaBjtfjr cos (^p cos (^q cos . . .(1), 

where 


/cci Bpf^r cos I p 




ttt; 
' ^ 


cos f 




^^^(h)dydz...(2), 


from which the* tdftjct of an impressed force may be dediuujd, 
as in § 276. Tht* disturbance fJJ ^pdxd/jdz cornmimicatcid at 
time t' being d(3noted by JJJ dir.dydz, or ^i>i(t')dt', the 

resultant disturbance at time t is 






TTZ 


( '”’^1 




COH{q 

cos(r~-jJ 


COS 


The symmetry of this (^xpnission with r(*Hp(‘,ct to x, i/, z and 
T], f is an (3Xamplt3 of the principle of reciprocity (§ .107). 

In the case of a harmonic force, for which <l>j (^') — ylcoB7/iaf/, 
we have to consider tint value of 

rt 


cos cos ka (t — f) dt' (4). 


Strictly speaking, tliis integral has no definit(5 value; but, if 
we wish for the t^xpression of the forc(jd vibrations only, must 
omit the int<*g‘rut(.3d function at the lower limit, as may b(5 s(j(}n 
by supposing th(i introduction of very small disBipative forces. 
We thus obtjiin 



COB ka {t — t') di = A 


via sin mat 
{m^ — k^) 


(5). 


As might have Ixicn predicted, the expressions become infinite 
in cjise of a coincidence between thcj j>eriod of the sotirce and one 
of the natural periods of the chamber. Any particular normal 
vibration will not be excited, if the source be situated on one 
of its loops. 


The effect of a multiplicity of sources may readily be inferred 
by summation or integration. 
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300. Whon Houiui is pxriuMi within u ryliinirifal ]li[>(^, the 
simplest kind (d‘ cxcitatinn that wi' «‘an suppn^r* i- hy tin* forced 
vil>ra.t.ioi[i of a. pist.oru lu this ('•a<v tlit* .‘U'r plaia* from 

tli(‘ hoginnin^c Ihit. it is iinpnrt;i,nt oho \n iriptiiio* wh.nf. Iiappcais 
when t.li<‘ sourco, inht«‘o.d of }>rioi( unit«»rm!y diffiiMal (A'or the 
soct,i(>n, is concent rat rd in ont* |H>ini ♦»! ii. It we assinac (what, 
lic\vcv<'r, is not. unreservedly true) fhai of n. "iitlicioiit clistance 
fi’oin (lie source the waves heeoine plojo'. (he hiW of rindprooity 
is sutlicicnt to cindc us t‘» the (ie-ired intoriiaiiion. 


Let A he a simjih* soiiree in an uidindtefl tuln*, /^, [f two 
[Miint.s of |.he same norma! section in the reoinn of pi a nr* waves, 
AV /ii/jiffthcs/, the potentials at If and If due io tin* source A 
are the same, and ac'eordiu*^!}’ la th'- law of reciprocity (upial 
sources at If and If w«iuld ojve the saine potential at *1. From 
this it follows that, the elfeet of any source in tlie. satm* at a 
diKtancf*, as if the source weiv uniforinly diflusetl Mv«'r the seetion 
which passes through ii. lou' • maniple, if If and If were equal 
stuirc^es in oppiisite phasi'S, t he di'^t urhanee at, d would he nil. 


'riu! miert'j emitted hy a simple source sitiiaLul within a 
tulat ntnw now he calculatefl. !f the hertioii of the tnlie he o’, 
ancl t.he souree such that in the fqien the potential rliie to it 
vv(Mild 1 h* 


</> 


4 1 euH /; I <ff - r I 

•Lr ’ r 


Hh 


tlic* v«'h«*ity "potential at a dintance within the iiilie will l>e 
thc^ sanu' as if the f*au*-e nf tlie diMf.urhanc’c Wf*rc the itiotion. 
4>f a piston at tin* ruijL^im Mdvin|.i^ the sane* total displiiccrneut, 
and the eni'rjty emitted will ai*.o Ijm the vaine. Now from (I) 

27 rr' i A vuf^kat iiliimaiidv, 

and tht'refore if ^ In* the velocity- potential of the pliiriff waves 
in the tube (supposecl parallel to z), wr may take 


<x A cffH A (ffi. — .............. ,(2X 

cornsHpontliiif' to which 

^ cos t .( 3 ). 
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Hence, as in § 24o, the energy {W) emitted on each side of 
the source is given by 

dW _ 
dt 


f ; cZ-virN paA- 


cos- hat ; 


so that in the long run 


OCT 


.(4). 


If the tube be stopped by an immovable piston placed close to 
the source, the whole energy is emitted in one direction ; but 
this is not all. In consequence of the doubled pressure, twice 
as much energy as before is developed, and thus in this case 




(5). 


The narrower the tube, the greater is the energy issuing from 
a given source. It is interesting to compare the efiSciency of 
a source at the stopped end of a cylindrical tube with that of 
an equal source situated at the vertex of a cone. From § 280 
we have in the latter case, 



so that W: W' = (o : Ic^cr (7). 

The energies emitted in the two cases are the same when co = 
that is, when the section of the cylinder is equal to the area 
cut off by the cone from a sphere of radius 


301. We have now to examine how far it is true that vibra- 
tions within a cylindrical tube become approximately plane at a 
sufficient distance from their source. Taking the axis of z parallel 
to the generating lines of the cylinder, let us investigate the 
motion, whose potential varies as on the positive side of a 
source, situated at = 0. If 0 be the potential and V- stand for 
d'ldx" + d-jdy^ the equation of the motion is 

( 1 ). 

If (j> be independent of z, it represents vibrations wholly 
transverse to the axis of the cylinder. If the potential be then 
proportional to e*-*’®*, it must satisfy 

(V 2 ^ pi'j (p = 0 


( 2 ), 
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as well as the condition that over the boundary of the section 


~dn 


= 0 


(3). 


In order that these equations may be compatible, p is restricted 
to certain definite values corresponding to the periods of the 
natural vibrations. A zero value of p gives cj) = constant, which 
solution, though it is of no significance in the two dimension pro- 
blem, we shall presently have to consider. For each admissible 
value of p, there is a definite normal function ^ of ^ and y (§ 92), 
such that a solution is 

<p=Au (4). 

Two functions u, u\ corresponding to different values of p, are 
conjugate, viz. make 

JJuu'dxdy = 0 (5), 

and any function of x and y may be expanded within the contour 
in the series 

<^ = Ao Wo + -^1^1 + -^2^2 + (6), 

in which corresponding to p = 0, is constant. 

In the actual problem may still be expanded in the same 
series, provided that Ao, Ai, &c. be regarded as functions of z. 
By substitution in (1) we get, having regard to (2), 

"H ^^2 1 + ••• = 0 (7), 

in which, by virtue of the conjugate property of the normal func- 
tions, each coefficient of u must vanish separately. Thus 

+ ^ + (P ^ = 0 (8). 

The solution of the first of these equations is 

giving 

<^0 = ^0 “^0 + A Wo (9). 

The solution of the general equation in A assumes a difierent 
form, according as p^is positive or negative. If the forced 
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giving the huimc m<*an normal volcK’ity ac-tually oxists. Any 
normal motion of which tin* n(*gaiivt* ami pt>sitiv«‘ parts an* oipial, 
produces ultimatciy no (‘ffc'cl.. 

Wluni there is n{.> restrict i<ni on the chajacter of the source, and 
when sonne of tint transv(a-.sc* natairal vibrations are graver than 
the actual one, sonu* of the values of Ir -- p- are ])i>sitive, and then 
terms ent(‘r of tin* form 

(f> — e 

or in real (piantities 

(a»s \k at’- \ '{ Ir - //■ }z' (14), 

indicating that tin* pe{*uliarlt it*s of the sourt'c* are propagated to 
an infinitci distanece 

The |)rol)h*m Ina’e e.onsidered may he rfgardi‘d as a generaliza- 
tion of that of § 2GH. For tin* {*ase of a eirenlar eylinder it may 
he worked out c^ompletc'ly with tin* aid of FesMels functions, but 
this must bc‘ l(‘ft to tin* n*ader. 


302. In § 278 wc* have ftdly det«*nnined tin* motion of the 
air duc! to tin* normal peri<»dic motion of a hounding plaiie plate of 
infinite* (extetni. If dcpjihi he the given nfU’mal vc*loeity at the 
element dH, 




( 1 ) 


gives tin* vc'locity-potimtial at any point P distant r from dS. The 
nunainder of this (*haptc*r is devofc*d to the examination of the 
particnilar cane of this problem w}uc!h aris<*s wlimi the normal 
vrdocity has a givt*n camstant value ovm* a mvn\H.r area of radius 
ii, while ovcir the r(*mainder of tin* plane it is zi*ro. In particular 
we shall investigate what forcces dm; to t he n 'action of the air will 
act on a rigid circular plate;, vibrating with a simplf*. harmonic 
motion in am <‘.cjual circular apifrtun; c:ut out of a rigid plain; plate 
extending to infinity. 

B\)r the whole variation of pressure acting mi the plate wt* 
have (§ 244) 

J j SpdH = - cr Jj = - ikaa f j 4>(h% 
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302.] ON A VIBRATING CIRCULAR PLATE, 

where o- is the natural density, and <f> varies as e*®*. Thus by (1) 

11 SpdS=~ ^ dSdS' (2). 

In the double sum 

p—iTcr 

XX - -dSdS' (3), 

T 

which we have now to evaluate, each pair of elements is to be 
taken 07ice only, and the product is to be summed after multipli- 
cation by the factor depending on their mutual distance. 

The best method is that suggested by Prof. Majxwell for the 
common potentials The quantity (3) is regarded as the work 
that would be consumed in the complete dissociation of the 
matter composing the disc, that is to say, in the removal of every 
element from the influence of every other, on the supposition that 
the potential of two elements is proportional to The 

amount of work required, which depends only on the initial 
and final states, may be calculated by supposing the operation 
performed in any way that may be most convenient. For this 
purpose we suppose that the disc is divided into elementary rings, 
and that each ring is carried away to infinity before any of the 
interior rings are disturbed. 

The first step is the calculation of the potential (F) at the 
edge of a disc of radius c. Taking polar co-ordinates (p, 6) with 
any point of the circumference for pole, we have 

r r p—ikp f+^TT /'2c cos 0 9 riftr 

v=jj pdpdff = j e-^^dpdO - ^ j {1 ~ dd. 

This quantity must be multiplied by 2irodCy and afterwards 
integrated with respect to c between the limits 0 and R. But 
it will be convenient first to effect a transformation. We have 


9 rln 9 rin- 

__ / g~2/^c Q-mcsin e 

TTJ 0 TT j 0 

= - [ cos (2kc sin 6) dd — — sin (2kc sin 0) dd 

TTJ Q tt j 0 

= Jo(z)-iK(z) (4), 


where z is written for 2/£c. J„ (z) is the Bessel’s function of zero 
^ Theory of Eesonance. Phil. Trans. 1870. 

11—2 
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order (§ 200), and K (z) is a function defined by the cciuation 

2 


2 

K (z) — - sin (z sin 6) 

'TrJ 0 


cW 


— — + in 


Z'" 


1^.3-^ 1-. 3^5- P.3-.5^.7 




I 


(“>)• 


Deferring for the moment the further consideration of the 
function K, we have 

Y = («). 

iC 

and thus 


-ilcr 


:2i.---dSdS' 


r2kR 


Now by (6) § 200 and (8) § 204 


'Z 

J(> 


and thus, if be defined by 

iO(0 = [ 

we may write 

ijr—ikr 

T 


zdzJ,,{z)^zJi{z) (7); 

zdz K (z) (8), 


s Tz /o 7. D\ TT-i^- f ^ Ji( 2k R ) 


1---“' (0, 


From this the total pressure is derived by introduction of the 

. , ilcacr deb , , , 

factor - so that 
TT an 

The reaction of the air on the disc may thus be divided into 
two parts, of which the first is proportional to the velocity of the 
disc, and the second to the acceleration. If ^ denote the dis- 

placenaent of the disc, so that f = , we have f = ika^=ika ; 

and therefore in the equation of motion of the disc, the reaction of 

the air is represented by a frictional force a<r . ttR^ • | f-1^^') 

retarding the motion, and by an accession to the inertia equal to 


TTO- 


K, (2kR\ 


UU2. j 


I IN A \ liU: A-l't.NC CllJCfl.AU I'l-A'l'K. 


I Oo 

Will'll l.'l! !•’ -la.’ill, W" It.'LVi' ti'iiiii till’ a •ii-cinlin'^ M’rii'.s f’nr ./, 

, .l.jilih /'/r 

' ” /,u i.; I.'. .:i’ i.:,- .a .1“I, M .;. 

solliaf ill*- fri*'UMii;iJ 

.1 ‘la , ttA' . / // ■. f { 12 ). 

Fi’Miii fh«- Iiafiin* i 4 ' fh*' fhr ivH-jUtarnl. of | umsf, hr 

IHiHitii''. < *1 h»Tv; I •»' fill- r»‘.itii»»n nf fjjr air u«iul<l fo ati^^fiirnt , 
» •! * » Mlinuui -li, fh«* ^Fhaf in ia^t a.hva,y.'^ 

tiiaii .1 .. lu.iv V‘ a** ImUmwm. Il (} lii* hrtwrm 0 and arid 
c ha j)M f-ijii ( in /h 'dij d is na|fahva, and thmdhrr alsa 


^ I dn I : ''in ih c ‘dn ()\ sin (h/O 

< It 

is n«a5afa»'. Ihii dd- infa;^ial i- »/.{.:)■- i whinli in an* *r ird in a Ij 
^ f«<i' all vahn-sufc. 

U lull I'li is !*-n*ls to vanish, an*l tlnni I In* 

Irict i< aia! t*i iu h» aMn»‘ s ‘drn|»ly tur ,7r H' d'hi- rr adt- niii^ld* 
havr hat n | ; n.j- -i»,h,ai / /,' is v<Ty larq;**, fin' wava innfi*in 

in ilia naij^^lihMijrljMud *»f fin* *iisa har<>nn*s apijr^indmafaly plana. 

\\n liava than hy iJtj and {Hi ^ 2da, dji in wliiah is fJia 

ilaiHify Ca): sa fh.:if fha I’afarflin-a^ Ihna* Is Trlidip (fr 7 \ 7 r 

\\a hava iimw t«r fin* farm rapras<*n(dn).( an att4‘ratinri 

nt iinii inland anr'ii;^ alliar fliiii;'^ hi pn^v** lltaf f.luH alh‘ra.lrinn in 
an inars'a,-a, i»|- /%.(,:) i-, piidfiv**. My diraaf. inlagrafian nf Idn; 

lisnandin;^ -Ntii'j,'., 151 /{ iwhiali is always o»nvarg'«'ntdf 





I 


Wlif'ii fliarafhra ///f is small, w** may tak»‘ as {.ha axprassif-in fnr 

I Ilf* iiif'raasr nf iiiaiiia 


Hrr/r 




Hll 

llrr 


( 1 4), 


lliis pari nf lha raaaiif,ii of thn air is ilic^rafhrn rapri'Hniiiad l>y 
sfippnsiiiif I }n« vihraldijg piaia tmny with it, a niaHH nf air nfpial 
fa that c'f III tail IIS I in a rylindar whnsa hana is t.hn jilatit, and whose 
is ill ; ho that, when the plat<t in Hufficiantly 

Hiiialh the iiiaMH to added is indefKaidenfe of the {:>eriod of 
vihralifiiL 
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Irom the series (5) for if [z), it ma 7 be.* iirove( 


that 




1 


2 

TTZ 


or ' 

\cy- zch J -rr 

Trom the first form (15) it follows that 

y ^ T 2 (IK (£) 


By means of this expre>ssioii for Kx{z) we may rca« 
the function is always positive. E’or 

^ ^ p ^ eos {z sin 9) sir 

dz dz it] ^ 7rJ(^ 

so that 

(^) = ~ |l — J’ cos (z sin 9) sin ddd^ 
= f sin- (i^z sin 9) sin 0 cW 


an integral of which ovciy element is positivn*. 
large, cos (arsing) fluctuates with great rapidity, a 
tends to the form 

K^[z) = - .z 

7T 


When z is great, the ascending series for K and Ki, 
ultimately conTergeiit, become useless for practical c 
it is necessary to resort to other processes. It w: 
that the differential equation (16) Batisfied by K 
that belonging to the Bessers function J^, with tl 
the term on the right-hand side, viz. ^Jttz. The 
therefore included in the form obtained by adding 
solution of Bessel's equation containing twoarhitrar 
particular solution of (16), Siich a particular solut 

^'ir.K{z)— -f . B - . 52 . 2:“^ + 3^ . 5’-* . 7^ 

as may be readily verified on substitution. The 
right of (21), notwithstanding its ultimate diver 
used successfully for computation when z is great 
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^ ^ 'Miopl»-iiiontary I<knie;tiion, j 
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ruii- 
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H a..' 



U .' l 

\ ‘ ! y 
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•="</A " 1 * ' ( 22 ). 

x '„ vAl <0 •' 

1 '« <jj 


J ’‘ia 

ilA ’ .ai 

il f ' 

» i 

./:.a 

1 ^ >; 

^ . whuro //» in a euinplex variable, of 


t«^M 

■a 

i I 
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A uf a point., we see, that tln.t 
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From the series (5) for K (z), it nuiy lx* proved iiauKKlia’ 


LK-X) 




From the first form (15) if follows that 


f Kiz)z([z 


<!K iz) 

' (f: ■ 


V>y iiK^aiis of this (‘xpre.ssioii f)r K^iz) wt* imij n^adilv prove that 
the function is always positive. For 

^ \^in{z^\\\ 6)d$ I e(es(:rsin 

dz dz 7rj(, TT.h, 


So that 


A^fxr): 


: I 1 — I (!(»(<: sin 9) sin OdOi 

TT [ Ju j 

j' >hi'^kz sin d) sin 0 f/d (1!)), 


an inti‘gral of which overy oleiiumt is posit ivr. When z in very 
large, cos sin flue tuaios with great rapi«litj, mu! thus lii(z) 
tends t.o thi‘. form 

.( 20 ). 


WIkui z is great, the ascending serios ff>r Jf nnd , though always 
ultirnahdy conviirgt'nt, hec:(»ine umdess for praetie.al ejdcuilation, and 
it is necessary to r< ‘sort U> other processes. It will la; al)H(!rved 
that the ditfcrentiMl <n|natioii ( If) satisfiecl l>y K is the sanie as 
that belonging to the lh*s.s{ds fimeiJoa with tin; (‘Xocptioii of 
the term on the right-hnnd Kido, vij^. 2 W. lln; function K is 
therefon; ineluded in the form ohtaini;*! hy adding to the gcnoral 
solution of BeHs<;r.s erjuation cmiiaining twoarhitrary eonstento any 
particular Bolution of f 1(1 ). Sticdi a particnilar Holutiori in 

^ 7 rJ{ P .:p. v. .( 21 ), 

as may be readilj^ verified on Hiibstitution. The scries on the 
right of (21), notwithstanding its ultimate divergency, may be 
used Bucceanfully for computation ^vheii z in great It is in fact 
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Jiy st()[)ping tht* (‘X])ansi(>n ufb-r any number of terms, 

and fnrnung tht‘. ex]ai?ssiou for tlif n*inaim!or, it may bi.‘ )>rove(i 
that the error eommitt(‘(l by negleefing the reniainfh*r cannot 
exceed tlu*. last ttaau n^tained 2()(]). 

In like manner tlu^ imaginary p.'irt. <»f the right^-hand member 
of (24) is tin? (upiivalent of — linrK iz), so that. 



1 .2, a. 4 .(sjj* 
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I sill — 



1 (H^)‘ 


eoH (z Itt) . 


Tin* valmt of Ki(z) may now be determinefi by means of (17). 
We hinl 


ilK 
dz '' 


TT 
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zrr. 
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.TTJ 




r t , 2 . A, 4 .{HZ}^ [ 
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:) . (k;ci 

u . I .:i..',.7 
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(27). 


l.-2.;!,'i.,i.iH;)^ J 

'I'hi! lina.l ('..xpresHidn for l{,{:) may In* put into the form 


Kiiz)-- \3 + + V . :p . r,.z - 

TT 

— /- 1 ifi {t’* ■lift'' ■») 


• r“.:r^.re.7.j-^4 . 


4 


1 


<*- K> |';;2 - *>+ I ' -m- . 

It appears then that Ki does not vanish ivheu z is great, but 
appn)ximatC‘S to 2 z{ 7 r- But althmigli the accession to the inertia, 


^ An wa» to be expcjctod, tho mmm witliin briickctH are the Mime m those that 
occur in the exprewiion of the function (r). 
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wliifii i- pr^ 

jp'COe.iml fi» 1%^, b»'<*«,nM-> infinite* with ll, it vanishes 


iillini.'iO'i}' a 

la li t-Miupu'^'d uith tie* ap-a of' the 

disc, and with thcj 


of lei* t» rill 

wii!‘ii pp ♦Oil tin- ilis.^ipaiiuji. 

And tins a^o’ces 


wilii wlv.it ’A 

■ h -'lid .in* i♦‘lp.'^t♦■ inna i h** t hemy 

of piano waves. 

■f' •Uilhl _ 

If, ili«i»iM 

!jd* lidv tie- p-artioii uf iln* a,ir, the mass of th(‘ 




plair Ih- .1/, nial da- m|* r«' hI it ut.i<#n ha /i^, tJia (M|uat»i()n of 

iiiMfinii ♦*! fh*’ pliJ- ula’U ro'tr.i nu liv uii iui | )r<\s.s< I for(!(i h\ ]m>- 

|)u!i i» >lia] ! • » # 1 »«• 

^ inrr^rl: l l.^^. /^'...(2<)); 

of hv d-U, if. !i»* uaml in |tni.rtif:al applioaticnis, kli 1)(‘. 

.1/ • j? ‘ ''' l F (:W). 

1’wm jKu^o'Oi.af >':%.■*■< mI this prMhIam <l<‘,Narvc* notii(;o. h^inst hit 

J/ aiai //. \ -* Uiu’ fla' plair, <l«'Vfiir| af mass, is Hiilijcict 
la iiM *4ia'r ft th.j.n F ;md tho-‘* arisifia froni aorial proHsuros. 
Siii«n< I fia' h-nn is ralaiivalj n(‘^i 4 li^ihl(i, and wci 

mi. \vli»ii, kli r- -inul!, 


Jrr ^ 


.(dl). 


m km 


N'»mf 1‘"? M /i h*' 5itii'h i-hat flta natural poriod of th«i plate, 
w!ii*ii !«♦ ?lu* lit' f la* air, rs tin* Hjuao as that imposed 

iip«ai it. I'lid*-!’ ‘•inonnstanm-H 


■t 



(.1/ , 



and !.|i»'r< 

1 

rfMP* 

\ i 

e/i!- , ,, 




# ' I 

) , #f I 

I If t‘ I 

I, 


I .*«»iii|.ariiii 4 *'*'dh i:il ), wv that the atnplitiidi? of vibration is 
greaf.i«r iit ?fo.« ra,s*’ whoji tho iuorliaof tin* air is baknced, in the 
ratio *4' ili : H!iowini( a lar^o inerea.H** whcni k/i is Hinall. In 

ilio firni ea^r ih** piia^.^ of tin- iitMtion in sneh that comparatively 
very liiilr* ivMik h liom* by tla* forci* F; whih: in the second, the 
inertia *4* iio’ air k -roinpeiiHaied by the spring, am! then #, being 
of the naiiie jihiiKo iiH the vi^hatity, does the nmximnin amount of 
work. 
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THEOHV OK RKSOXATCHtS. 

303 . In the pipe* fil()S{‘<l at dih* end and open at the* other we had 
an exainpki of a mass of air endovvc‘<l wit h the property of vibrating 
in certain definite^ ])eriodH pe^etdiar to itsedf in niorcf or less (jom- 
plete ind(jj)t5nd(‘nc(^ of th<^ external atmosphen*. If the air beyond 
the op(‘n (tnd weni (mtin'ly without mass, the motion within the 
pipe would hav(i no ten<l(uiey to (‘scajie, and th<^ contairuHl column 
of air would Ixdiave like any oth(*r eompl<‘X systtun not subjcjct to 
dissipation. In actiial (‘Xperiin(*nt th(* inf‘rtia (#f tins external air 
cannot, of courses, bts got rid of, hut wlnm the thameier of the pipe 
is small, the (sfSsct ]>rodu(a*d in the (sourne of a ft*w pf^riods may be 
insignificant, and theri vibrations (m(‘e exfuted in the pipe have a 
certain degree of pcsrsistcmce. ''rins narrow«*r the. chaniusl of eom- 
niiinication Ixstwcseri the int(‘rior of a vesmsl and the ttxtenml 
medium, the greater does this indejHmdencrs become. Such 
cavities constitute resonators; in tint pnjsence c>f an extonial 
source of sound, the coniaine.d air vibrat«*H in uniHon, and with an 
am])litud(; (h*.pendent upon the rcdativ(» magniiudc*H of the natural 
and forc(xl periods, rising to gnxit intcuisity in th«i ease of approxi- 
mate isochronism. Whftn th(; original (^ause of Bound ceases, the 
resiuiator yictlds back tin,* vibrations stiinxl iip as it were within it, 
thus becoming itsedf for a short time a st^condary source. The 
theory of resonators constitutets an important branch of our 
subject. 

As an introduction to it we may take the simple case of a 
stopped cylinder, in which a piston moves without friction. On 
the further side (>f the |)iston the air is supposiKl to be devoid of 
inertia, so that the pressure is absolutely constant If now the 
piston be set into vibration of very lotig period, it is clear that 
the contained air will be at any timcj very nearly in the equi- 
librium condition (of uniform density) corresponding to the 
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momentary position of the piston. If the mass of the piston be 
very considerable in comparison with that of the included air, the 
natural vibrations resulting from a displacement will occur nearly 
as if the air had no inertia ; and in deriving the period from the 
kinetic and potential energies, the former may be calculated with- 
out allowance for the inertia of the air, and the latter as if the 
rarefaction and condensation were uniform. Under the circum- 
stances contemplated the air acts merely as a spring in virtue of 
its resistance to compression or dilatation ; the form of the contain- 
ing vessel is therefore immaterial, and the period of vibration 
remains the same, providtid the capacity be not varied. 

When a gas is compressed or mrefied, the mechanical value of 
the resulting displacement is found by multiplying each infinitesi- 
mal increment of vohnue by the corresponding pressure and 
integrating over the range required. In the present case it is of 
course only the difterenco of pressure on the two sides of the 
piston which is really operative, and this for a small change is 
proportional to the alteration of volume. The whole mechanical 
value of the small change is the same as if the expansion were 
opposed throughout by the mean, that is half the final, pressure ; 
thus corresponding to a change of volume from 8 to S -i- BS, 
since p = arp, 

■ 2, S'' *S • 

If A denote the area of the piston, ilf its mass, and x its linear 
displacement, B8 = Ax, an<I the e(|uation of motion is 


indicating vibrations, whose periodic time is 

V: 


•( 2 ), 




• aA , 


L 

MS 


.( 3 ). 


Let us now imagine a vessel containing air, whose interior 
communicates with the external atmosphere by a narrow apei*ture 
or neck. It is not difficult to see that this system is capable of 
vibrations similar to those just considered, the air in the neigh- 
bourhood of the aperture supplying the place of the piston. By 
sufficiently increasing 8, the period of the vibration may be made 
as long as we please, and we obtain finally a state of things in 


^ Compare (12) § 245. 



172 


KINCTU' HNKRCSV OK MnTK)\ 


which the kincti(! energy ef tin* molion may h<‘ iM*gh*rti-d i',xri*|)t 
in th(‘ n(nglil><>urh<H>d (d* tin* apeil.nnx and fh«‘ putmilial laa-rgy 
may Ih*. (calculated as if tJu* dnisitv in tin* intrriur nf the vessel 
\V(‘re uniform. In flowing through tin* aperture under tin* o|ier:ifioii 
of a (lidVin^nee of pressure ou tin* two .side>, ur in virtue of its (cvn 
imjrtiia aftcu-smdi pn‘.ssunt lias ceas<*d, tin* air nnces approximately 
as an ineompr(*ssib!e fluid wotdtl flo under like eireuiustances, 
provided Miaf tin* spaef* through whieh the kinetic energy is 
sensible lx* vc*ry small in (romparisim with tin* fengih of the wave, 
''riuj suppositious on whi(*h \ve are about !<» proeefii are not n( 
course .strictly correct as ap[)lie(i to art ual ri-^onafors such as a^nc 
us(cd in expisrinnuit, but they are near <*noiigh to the mark to affonl 
an instructive view of the subject and in many (xases a foundation 
for a suBieiently ac'curate calcfdaiion of fin* pindi. They heemac 
rigc»ri»us only in the limit, when tin* wavedeiigth is iiidetinitelv 
gretit in {*fUnparison with l.ln* dimensions ed’fh f' \'e>se[. 


[On tin* abewa* principles wi* may a! once <*aiciilaii* the pitch of 
a ntsonaior of voluuns wliost* cavity (‘onimunicat e- with ilie 
external air by a long cylindrical neck of length /, and ar«*a A. 
diic mass of the aerial piston is pA/j; so tha.!, id| gives as the 
pesriod of vibrat ion 



or, if X b(* tin* I(‘ngfh of plane waves of the same piielg 


X r/T 277 



If the cros.s-Hisction of tin* neck b»^ a circle of radius /if /! 
and W(* obtain tin* formula (H) fif § :i()7,j 


304. Thc.t kimdic energy of the motion of an iiicompn^ssibh* 
fluid through a given channel may bt* expressed in terms of the 
density p, and the rate f>f transhtr, or current, X, for under tin* cir- 
cumstances cont(..*mplat<‘d the. cbarnc.ter of tlii! inoiiori in alwuijs 

thf! same. 8inc(.j 7' nec(%ssnrify varies as p and as wi* may put 

(!). 

where the <a>ngfcant o, vvhieh d(?{»eiid« only on the niiture of ihcj 
channel, is a linear fpiantifcy, as rimy be infeiTcd from the fact that 


TlCROUCill NAliHOW PAKSAGEB. 
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17^ 


the dimensioiiH of A' a n* t] In space and — 1 in time. In fact, if (f> 
be the veloeity-pHRi'nlriai, 


T = i/> 



dcjr 


(lx (Ilf (Iz 



by G reel US whoi-e tin* intognition is to be extended oyer 

a surface iiicludin^^ the. whoiti u'^ioii t.hroiigh which the motion is 
sensible. At a sufficient distaiKje on (uthcr side of the «aperture, <56 
becomes eoiisiant, a.n<l if’ tin* coiiKtant values be d( 3 iiote(l by (f>i and 
and the integration lx* liow limitetl to that half of ^ towards 
which tile f!ui<l (lows, we hav(‘ 


7'=-. i P (<!>, - dH^ y (</,, - </,,) X 


Ntnv% since wildiin N (/^ is d{d.(*rmiru}d linearly by its surface 

values, or X\ is ])r()p()rUonal to (0i — If wo put 

ir — c ((f)i — (pX), w<‘ as l)(‘for(i T = lj,pX‘^/c. 

The nature of the consi-ant o will 1 h‘, better understood by con- 
sidering* ih(i electrical problom, whose.} 
conditions arc inatlKonaticaJly kbuitical 
with those of tliat unden* discuission. 

Let m HUpposi! that the fluid is iv- 
placed by unihinnly conducting; ma- 
terial, {tnd that tln^ boundary <d‘ the. 
clianiiel or ap<!rture is reidn.ccMf by in- 
sulators. Wc know that, if by battery 
power or othi*rwi.s(‘, a difference of 
electric potfuitial be maintained on the 
two sides, a steady cniTfUit through the 
aperture of proportional magnitude 
will bd -generated. The ratio of tluj 
total cunauit to tJui (dmjtromotive force is called the Gonductimtij 
of the cliaiiiiel, and thus wo see that our constant c represents 
simply this conductivity, on the supposition that the specific 
conducting powi^r of tlu} hypothetical substance is unity. The 
same thing may be othcrwisci exprcjs-sed by Baying that 0 is the 
side of the cube, whose resiHt4Uice between opposite faces is the 
same m that of the cluinnel In the sequel we shall often avail 
oureelves of the electrical analogy. 


Fig. OB. 
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XATUUAI- I’lTCH OF I!KSi>XA'r()l;S. 
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WIh'ii c is known, ih<- ]iroj>'T tuu'- of ihi- ri-«oit;ttoi- cnn b,. 
<'iisily doduccd. Siiwi- 

r=Ap.r ‘V. ( 2 ). 

the e<juatiu!i ornioti/^n 

.V (-"'r.v - 0 ciy 

A 

indicating siiujih* <>scill;itii»ns {irrfnriiH'd in a tine- 

/.rr 

r ■■ trr-y .,...( 4 ). 


If N {)<* tin* frnijjirnry. 
e.xccutrd in tin* unit tiiii«a 

.V 


(iv iiundn'r uf rujuph*!*' vihrat.ions 


" /'■ 
27r V .S* 


I ") ). 


'Flic wav<‘-li*!igt h X. whirh is ilin f|uautity nnt'-t r-l^srly cmi- 
U(*c{e<t witli thn dimt'UHions of fh** raviiy. i*^ giviii hy 



and varirs dirnctly as tin* linear din/nnHiMn. Tin’ it 

will be ebserveci, is a fuin'tinn of tin- si/.** and 'diajn* (♦! the, 
n‘H(mat<»r <Hdy, while tin* freijin-nry d«*pends al>“e iipMii tin* nature 
of tin* gas; and it. is iuipnrtant to remark that if is un fin* nature 
of the gas in and in'ar tin* <*!iainn*! that fin* piteh depi-inls anri ant 
on that oeeupyitig the interior of tin* vt-'-sek fu* tin* inertia of \hi> 
air in the latter situation rlues not eoiae info play, wliih* tJi.* f-oni- 
pressibility of all guM-s is very appro-Kiniaf f*!y fin* same. Huih in 
tin* case of a pipe, the suhstit ut i**n fd’ hydrigen for air in tin* 
neighl>our)nanl of a node wniilrl make hut^ lilth* diflerenee, but its 
effect in tin* neighlnuirhooti of a loop woidri In* eonsideralile. 

Hitherto w<* have spoken td' the rliamie! of r**niiiiiiiiiieafioit as 
ningle, hut if there he more tlmn one channek the jirohlem is ind# 
eHHeiitially altrwl. The satin, t foriuiila for the fri‘j{U»*in*y is still 
appli(*ahle, if as befoint we urnierstainl by /: the whole coiidiio 
tivity beiwf!!*!^ the interior and exterif»r of the %*eMHeL Wfn*n the 
channels ant situated Hudiciently far apart to act independitntly 
one fd* another, the reHultant <*tmdindivity is thft simple huiu of 
those liidonging to thi* separate* ehannelH; otherwise* the resiiltant 
in km than that (udculaied by mere iwlditiiUL 
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Jf th< r»' !i*' pivfiM'ly Hiiiiilur ('li;uin<*ls, wliirli do not 

into rfor*% and udi^sf «‘'*ndutdivity takfai .soparatoly is c, \Vi\ linvn 



hin'wiiig fbat tlo' nttir is Inuflo-r than if Witnt only ono 

cliiwiiir} in ratif> ^‘2: I, or hy ratbo* loss tli;ui n fifth— a law 
(dnsori'ini la S^n^dhaUM^ and pnivod t hoi jnd ioa lly hy H(dinholt;< in 
tho wliorr tlir rhaiiioda t,f {'t»miuniu('at4c ai i’-DiiHint of Kiinplt*. 

lioIr*>k it! t-hi* inf ini? 'dy fJuu '-i<h-s uf tin* rosorvoir. 

305. itiVi'sf ii^atitnj nf tho r<in(}u(‘tivity for varionn kindn 

(if rliaiinrls an iuiji'ofant pari nf thr (iKsnyof rijsonatairH ; hut 
in all a \rry h-w [In* ncmrato solution of tho prohlnm 

in liryMtid fho p^msu* m 1' rKistiu^^ lunthiuunldcs. iSoruo f(<ni(:‘rnl 
priiiidplfs iiiroviia^ un the (pioNtion niny ho\Vf.V(*r Int laid 

do%vin mnl ill many oa ^rs td* intcroat an Hpproxiinaf/<t Holutinii, 
siiflinii’iii for prafiuTal |inrp(#^»*s. may ho (dit.aiinal. 

Wo know ipl Tip 2 l‘i I that Uio cnoiyy of a fluid flowing’ 
iltmiigh a rhafiJod oannof h»* gnsator than that of any fictitiouH 
rfiolion giving.' tin* .=^aino (nfal rurn-nt. Honor, if ih<; chuinu!! lie 
iiarrownd in any %viiy, oi any oli'ifrm’tion bo in! roducuMf tho con- 
dwdiviiy in fli*^r*l»y diniinishi'd, hooaiisf* lla? alt.orution is of iho 
iiiitairf* of an adrlifiMual o» .distraint. Ihdoro tin* (dningm ihit Hnid 
wjw fror inhipl ftio liiatrihnt km of flow finally aHHumed, In 
whorr* a rigorou?^ Holulinii oannot, ho uhlainod wo may iinn iho 
itiiniiHimt to. un infu-ior limit to tin* nonduotivity; 

thn imtrffV ralouiati'd fnnn a liyjoU hotinal law nf flow nan noV(U’ bo 
bi^ ihaii tiro ! rut In and iinist oxorotl it uiiIosh thn hypothetical 
aticj ilie iirl.iial iiiniiMn ooinoido. 

Ariotlior goiii*nil priiiripk^ whinh i.s of froqumit usi?, may be 
more statvfl in «df*otrioal lan^niagr*. The (.juantity 

with wliifdi wn aro roirprm^d in tin; onriductivity of a oertnin com 
cliietor cfiirip-rsod maltfT of unit H|mcifie conductivity. The 
princdpltf in tliiit if flic ronrliictivity of any part of tluj conductor 
le iiicrctii«i?-f| tliat of flic wlmlr in increaHcrh if the curnlnctivity 
of any |»rt b* iiiiiiirimh*«’d t-hnt of the whole is diminished, 
exc^eptioit bcfiiiK tmuh^ «if eortain very piirticnlar cancH, whore no 
Cfiisuo.li. In iln through a m>fidnctor electricity 

dwiribiitw itadf, «« fliiii tfm energy dk^ipated is for a given total 
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SIMPLE APEKTUBES. 


[305, 

current the least possible (§ 82). If now the specific resistance of 
any part be diminished^, the total dissipation would be less than 
before, even if the distribution of currents remained unchanged. A 
fortiori will this be the case, when the currents redistribute them- 
selves so as to make the dissipation a minimum. If an infinitely 
thin lamina of matter stretching across the channel be made 
perfectly conducting, the resistance of the whole will be diminished, 
unless the lamina coincide with one of the undisturbed equipoten- 
tial surfaces. In the excepted case no effect will be produced. 

306. Among different kinds of channels an important place 
must be assigned to those consisting of simple apertures in un- 
limited plane walls of infinitesimal thickness. In practical appli- 
cations it is sufficient that a wall be very thin in proportion to the 
dimensions of the aperture, and approximately plane within a 
distance from the aperture large in proportion to the same 
quantity. 

On account of the symmetry on the two sides of the wall, the 
motion of the fluid in the plane of the aperture must be normal, 
and therefore the velocity-potential must be constant ; over the 
remainder of the plane the motion must be exclusively tangential, 
so that to determine ^ on one side of the plane we have the 
conditions (i) <j) = constant over the aperture, (ii) dcpjdn == 0 over 
the rest of the plane of the wall, (iii) = constant at infinity. 

Since we are concerned only with the difierences of ^ we may 
suppose that at infinity ^ vanishes. It will be seen that conditions 
(ii) and (iii) are satisfied by supposing cj) to be the potential of 
attracting matter distributed over the aperture ; the remainder of 
the problem consists in determining the distribution of matter so 
that its potential may be constant over the same area. The 
problem is mathematically the same as that of determining the 
distribution of electricity on a charged conducting plate situated 
in an open space, whose form is that of the aperture under con- 
sideration, and the conductivity of the aperture may be expressed 
in terms of the capacity of the plate of the statical problem. If 
cj) denote the constant potential in the aperture, the electrical 
^ resistance (for one side only) will be 

the integration extending over the area of the opening. 
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Now Jj (whole quantity of matter distrihiited), 

and thus, if M be the capacity, or charge corresponding to unit- 
potential, the total resistance is Accordingly for the con- 

ductivity, which is the reciprocal of the resistance, 

C= irM (1). 

So far as I am aware, the ellipse is the only form of aperture 
for which c ox M can be determined theoretically h in which case 
the result is included in the known solution of the problem of 
determining the distribution of charge on an ellipsoidal conductor. 
Trom the fact that a shell bounded by two concentric, similar and 
similarly situated ellipsoids exerts no force on an internal particle, 
it is easy to see that the superficial density at any point of an ellip- 
soid necessary to give a constant potential is proportional to the 
perpendicular (p) let fall from the centre upon the tangent plane 
at the point in question. Thus if p be the density, p=^ /cp \ the 
whole quantity of matter Q is given by 


so that 


In the usual notation 


= fcjj pdS = 4i7ncabo 

(2),^ 

- Qp 

47r abc 

(S). 

/^2 ^2 



or, since z^jc^ = 1 — 

If we now suppose that c is infinitely small, we obtain the par- 
ticular case of an elliptic plate, and if we no longer distinguish 
between the two surfaces, we get 


" hr ah 




^ The case of a resonator with an elliptic aperture was considered by Helmholtz 
(Crelle, Bd. 57, 1860), whose result is equivalent to (8). 

® 2c being for the moment the third principal axis of the ellipsoid. 


R. II. 


12 
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ELLIPTIC APERTURE. 
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We have next to find the value of the constant potential (P). 
By considering the value of P at the centre of the plate, we see 
that 

Integrating first with respect to r, we have 

rr 

I pdr = Q -r 4a — e-cos-^), 

Jo 

e being the eccentricity; and thus 
P = ^ 

ctJo Vfl — ^“cos^^) a ^ 

where P is the symbol of the complete elliptic function of the first 
order. Putting P = 1, we find 



as the final expression for the capacity of an ellipse, whose semi- 
major axis is a and eccentricity is e. In the particular case of the 
circle, 6 = 0, F(e) = ^7r, and thus for a circle of radius P, 

c=2R ( 6 ). 

If the capacity of the resonator be S, we find from (6) § 304 

^ = 

The area of the ellipse (cr) is given by 
<r = 

and hence in terms of cr 



When e is small, we obtain by expanding in powers of e pre- 
vious to integration, 

( 9 ), 

whence 

2F (e) (1 — 

-TT 64 64"^"* 
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Neglecting e® and higher powers, we have therefore 


! /(-) ■ ( 
‘ 'V ' \ 


, e* e® 
1 +^ + ^ + ' 


( 10 )- 


From this result we see that, if its eccentricity be small, the 
conductivity of an elliptic aperture is very nearly the same as 
■that of a circular aperture of equal area. Among various forms 
of aperture of given area there must he one which has a minimum 
oonductivity, and, though a formal proof might be difficult, it is 
^asy to recognise that this can be no other than the circle. An 
inferior limit to the value of c is thus always afforded by the con- 
ductivity of the circle of equal area, that is 2^\crl7r), and when 
■fche true form is nearly circular, this limit may be taken as a close 
Q/pproximation to the real value. 


The value of X is then given by 

X= (11). 


In order to shew how slightly a moderate eccentricity affects 
blie value of c, I have calculated the following short table with the 
a.id of Legendre's values of F(e). Putting e = sim/r, we have 
oos as the ratio of axes, and for the conductivity 


c = 2 



IT 

2 //(cos ^jr ) . F (sin yjr) * 



e = sin i/r. 

h \ a ~ cos ij/. 


0° 

•00000 

1-00000 

1*0000 

20“ 

•34204 

•93969 

1*0002 

30“ 

•50000 

•86603 

1*0013 

40“ 

•64279 

•76604 

1*0044 

50“ 

*76604 

•64279 

1 1*0122 

60“ 

*86603 

•50000 

1 1*0301 

o 

0 

*93969 

•34202 

i 1 0724 

80“ 

•98481 

•17365 

1-1954 

0 

o 

1-00000 

•00000 

CO 


The value of the last factor given in the fourth column is the 
ira.'fcio of the conductivity of the ellipse to that of a circle of equal 
correct. It appears that even when the ellipse is so eccentric that 
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the ratio of the axes is 2 : 1, the conductivity is increased by 
only about 3 per cent., which would correspond to an alteration 
of little more than a comma (§ 18) in the pitch of a resonator. 
There seems no reason to suppose that this approximate inde- 
pendence of shape is a property peculiar to the ellipse, and we 
may conclude with some confidence that in the case of any mode- 
rately elongated oval aperture, the conductivity may be calculated 
from the area alone with a considerable degree of accuracy. 

If the area be given, there is no superior limit to c. For sup- 
pose the area a to be distributed over n equal circles sufficiently 
far apart to act independently. The area of each circle is ajn, 
and its conductivity is 2 {n7r)~ia^. The whole conductivity is n 
times as great, and therefore increases indefinitely with n. As a 
general rule, the more the opening is elongated or broken up, the 
greater will be the conductivity for a given area. 

To find a superior limit to the conductivity of a given aperture 
we may avail ourselves of the principle that any addition to the 
aperture must be attended by an increase in the value of c. Thus 
in the case of a square, we may be sure that c is less than for the 
circumscribed circle, and we have already seen that it is greater 
than for the circle of equal area. If b be the side of the square, 

-j-<G < \/2b. 

\/7r 

The tones of a resonator with a square aperture calculated from 
these two limits would differ by about a whole tone ; the graver of 
them would doubtless be much the nearer to the truth. This 
example shews that even when analysis fails to give a solution in 
the mathematical sense, we need not be altogether in the dark as 
to the magnitudes of the quantities with which we are dealing. 

In the case of similar orifices, or systems of orifices, c varies as 
the linear dimension. 

307 . Most resonators used in practice have necks of greater or 
less length, and even when there is nothing that would he called a 
neck, the thickness of the side of the reservoir cannot always be 
neglected. We shall therefore examine the conductivity of a 
channel formed by a cylindrical boring through an obstructing 
plate bounded by parallel planes, and, though we fail to solve the 
problem rigorously, we shall obtain information sufficient for most 
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307.] 


practical purposes. The thickness of the plate we shall call X, and 
the radius of the cylindrical channel R. 


Whatever the resistance of the channel may be, 
it will be lessened by the introduction of infinitely 
thin discs of perfect conductivity at A and B, fig. 59. 
The effect of the discs is to produce constant potential 
over their areas, and the problem thus modified is 
susceptible of rigorous solution. Outside A and B 
the motion is the same as that previously investi- 
gated, when the obstructing plate is infinitely thin ; 
between A and B the flow is uniform. The resist- 
ance is therefore on the whole 


Fig. 59. 

.-.aAa/I 


whence 


_1_ L 

2R'^nR^’ 

^ ~ 'L + ^R 


..( 1 ). 


If a denote the correction, which must be added to L on 
account of an open end, 

a^lirR ( 2 ). 

This correction is in general under the mark, but, when L is 
very small in comparison with i?, the assumed motion coincides 
more and more nearly with the actual motion, and thus the value 
of a in (2) tends to become correct. 

A superior limit to the resistance may be calculated from a 
hypothetical motion of the fluid. For this purpose we will suppose 
infinitely thin pistons introduced at A and B, the effect of which 
will be to make the normal velocity constant at those places. 
Within the tube the flow will be uniform as before, but for the 
external space we have a new problem to consider : — To determine 
the motion of a fluid bounded by an infinite plane, the normal 
velocity over a circular area of the plane having a given constant 
value, and over the remainder of the plane being zero. 

The potential may still be regarded as due to matter distributed 
over the disc, but it is no longer constant over the area; the density 
of the matter, however, being proportional to d^jdn is constant. 

The kinetic energy of the motion 


the integration going over the area of the circle. 
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The total current throne’ll tin* plain* 



Hence 


2 kinetic cneri»y 
Ccurn*nt ) ■ 





/r// 

/ 


If the density of the matter lx* tak«*n a^ \iuiry,ri(!t tin 2-r. iii'i 
the required ratio is (expressed l>y P rr Ii\ /' * f h* 

potential on itself of a(tin!ular layer uf nm?t» r «»f' uuit d*iidqv aiel 
of radius K 

The simplest method of (•airulatiii;^ P th*' 

sideration that it reprewuits tin* work reqnin d Im hr» .-ik np tl;v 
disc into mfinitesiinal elements ami to reiuMV*' tfn ni fr*^ii4 F 
others influenceh If \ve take polar c^o-urdinai'-^ C/i, df, tin* j»^4- 
being at the edge of the disc* whoso nnliuH jn a, hiivr f 4 ' 
potential at the pole, V JfdOdp, tin* t,f U md 

2a cos and those ot' 6 lH*ing — and t \ tt. 

Thus V : 4o , . « :i i 

Now lot UB cut off a strip <»f {>n*adtb da from ili*' ,4 th,- 4im\ 
The work required to roimna* tlii.s tn nu dnU;ii.H‘r i«r 

2mdaAa. If we gradually pare tin* clivo r}uHn fo notlnn^' and 
caiTy all the parings to infinity k hint lie* t uaj w^rk by 
integrating with nispi'ct to a froni 0 to H, 

.1 ‘ 

The limit to the resistance, tfor one thuv h Mtt' IC ; W'r'- 

conclude that the resistance of the winde ehaiiin*! 1* v. fliim 

L Id 

-rrl&^-.hrlt ' 

Collecting our results, wo sec that 


~li<a.<' J{ (,'♦», 

•* .(TT 


.iv ’® repeated h(!re for tire saknof who ifisy wi«)i av/^d 

the difficulties of the more complote invffHtigfttmn. 

rii Of caloulatiug P was aoKKCsk'd t.» ll,.- authur by 

Clerk Maxwell. 
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or in decimals, 
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i 


a > ‘785 R 
a < 849 R 


.( 6 ). 


It must be observed that a here denotes the correction for one 
end. The whole resistance corresponds to a length i 4- 2a of 
tube having the section irR-. 

Wheni is very great in relation to iJ, we may take simply 


c = 


nrR^ 


In this case we have from (6) § 304 

2v'7r.V(/Si) 


X = - 


R 




.( 8 ). 


The correction for an open end (a) is a function of X, coinciding 
with the lower limit, viz. when L vanishes. As L increases, 
a increases with it ; but does not, even when L is infinite, attain 
the superior limit 8i?/37r. For consider the motion going on in 
any middle piece of the tube. The kinetic energy is greater than 
corresponds merely to the length of the piece. If therefore the 
piece be removed, and the free ends brought together, the motion 
otherwise continuing as before, the kinetic energy will be 'dimin- 
ished more than corresponds to the length of the piece subtracted. 
A fortiori will this be true of the real motion which would exist in 
the shortened tube. That, when X = oo , a does not become SjB/Stt 
is evident, because the normal velocity at the end, far from being 
constant, as was assumed in the calculation of this result, must 
increase from the centre outwards and become infinite at the edge. 

A further approximation to the value of a may be obtained by 
assuming a variable velocity at the plane of the mouth. The 
calculation will be found in Appendix A. It appears that in the 
case of an infinitely long tube a cannot be so great as *82422 E. 
The real value of a is probably not far from *82 R, 

308 . Besides the cylinder there are very few forms of 
channel whose conductivity can be determined mathematically. 
When however the form is approximately cylindrical we may 
obtain limits, which are useful as allowing us to estimate the 
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effect of such departures from mathematical accuracy as must 
occur in practice. 

An inferior limit to the resistance of any elongated and approxi- 
mately straight conductor may be obtained immediately by tke 
imaginary introduction of an infinite number of plane perfectly 
conducting layers perpendicular to the axis. If cr denote the a,rea 
of the section at any point the resistance between t-wo layers 
distant dx -will be and therefore the whole actual resistance 

is certainly greater than 

I ( 1 ), 

unless indeed the conductor be truly cylindrical. 

In order to find a superior limit we may calculate the kinetic 
energy of the current on the hypothesis that the velocity parallel 
to the axis is uniform oyer each section. The hypothetical motion 
is that which -would follow from the introduction of an infinite 
number of rigid pistons moving freely, and the calculated result is 
necessarily in excess of the truth, unless the section be absolutely 
constant. We shall suppose for the sake of simplicity that the 
channel is symmetrical about an axis, in which case of course the 
motion of the fluid is symnretrical also. 

If U denote the total current, we have ex hypotliesi for the 
axial velocity at any point a 

JJ ( 2 ), 

from which the radial velocity v is determined by the equation of 
continuity (6 § 238), 

d jru ) d(r'v) _ 
dx dr 


Thus 


rv =• const. ~ J Ut^ 


da ^ 
dx 


or, since there is no source of fluid on the axis, 
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Th(^ kinetic (niergy may now be calculated by simple integra- 
tion : — 



if y l)c th(‘ I’acliiis of the channel at the point so that or = tt?/-. 


Thus 


2 kiiK^tic energy 
(current)- 



(4). 


This is tint (jiiantity which gives a superior limit to the resist- 
ance. The first term, which corresponds to the component velocity 
■«, is the saiiHi as that previously obtained for the lower limit, as 
might havit b(a*n foreseen. The difference between the two, which 
gives tint utmost error involved in taking either of them as the 
true value, is 


1 ri /dyV 

27rJ y“ \d,x) 


dx 


(5). 


In a mtarly cylindrical channel dyjdx is a small quantity and 
HO th(t n*Hult hmiid iri this rnamier is closely ap];)roxirnate. It is 
not lutce.ssary that the section should be nearly constant, but only 
that it should vary slowly. The success of the approximation in 
this and similar* cases dcp(mds upon the fact that the quantity to 
be estimated is at a minimum. Any reasonable approximation to 
the: real motion will give a result very near the truth according to 
the principles of the differential calculus. 


By means of the properties of the potential and stream 
functions (§ 238) th(j present problem admits of actual approxi- 
mate solution. If (1) and denote the values of these functions 
at any point a?, r ; u,v denote the axial and transverse velocities, 


dx'^ 

whence by elimination 


1 dy}r dd> 1 d^jr 

r dr ’ dr r dx 

(6), 

d^<f> 

dr^ r dr dec^ 

OX 

d^'xjr 1 d'xfr d^^jr 

dr^ r dr dx^ 

(8X 
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If i?’ denote the value of <!> as ;i luiieti..i) "t .r v.h. u r U ^'!i- 

general values of <p ami f may in u nn^ -5 F hy 

means of (7) and (8) in the scries 
r-F" FF" _ r'-F'' 

<t> = F--^ +2=.4.-~2-.4.-^.fh''^“' 

i-oF' _ , 

2 ■■2=.4'^2^4.MJ 2-. 4^' . fc . s ' "■ ' 

where accents denote ditlcrentiaticui willi ic^pim •’< 
boundary of the channel where /• = //, \p- is eeii-i.uit, ay i,'/-.. lie u 


fi = 



y^F"' <fF‘ 

•' - a- ■ 

2- . 4 ■ 2- . 4^ . i; 




is the equation (x>nii(^ctan^ // and hi iln* pndfi* m h 

given, and we have to express F \>y lueun- nf it. ih n*'*-* 
approximation we obtain from (10) 




y- H {(lit;- 


I tF ^ >l 
S f/./”' (/.r 




//* 

1 2 . d.t^ if / 


till. 


The total Htream is givfui by the integral 


r c 


(lx 


27r/v/r 


' ^ *> / or 

f iTrrtIr ■ : zirf, . 

r dr 


and therefore the resistance betwemi any tw<r eqni|M*!*iit jfo Hurf.p ^ 
is represented by 



Fflr. 


The expression for the resistance admits of CMn>id‘i*abb' '-mnidi* 
fication by integniticiu by parts in the case \vhii$ fh*- rhanie l 
truly cylindrical in the neighbourhood of the limits *4 ifiti’giat3‘*n. 
In this way we find for th(' final result, 


resistance = [ — 1 1 4- i tf ^ 1 1 2 ib 

J TTlf I 4H I 

fj denoting the differential of // with reHjw ef i«j s. 

It thus appears that the siqmrior limit uf tli*' jirre^'diiig 
investigation is in fact the correct result to the seeninl «ir4#'»r of 


^ jproceedings of the London Uathematiml Hucktfj, ?ol. ni. p, 70, i«1»l 
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4 ip|*rf (xinial iHii. If wt* ivi^anl // us a fuiK^t-ioii of njx', vvh(*rc‘. (a in a 
Hiiiall (12) is rurr«‘«‘t as far as t.cnu.s {‘.ouLuining (d\ 

309. f knuwlMtli^*- t>[’ flu* laws ati which i,h(‘ pit(th of 
roHf aiattav-; r !,% is du** to tin* lalxairs of sovooul c.-xpiMinMaitcrK 
am! iantli«*iiiaf ioiart^*. 

The < ibsrrvat i<»a that for a ^dvcri iiiouihpiocc tli(* pitcli of a 
rowamtor {i»'p»'uh:s Oiaiiily upon tho v<iliua<' H Ls due. to 
wdio fniitid that tiu' pilt'li of a flask purtly filled witJi vvat<T waw 
not altiTcd when the fiask was ijicliinMl. This niKiilt wiin (aai- 
finuotl hy H^»odliaussh d‘ho latter ohs<‘rvor foinul furth(M', tduit in 
tlio ease of resuiiaters wit hout, iicoks, the iufluciioo cd’ tln.^ upivrtiin^ 
(lepiuaiocl luniitly tipoii it s area, althou^li vvIhui the. shapo was veay 
oloiiguted, a cmiaiii rise of pitch onsticd. I Ic ffiiw, I, ho fonuula 


A' 

|S5 


till* unit of length being the tnilliinet re. 

The of tlii'^ kind of resountor wi* owe to Hcihriholtz'*', 

whw<* firintila is 

A - . , (^), 

applieahlit noeirrular aporiures. 

Ffir HimkH with lorjg necks, SondhaUHs^Mbimd 


A' en .KiyoA 

CC)m»H|K7Mditig to til#* fficoretical 


^TT //hS^ 


Itt it, floes not often ha[»p(!n tdfchur that Lh«j neck 

i« «i long tliiil thf‘ coiTcf’tion Ihr the upiui cride can ho ruglentcd, 
M (4) «ii|'ipos(Sj (tr, (#u tli<* other hnrtd, ho Hh<frl» that it can 
it»c*If tiyglncted, m stippo.msl in (zl). Wf.^rthoini’* vvtinS tlu*. fii*st 

* U«ti«r Ami Ilr«i«rnkrf5is4tl un«l Am H«hwing«ngHg««fit'/ flor ctibiHchca [“fcofen. 
F0Sff. Ann^- nxmxs. pp. *2M, 1147. iHiJft 

* CwIIif, Iki I, VII. I- 7’i. IHOn. 

* Pubtrciiif <lor tnfi i a «‘rhit?.t<in ( Hasrolirctrii undiiigodoek“ 

toft- Pfoltoa ffiB aagleicfiiir Wotw /W/^. Ann, uxxix, p. 1. 1850, 

* M4rttoir« iittr ki* V’ibmiiijuif mmomti (l« Viuir. Ann, (L Chim. (S) »xi, p. 1185. 
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at the Hanu* tiiuc expressexl a conviction that it was no mere 
empirical formula of inku’polation, hut the expression of a natural 
law. lhi(‘ theory <jf r{*sonat.ors with ncuiks was given about the 
same* timo4 in a imunoir ‘on R(;sonance' ))ul)lishe(] in the Philo- 
supJiuKil Tnt H.^dctinns tor hS7l, from which most of the last few 
pages is d(‘rive<l. 

310. 'riio simple imdliofl of (calculating tluc pitch of resonators 
with wliirdi we h;i.v<* Immui occcipiicxi is applicable to the gravest 
mo(l<c of vihral-ifUi only, tine chaivict(*r of wliich is (juite distinct. 
’The (ivovtniK^s of re.sonators with reonirateked Tuccks are relatively 
V(‘ry high, and tJu' (corresponding imKhcs of vibration are by no 
nncaijs indepemlent of tine iinu’tia of tine air in the interior of the 
r(‘servoir. Tlu* cliarai’ter of th<‘He modcH will Ixc more evident, 
wlicui we come to (consider tine vibrations of air within a com- 
pletely (dosed Vessel, such as a splnuNc, hut it will rarely happen 
that tdi(.‘ pitch can he calculatcsl tl)i(‘or(dii(cadly. 

d'here are, liowev(»r, (’a.s(‘.s of multiphc ncsonance to which onr 
theiJiy is aj)pli{cad)Ie. ''Pln^.scc o(c(cur wlnm two or more vessels com- 
muni('at(‘ by ehaninds with (each otlner and with th(c external air; 
and ar(c r(*adily treate(l by Lagrange’s method, provided of course 
that tluc wav(c»lengf h of tine vihratioti is suffncicutly largci in com- 
parison with t he diinensitms of tine vicsscds. 

Sup[K>s(? that tlnav* an* two ncH(jrvoirs, 4, aS", (communicating 
with each otJuu* and with thec (cxUcrnal air by narrow passages or 

Kifj;. on. 



necks. If we ween; to corisider as a singles reservoir and apply 
our pncviou.s huinula, we should be led to an erroneons rcisult; for 
that formula is foundeed on the assumption that within the reservoir 
the inertia of the lur may be left out of account, whereas it is 
evident that the energy of the motion through the connecting 
passage may bcc as great m through the two others. However, an 

^ Proceedings of the Royal Roeieiy, Nov. 24, 1870. 



AKsniiu‘ri|( AeJi*\ Xi--' Ih'r\ \v«» mu hiiliwtiittiiim 

and (litt«Tiiu nut iun of A : II, 


^ 4 - 


f- r,f 


( 


H* ) SS* { 


r^r, f + t-^} > ..v C) ,.d'd), 


m iho oriimtion to datc^rniiiir tho liainml Ioiiom, If .V hr the 
frefjiuaicy of vibration, X ^ -- - />747r\ tlir two vii!iif*h r>f p^ biting 
of couFHc? real and negative. Idie forifiiila Kiiii|ilifieH miif^idorably 
if C 3 =:C|, but it will b*t luoriT iriHtriiefivi^ to %vork out this 

ca«e from the la?giiiiiing. Let C| ^ = me. 
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The dififerential equations take the form 

Xi + ^{(l+m)X, + Z,} = 0 
X + ^{(l+m)Z, + ZJ = 0j 
Z, + Z3 


( 7 ), 


while from (4) X. = 
Hence 


m 


{X, + Xs) + ^ (m + 2) (Z, + Z3) = 0 


(Z,-Z3)+^m(Z,-Z3) = 0 

The whole motion may be divided into two parts. For the first of 
these 

Z, + Z3 = 0 (9), 

which requires that Zo = 0. The motion is therefore the same as 
might take place were the communication between S and 8' cut 
off, and has its frequency given by 


( 8 ). 


N^- = 


a-Ci 


Or me 


47r-S 

The density of the air is the same in both reservoirs. 
For the other component part, Zi — Z3= 0, so that 


.( 10 ). 


z.=- 


m ’ 


^7-/., _ + 2) c 1 \ 

^ 47r=S ^ 


The vibrations are thus opposed in phase. The ratio of frequencies 
is given by = m 4- 2 : m, shewing that the second mode 

has the shorter period. In this mode of vibration the connecting 
passage acts in some measure as a second opening to both vessels^ 
and thus raises the pitch. If the passage be contracted, the interval 
of pitch between the two notes is small. 

A particular case of the general formula worthy of notice is 
obtained by putting Cg = 0, which amounts to suppressing one of 
the communications with the external air. We thus obtain 


4 - cC-'f 


Ci4-C2 , C; 
8 ^ 8\ 


a"CiCo_ 

' 88 ' 


( 12 ), 


11)2 

or, if 


PABTICTJLAB CASE. 


= S', 0i — mo.2 == Mc„ 


2f 4- orp 


'-'11-^... . ' j 


s 


+ ■ 


aS'-' 


0. 


\vhc!uc.( 


['>'^+ 2 + \/ ( ot “ + 4))} 

o'7r"'0 
r 

If wc furth(‘.r suppose ??^= 1, or Co = Ci, 

if iV^' 1)C tiie frofjiiency for a simple resonator {S, o), 

(f-C 


[310. 

.(13X 

,(14). 




47rnS' 


aiK 1 thus J\7 : iV" = - V” = 

4 — V’’> 

It. appi'iars tliat the interval from JN'^ to K' is the same as from 
JN' to N. 2 i namely, \/(2'()MtS) =l*GltS, (jr rather more than a fifth. 
.Ifc will l)c fouiid that whatever the value of m maybe, the interval 
between the two tones cannot be less than 2*414, which is about 
an octavo and a minor third. The corresponding value of m is 2. 

A nirnilar method is applicable to any comhiiiation, however 
c*oriniplicat(‘(l, of reservoirs and connecting passages under the 
single restriction as to the comparative magnitudes of the reser- 
voim and wave-lengths ; but the example just given is siifificient 
to illiiKtratcs the theory of multiple resonance, A few ineasure- 
rneuts of the jiitch of double resonators are detailed in my memoir 
on resonance, already referred to. 


311. The ec|uations which we have employed hitherto take 
no uccoutit of the escape of energy from a resonator. If there 
were really no transfer of energy between a resonator and the 
external atmosphere, the motion would be isolated and of little 
practical interest: nevertheless the characteristic of a resonator 
consists in its vibrations being in great measure independent. 
Vibrations, once excited, will continue for a considerable number of 
periods without much loss of energy, and their frequency will be 
almost entirely independent of the rate of dissipation. The rate 
of dissipjation is, however, an important feature in the character 
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of a n‘S(>nat<»r, an whidi it;s l:)(ihavi(Hir undtii* certain circumstances 
mat<TialIy (impends. It will b<*. uiKhn-stood that the dissipation 
h«‘r«‘ spoktai of nutans (ady Uui (escape of energy from the vessel 
and its noighbourlmod, and its dithision in the surrounding 
liKMliimL and ii<»t tin* transformation of ordinary energy into heat. 
Of such transformation our (‘(piations take no account, unless 
s]H‘ciaI terms bo int.r«»(lu(!(‘d for th(^ |)urpos(‘, of representing the 
«*ffo{‘ts of visc-osity, a,n(l of tht‘. conduction and radiation of heat. 

["rho iniluonc.o of tdio (‘.oiubic.tion of heat has been considered 
In' Kolacokb ] 

Fig. in. 



In a [U’ovioiis f-hapfer (§ 278) w(^ saw liow to cxprcHs the motion 
an tlu* right of tin* infiniU* flang(^ (tdg. (>I), in tcuans of the normal 
volor.itv of tlie iluid over tlu*. A, We found, § 278 (3), 

whoro (}) is proportional to 

If r bo t.lie distancj* bcjtwciim any two points of the disc, Ict is a 
small (|unntit}\ nml I - ikr approximately. 

“ - L (111 'r - '“JJS ■*') 

The first term dfjponds tipon the* distribution of the current. If 
Wf* su|>pc;He that d^jdn is constant, we obtain ultimately a term 
rej>ri‘sentiiig im imTeiist; imtrtia, or a correction to the length, 
e«|ual to H/f./37r. This wi*. have already considered, under the 
supposition of a piston at A, The second term, on which the 
dissipation depends, is ind(.*pemlent of the distribution of current, 


m 

m 

w 


R. IL 


I nied, Ann. t 12, p. 853, 1881. 
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hv.ing a fuiic.tiori of llu* total <airrrnf (A'l nalv. rffnfinnifr 
attealion to this t(‘nn, wo havo 

^ ( 2 ). 


Assuiuin/^^ now that (f) x wo hav*' for flo- prui of ih,* varia, 
tioM of pn^ssure at A, an whioli liissipatioo 

(.■(). 

Tha oorro.spoialin^^ work (|r»no iluriog a frao>fi-r of ||ui«i 
fi" V 

^ ***’■ '■'‘1"' - l'"<’ Ifj- J..j|fiiii,!| 

and kino.t-ic; onorgios an* 

y’ (4,, 

tho (H|nation (tf i»c»tiou (§ HO} 


.> A I . A o 
Zmi S 


in place* ot (‘ 1 ) § ROk In tho valuation of o an allowanoi^ ho 

imihided for the iiiorlia of ih.. jli,id oi, (!„■ ii-,d(! )t;iiid -.i.i.- of d. 
corroKpoiidiiig t.o l.ho Icnii ojaittcl in tin- .-qir-svioa fur hp. 

K(juutioti (.i) IK III the Ki.'iiidnrd fomi t'ur the vi!»ratiojH 
of diKsijiative .syKl.eins of one dej^rei- of jreedojn ix 4o|. The 
umplif,U(le varies iis heii.e diminished i„ (he ratio e; 1 

aftiT u time. e(inal to dim irr. If the piteh (determined liy »l he 
Kivon, the vihralioiiH have tin- ^'r-alevt p.rostenee when /• is 
HinallcKt, t.Iiat is, when the m-ek is nm^t eontraefed. 

If »S' lie given, we have on .siih.stitiiting for >: ii-, vuim- in fenns 
of /S' arid //, 

47 ro 477(1^ 

It-C «',S' “’h 

8h(!wing that under these I'in-nmsiaitfeH thed»jmtiou of sh- motion 

ixicreiiKCH rapidly as // diiidiiiHliCM, 

In the caw; of similar reHoiiators c x n \ ami then 

^TTfi I 
/dc n 

Kfjiiation (//) M ofilj &ppmxim&u*^ }aftKrf2iit*li iim iIi«* fi cailcin 

ftted on thf; «uppa»iiioa Umt the vihmticm iu imrnmmm ; hiil tiik will Iimil I0 rri 
m&termi error when the dwniimthm ih 
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which shews that In Uiis (!as(*. s;un(‘ [)r<)p()rti()n 2 il loss of 

amplitude always oocors ;Ll’t(*r lh<) laps^i of Uk*. .sjunc^ nurnlxa’ of 
periofls. This result may Ix^ ohUiiiuid l>y th(* laoihod of di- 
tiieiisioHs, as a c.nusfipKUHa* of prirKdiplc* of dynaniiical 

siunilarity. 

As n,a exaiujdi* of (5), I may r*(dhr to the: of a^loln; with 

a luadv, iut(‘U<h‘{i for hnniiiig phosphorus in oxy^aui gas, whoso 
cajmoity is onliir, feet [7i()0<^o. ], I(. was fonud by (^xpo.rirnioit 

that the note of rna.xiniiini resonaiua* ina(h‘ 120 vlhratioas [xu* 
st*c*(>n(l, so that n - 120 x "Irr. Takiii;^ tlu* vol(i<uty of sound (a) 2 it 
11:^0 feet, [:MdO() cent:.] p(‘r stsxind, wo llnd from thc^sti daia 

47ra‘' 1 . 

^ „ oi a second near! v. 

//■* o ;> 


Jud^diiy^ from the snumi produced when the jL(loh{‘ is Htruede, 
I think that this estimate, must ho io(» low; but It should h(‘ 
ol)SiTV(‘<l that the ;i]>.soiieo of tin* iulinih* Ihmgi' assuirnul in the. 
thc*orv must influfuier very materially the rat(‘ of <lisHipaliiou. 


will now oxamiiu* tin* forced vibrations duo. to a. souroc 
of sournl external to tho rosouator. If the. [)rossurt‘ fly; at the, 
mouth of tlio rosouator due to t ho soiircf*, i.<‘. (-ahmlafed on the 
supposition that the umuth is closed, ho tin* <u|uiitiofi of 

mntian corn. ‘sp* uni irig to (a), hut fipplioahle to tln^ fonasd vihration 
only, is 

. > /(/"* ft m l\t 

A' O'' O'" ( 7 ). 




A'.o: "A' i 

ztt 




If A - Ah where Ahds r«‘al, 


fni^ A',y 


r 

uS 


/r 


dlu* imixiamni vuriathm of prossunt (ft) insido thi*. ro.sonnhor 
is eoiinof'tofi with Ah hy ihoopuathui 


r; 




m 


since tho luaxiiiiUin ccondensiUiion, Thus 



which agrees with tho ef[iiation by Holniholtx for the 

case wliore the f!(#tntnmdf*:atioti with the c.xternal air in by a 
simple aperture {| "irifij. 1di<» pri'seub problmri in nearly, hub not 

j:i_2 

M 
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I I. 

quite, a case of that treated in § ‘hil, th(! diiFiu-i'tu'i* 
upon the fact that the coetHcieiit of il issi put ion in (7) in itst'lf* 
a function of the period, and not an absolut ely constunt (luuntitj. 
If the period, determined l>y /l^ and b* )(iv«*n, (fl) ,sh(>\v.s fJiat 
the internal variation of pressures (//) is a inax'innun wlim r --/uaV, 
that is, when the natural note of the resouatcir ( enb'.ulat crl wit hotit 
allowance for dissipation) is tli<i suim^ us that of tlio |(«‘i i(*n it inj^^ 
sound. The maxiinnin vibration, vvhiui the ooincidrnco of periodH 
is perfect, varies inversely as >S^ ; but, if A' hv small, a wry slight 
inequality in the periods is suffieicuit to rau.s<* u inarkod falling 
off in the intensity of the resoiuxiunt f§ ‘tfl). In tho jirueticii! 
use of resonators it is not a(lvuntagi*ous in (*arr}' the riMluctioii 
of A and c very far, probably b(?caus(‘ thr arrango-inrrils n«‘(u»Ksarv 
for connecting- the interior with tho (-ar cir otfirr stmsif.ivo ap“ 
paratus involve a departure from tlu^ suppusitious on wbic’h the 
calculations are founded, which b(‘C<)umH mort* and iiion: iinpfrtuit 
as the dimensions are reduced. Whmi the sonsitive apparatiiH 
is not in connection with tin; interior, ns in the oxjHTiiarut f#f 
reinforcing the sound of a tuniiig-f«)rk by luoaus of u reHtHiulor, 
other elements enter into the (iuestiou, ami a dislinct iiiV(*Htigaiion 
is necessary (§ 319). 

In virtue of the principle of reeipivKuty the invi-stigation of th«i 
preceding paragraph may be upplitul to cakuilaio tlie idii-ct of t% 
source of sound situated in the interior of a reKonuior. 

312. We now pass on to the furtlier diHcnHsion ef the pn/blem 
of the open pipe. We shall suppose* that Ih* open oud of tki 
pipe is provided with an infiiiitit flangi*, and that its dianH*ter 
is small in comparison with th(‘ wave-length rjf tlie vihratiori 
under consideration. 

As an introduction to the (|uestioii, we will fiirthor Huppiise 
that the mouth of the pipe is fithid with a fr(!ely moving’ j)istf)ii 
■without thickness and muss. The pn^cediiig from 

“which the present differs in reality but littlo, huvit M!r(’‘ady givciti 
us reason to think that the preHcnct? of the* pistfui will emm 
no important modification. Within the tube we suj)p>Ht* (§ 253) 
that the velocity-potential is 

(f) = (A cos ko) -h B sin kx ) .( I ), 

■where, as usual, h = 27r/)L == nja. At th e inou tli, where = 0, 

irf\ == kB 

\(Wq 




.( 2 ). 
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312 .‘ 


(:{). 


On tlie right of tin* pisl.on tlnj n^Iation l>oLw(‘.(‘U <;(!)„ and 

\(lx / (f 

is by § 302 

Ji l)(‘iiig‘ tho nulius of tli<‘ pip**. From this th(‘- solution of ilio 
proldorn may hct ohtaiiu'd without any n\stri<U/ion as to the 
sinallij(*ss of /r/l: sim^o, liowcvor, it is only wlnui kR is small 
that the presime^* of t.ln^ piston would riot luattu’ially modify 
the (pi(*stion, wo may a.s woll havit tin*, htmidlt of tin*, simplilioation 
at onc{‘. by takin^g as in ( I ) Ul 1, 

/dc/) ^ i'rrh'R^ H li’^ 

Ur I" 2 :i ’ 




(hr 


.(4). 


Now, siuca* the* piston orimpies no spaofi, the values of ((l(pld:r% 
must hcj the same on both sidi's of it; and simui there is no tnass, 
the like must he trtu* of the values of fJ(f)„(hT. Thus 


<S//‘ .krrm 
3 2 [ 


or 


.l.r kl{ 




Substituting i?i (I), we tlud ou rejecting tlui imaginary jiart, 
am 1 pu tti i ig f< ir br< • v i t y // I , 

Hkli 


• ’Uin Lr 


‘Itt 


eoH vim tit — A/f lih'im /»*;/; sin iht (0). 


Iii this expression the (containing siii cl(‘p<*riidH upon the 

dissipatimi, and is the same its if there were no piston, whih*. that 
involving Hkll/^lTT represonts the effort of tlie in{*rtiaof the (external 
air in the neigidiourhoo«i of ila* mouth. In onler to compare, with 
previous result.^, let. a be such that 

sin /iv: - vds hr ra sin k (*r, — a ) ; 

Aw 

then, the stpiareH of small (piantitieH lacing mcglecttcd, 

HU 



and 

(p = sin k {j'^^ a) v,i iH at — I Ih am kx hi n eL . . . . . 

These forniuhf! shew that, if the disHipation bc^ left out of account, 
the velocity-potenliid is tin* wwnt.t im if the tube were lerigthermd 


*(7b 

.(H). 
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by 8/*l7r of thct radius, and tin* ojaui ond thou lH*hav(‘{i as a loop. 
The amount/ of Uio <*orn*c:tion ugn-os with what provious invosti- 
gations would hav<‘ Ird us in oxpoct as (ho rostilt of tint intro- 
duction of tin*. |)ist<»n. Wi‘ havo soon n*ason to know that the 
true value', of a rH‘S he^tworn iTr/iand Hli IItt, and that tin* presenee 
of the j}iston do(‘S not alh-f^t tin* t«'nn repn*sonting the dissipation. 
But, before disc-.ussing our resedts, it will he advantageoms to im 
vestigate them afn*sh l)y a rather ditr(*rent nn^thod, whic'h besides 
being of somewhat gnsater g<‘neralitv, will help to thnnv light tm 
the meehanies of tin* (piestion. 

313 . For this jmrpose it will be ronv**nient- to shift the origin 
in the* n(.‘gativ(^ din^etitm to sucdi a distama* fnun the mouth that 
the wav(*H an* then* approximately plane, a., displafaunent which 
according to onr suppositions tieed not amount to mon* than a 
small fraction of t-he wuv(‘-!engt.h. The (liffitndfy of the tpiestiou 
corisists in finding the eonnection bet ween t he wav<%H in the pipe, 
whicli at a Hufhcfnmt distauf’e from tin* mottih are ]dane, and the 
diverging waves outside, whif’h at a moderate distance* may l>e 
tniati'-d as Hph(*rical, If the transition take plaee within a space 
srntdl compared with the wav(*dength, whi(*h it imist evidttnily do, 
if the diainetiir be small enough, tin* problem admits of Holuticin, 
wLatever may bcj the form of the pipe in tin,* m^ighbfmrhotxl of 
the mouth, 

KjK. ti2. 




At a point l\ who-sts distance from A is ^H^dcrate, the vehicity- 


potential is (§ 279 ) 




N 

II 

> 

(1). 

whence 

, (l+Ucr) 

dr r- 

(2). 


Let us consider the* behaviour cif the mass of air included be- 
tween the plane section at 0 and a Inunispherical surface whott- 
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313.] 


centre is A, aiul radius r, Ixiing large in (lomparisou with tlic 
diameter of tlu^ piiH), but small in comparison with the wavi^- 
length. Within this spac(i th(i air must movc^ «ipproximatcily as an 
incornpressibhi fluid would do. Now the eiirrent across the hcmi- 


spherical surfae 

EJ 


= Z'Trr^ , = 

dr 

= - ‘■Z-n-A '(\ + ikr) ii‘M-kr) ^ _ 27r/| ' . . . . 

('U 

if the stjuant of /»:/• Ix^ injgletd^ul. 


If, as b(;for(5j 

, wti tc'ik<i for the V(do(n‘ty-potential within the pipe 


= {A cos kx -1- // sin kx) 

(4), 

we have for tin; 

current acrt)ss tln^ S(.*etion at 0, 



crdf) ==,Tkll(r' 

(0; 

and thus 

crkli = — 2'7rA' 

(0- 


This is the first condition: tin* S(‘cond is to lx*, found from the 
considcjration that the total (uirrcnt (whos(*. f;wo vahn^s hav(‘. just 
been (tipiatj^d) is proportioiuil to tin* diffitnana*. of pote.ntial at tlu^ 
terminals. 1’hus, if c dimote the eonducdiivity of ilu*. paMsag <5 Ixi- 
tween the ttu'miual surfact^s, 


or 








r 


in 


■ A = ek/i 


I 

^ 27rr 


On substituting for A' its value from (b), mt have 

27rr 27rJ 

In this e.xpn*ssion the second term is iu»gligihle in comparison with 
the first, for c is at most a <|uantity of the. same order as the radius 
of the tube, and wlnm the mouth is mtich contracted it is Hmaller 
still. Thus we may take 

I ikr 




•(«)• 


Substituting this in (4), we have for the imaginary expression of 
the vcdocity-pot^mti^d within tlie tube, if li 1x5 put equal to unity, 

<p r= Inin kx + a‘h ^ (;oh km | 
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[ 313 , 


or, if only the real part be retained, 


, ( . , cr/.; , 1 , k-cr 

(^ = j Sin kx — - - cos kx j- cos nt — cos k.i 

^sin nt (9). 

Following Helmholtz, we may simplify our r(*sults 
a quantity a defined by the (‘([nation 

by introducing 

, 7 

tan ka— 

0 

(10). 

Thus 

, sin A; (a* — a) , /.:V , . 

6= ' ^ cos nt — (!Os lor sin nt .. 

^ cos ka ztt 

(11), 

and the corresponding potential outside* tin* mouth 

is 

1 

X 

'b ^ 

1 

II 

(12). 


If jR be the radius of thr‘ wo may ro|)lao(t cr by rrU'i 

When the tube is a simple eylinder, aud t ho origin lies at a 
distance AL from the mouth, we. know tiiat <rc * - AL + f^Ii, where 
/Lt is a number rather greater than .{tt. In smdi a eas(t (the. origin 
being taken sufficiently near the mouth) ka is a small <{uantity, 
and therefore from (10) 

a = ^ = A/. (1,*)). 

At the same tiiruj cos /ja may !>«* id^uit ified with unity. 
The principal term in 0, involving cos a/, may t.hen b(* calcu- 
lated, as if the tube were pn>longed, aud then* W(*r<* a loop at a 
point situated at a distance lH*yond tin* act\ial position of the 
mouth, in accordance with what wit found b<*fore. 3’hctHc* resulte, 
approximate for ordinary tubi^s, ]H^c<nne rigorous wdntn the diameter 
is reduced without limit, fric^tion being nc‘gh*c4;e(L 

If there be no Hange at A, th(*. value* of c is sliglitly uuKlified 
by the removal of what acts as an ob.struction, but the principal 
effect is on the term representing the dissipation. If we suppose 
as an approximation that the wav(*H cliverging from A are 
spherical, wo must take for th(j curnmt ^irfUl^ldr instead of 
^Trr'^d'y^jdr. The ultimate effect of the alteration will be to halve 
the expression for, the vek)city-x>otential outside thii mouth, as well 
as the corresponding second term in ^ (involving sinw^). The 
amount of dissipation is thus seen to chipend tnaterially on the 
degree in which the waves arc free to diverge^ and our analytical 
expressions must not be regarded as more than rfuigh cHtimatea 
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I 







fiik'f f j|j 

^ ^ il '* 

■>♦ i ♦■««! p8<«| 

.. 

■... ,.il}l ^ 

will B® 
:**;! lii|i nil. 

m:ir #. fc^ii 
^&,tl j i 
Tkmf^. i 

4 i. 


t #lgitl| mM 
Imi ill* 
fi, If »f 
fr«'i» i « 
if'Jf m^ 

4l ^il I# Wf« 

fii^ girfl '& 

^ 

Iff #ir i«l|^ 
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The correct theory of the open organ-pipe, including equations 
(11) and (12), was discovered by Helmholtzh whose method, 
however, differs considerably from that here adopted. The 
earliest solutions of the problem by Lagrange, D. Bernoulli, and 
Euler, were founded on the assumption that at an open end 
the pressure could not vary from that of the surrounding atmo- 
sphere, a principle which may perhaps even now be considered 
applicable to an end whose ojK3nness is ideally perfect. The fact 
that in all ordinary cases energy escapes is a proof that there is 
not anywhere in the pipe an absolute loop, jind it might have been 
expected that the inertia of the air ju.st outside the mouth would 
have the effect of an increase in the length. The positions of the 
nodes in a sounding pipe wi^re investigated experimentally by 
Savart- and Hopkins'^, with the result that the interval between 
the mouth and the neanist node is always less than the half of that 
separating consecutive nod(.;s, 

[The correcition ncci^ssary foi* an open end is the origin of a 
departure from the simphi law of octawes, which according to 
elementary tluiory would connect th(3 noUis of cdosiul and open pipes 
of the same length. Tims in th(i ai)pli(3ation to an organ-pipe let 
ceJi denote the corriiction for the upper emd when open, and I the 
length of the pipe iiKiluding the correction for the Uiouth at the 
lower end. The whohi (ifhictivc hingth of the open pipe is then 
l-hali, while the effecjtive h^rigth of the pipe if closed at the upper 
end is I simply. The <;f>en pipe is practically the longer, and the 
interval between the* noLis is less than th (3 octave of the simple 
theory ^ 

It may be worthy of niinark that the correction, assumed to be 
independent of wavc3-length, does not ilisturb the harmonic rela- 
tions between the partial tones, whether a pipe be open or closed.] 

314. Experinumtal (hitmaninations of the correction for an 
open end have gencjrally beitn rna<le without the use of a flange, 
and it therefore becomcis important to form at any rate a rough 
estimate of its effect. No theoretical solution of the problem of 
an unflanged open end has hitherto been given, but it is easy to 

1 Crelle, Bd. 57, p. 1. 1800. 

2 Bechercbes Hur les vibrations de Bair. Ann. d. Chim, t. xxiv. 1828. 

^ Aerial vibrationn in cylindrical tubes. CamhrUlffe. Trnnmctiom, Vol. v. p. 231, 
1833. 

^ Bosanquet, Phil. Mat), vn p. 63, 1878. 
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sec (§§ 79, -107) that, tin* iviiji*va! nf tlaiikt*’ ill ivihi.v ih** 

corm^tion iujiti*rially Maw tin* vaha 'V2 /» i UfliK A i, In thv. 

absciKUi of thctory I hav<' attrtuptni t.. flit- inliurjt.v 

of a llangt‘ (oxpcriiiu'iit ally*. or;,«'aij ItilM-. ij»'„isly • ii‘»HL"h in 

nuisoii with ont^ auotlno* t«» i^i v<- rtoiof ahb’ Im-.-u h v. rrr IiIm au iruin 

ail organ IxAlows ; tJir nf fit*' Hang'* 'ao. «h *!n<*< A Iimiu ih,. 

(litloTorua; in Uio ha*« jHriH’i«'N ‘»1 ih»* a»‘«'*n'»hng a * mI i1m* 

pipiis was flaiig<‘(l or nut. Tlir s'lOii-ohMU *hi»" i * ’?h«' t!an;.o*\v;tH 
about ’2/u A {j>rt»hahly iiiun- {nnUv«nili}i n-nj liliMn uf thb 

(ixporirni’ut by Mr l»o>.iin«{Urt {f w** .^uhfra*'! '22/^ 

from 'H'llt, wo, obtain ‘tJ/A wbioli may hr om abt*n| fhi: 

probabbi valuo of t in* cuiTurtiuu tor an unllany^ *1 u|M n »*ij«b mu ibj! 
supposition tliat tin* wavu lmigth in t(r» ;F m aMiop^ui -ui with tin* 
diannitor of tin* 

A tt.imiiptiS to (loturininr th** OMrifoi i*in rii!ir«’ly fiuin Mr-q^ riinimt 

liava; i\i)l b‘d hilhurt.o t«> voiy^ pm’i o* u':iu!l . Ijy 

Wortlntiiu” on doubly ujirn jdprs as .i inran (for * ;irh ond) 

//-, whib* for pipos open at ou'* * nd <»}dy fhr m* an lo-adl. \\:is 
'74() R In tAvo oaroful uxp«'ritii*'Ul by • on duuldy 

op(Ui piju'S tbo {‘orroct-iou for oui’ oud wa - alob /*. win u X 12 /(, 
and '043 R vvhon X --20 /«*. I#osuin|Urt lay . it tbovn an a g*'ii*Ta! 
ruhi that thi*. ooirrotion (uxpi’o«si-il a« a Ir-'niion *4 /ib inm'iintf's 
with tho rati<j of <liufnolor l«> wavr-b-ngfh ; pari »4 ihm iin*roa.s<* 
may hovvt‘Vi*r In*, duo. to tin* nmtual i'«*;n'!ion of fin* finin, whirh 
caiiHcs tho piano of hynuiiutry to brhav*' hk#- a rigi*i wadi. Winli 
the pip(* is unly inodorat.oly bmo di propfU'l iun lu if.M diaim'ior, a 
skafci! of tilings is approauhi^d wimdi may hr lOMr** m^rirly ro|iro- 
Honbal by the pri'sein'o than by llo’ alr-ouri' m! .i lianga”, ffln* 
compariHou of tln’ory and (d»i*rvafiou >01 tld.'^ siibjorf, a inalior 
of sonn^ dillinulty, i»f*rauM* wlnut tin* uoiT«'o-t ion j-n xinall, its 
as cahuilated from ub.H**rviUdun. in afri’of*'il by nmral.iiritii-.H m to 
idiBohite piteh and tin* v#*luc*ity uf hfoiiid, ^vlnh- for l.lio (*jm% wlirit 
the corroction is rolativrly lar|^er, wbieb MXjforiiiiriii ih inuro eoim 
potent to dim! with,ihore isat pruHoni no !!an#ry. Ib'ubably a jni.»ro 
accurate valuiMd' tho oorreetiuu eoiibi bo ol4.aiin?rl frorn a rosfiaiitor 
of the kind conHidercd in | .KlG, wdirre tlio noiniiiiiiiimtioit with 

^ P/iii. Maff, {ri| in. 4r4i, IH77. |Th»’ i!iirlkr4 of tli« Itincl art! 

tlioHd of (iriiHiii {Ann, (L Chtm, m. p. .^4, 1^71) -who #JitTwr<| ih'Ai !li«i nf 11 

largo UattKCj in pr«f«»rtitasal in th« iliamifli’r t>i thf? |«pn,) 

Ann, (L Chint, 13) L %%m. p. 33i, JHfil. 

» PhiL Man, (5) iv. p, 2la 1 h77, 
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the outside air is by a simple aperture; the “length'' is in that 
case zero, and the “correction ” is everything. Some measurements 
of this kind, in which, however, no great accuracy was attempted, 
will bo found in my memoir on resonance^. 

[Careful experimental determinations of the correction for an 
unfianged open end have been made by Blaikley", who employed 
a vertical tube of thin brass 2'08 inches (5*3 cm.) in diameter. 
The lower part of the tube was immersed in water, the surface of 
which defined the “ closed end,” and the experiment consisted in 
varying the degrees of immersion until the resonance to a fork of 
known pitch was a maximum. If the two shortest distances of 
the water surface from the open end thus found be li and 
(L — li) represents thci half wave-length, and the “ correction for 
the op(in end” is — The following arc the results 

obtained by Blaikley, expressed as a fraction of the radius. They 
relate to the sanKs tube resounding to forks of various pitch. 


r/ 

25:i-()8 

•r>65 

(/ 

817-40 

-.595 

9 

880-81 

•564 

6b' 

444-72 

oc 


507-45 

•568 

The mean correction 

is thus '57 6 li.] 



Various methods hav(^ been used to determine the pitch of 
resonators ex pcirimen tally. Most fn^cjuently, perhaps, the resonators 
have been made to speak afte.r th(.i manner of organ-pipes by a 
stream of air blown oblicpiely ac*.ross their mouths. Although good 
results have been obtained in this way, our ignorance as to the 
mode of acti(m of the wind renders the method unsatisfactory. In 
Bosan(|uets experiments the pipes were not actually made to 
speak, but short discontinuous jets of air wore blown across the 
open end, the pitch bcung estimated from the free vibrations as 
the sound died away. A method, similar in principle, that I have 
sometimes employed with advantag(j consists in exciting free vibra- 
tions by means of a blow. In order to obtain as well defined a note 
as possible, it is of imj)ortance to accommodate the hardness of the 
substance with which the resonator comes into contact to the pitch, 

^ Phil. Tram. 1871, Seo also Sondhauss, Pogg. Ann. 1. 140, 5B, 219 (1870), and 
some remarks thereupon by myself {Phil. Mag., Sept. 1870). 

I>Ml Mag. rol. 7, p. 3.'»9, 1879. 
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n low pitch re<iuiring a soft blow. Himh tin* [>itc’h <>1 a test-tube 
may be (letenriirie<l in a tiioiiH'iit by sti’ikiii,L( it agaiuHttln* bent 
knee. 

In using this method we niiglii- not ciitiivlv to <»V(nh)ok the 
fact that the natural pitch of a vibratiii.^ body is nltenid by a 
term depending upon the s{[iiart‘ of Iht* (ii>si pat ion. With the 
notation of § 45, the; fn*(juo.n<*y is diiniiiisfusl from u to 
w(l or if be tin* number of vihrafiun.s oxreuted while 

the amplitiido falls in the ratio c : I, from h (n 


The coiT(‘Ction, however, would randy bi* worth taking into 
account. 

The rneasnreriionts given in luy memoir '>u n*se>aa.nci^ were 
conducted upon a diheiviit priiiniple by estimating the not*; of 
maximum resonance. Idle ear was j dared in ouman miration with 
the interior of the cavity, while lln* <dirofiiaiie s^eah* was souiHled. 
In this way it was found possible, with a little [jraetiof* to (estiinate 
the piitch of a good resonator to about a (piarter of a semitone. In 
the case of small .fla.sks with b»ng nm^ks, to vvhi<*li the above method 
would not he applicabh;, it was Ibuiul siiHienmt merely to hitld the 
flask near the vibrating wires of a pianolbrte. Idle ivsnuani note 
announced itsedf by acpuvering <d*the. hedy of the flask, easily per- 
ceptible. by the fingiU's. In using this met heal it is important that 
the mind should be frts* from bias in .subdividing the interval 
between two con.s<tcutiv(^ s(ua it ones. When tin* theoretical result 
is known, it is almost impossibh* to arrivi* at an indcpeiulerit 
opinion by experiment. 


316. W(^ will now, follfAving Holmholtr*, <*xarniiio more closcdy 

the nature of thci motion within the pip<*, re]*resi'iik*d by the 
formula (11)§:113. We have 


where 


<f> = 


.( 1 ), 


^ Kiri2/,:(j:^a) /jV . 

c<js**/ra 47r^ 


m 


tfm& 


h‘a cos koL coH ks 
trrmn kin: — a) " 


( 3 ). 
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In the expression for L- the second term is very small, and 
therefore the maximum values of <j> occur very nearly when 
k {X — O:) = (— ?7Z -{- I") TT, 

or - — ^X — a (4), 

where m is a positive integer. 

The distance between consecutive maxima is thus -l-X, and the 
value of the maximum is sec- ka. The minimum values of i- occur 
approximately when k (x — a) = — mir, 


or —x = ^mX — a 

and their magnitude is given by 

(5), 

r., O 7 7 

jO- = -r „ COS- kx = — , cos- ka 

47 r- 47 r“ 

(6). 

In like manner, 




(7), 

1 7 , k (a* — • a) , 

where — h- ■ ‘ 7 ■ + -i- sm- kx 

cos- ka 47r- 

(8), 

^ k-(j cos ka sin kx 

tany = :, -,-7 . 

XTT cos k {x — a) 

(9)- 


The maximum values of J" occur when 


— X = ^raX — a ( 10 ), 

and the minimum values, when 

— x^^mX— ^X-- a ( 11 ). 


The approximate magnitude of the maximum is k- sec^ Jcol, and 
that of the minimum k^a" cos- ka — 47?'*^. It appears that the 
maxima of velocity occur in the same parts of the tube as the 
minima of condensation (and rarefaction), and the minima of 
velocity in the same places as the maxima of condensation. The 
series of loops and nodes are anunged as if the first loop were at a 
distance a beyond the mouth. 

With regard to the phases, we see that both 6 and % are in 
general small; and therefore with the exception of the places 
where L‘^ and J- are near their minima the whole motion is 
83 rnchronous, as if there were no dissipation. 

Hitherto we have considered the problem of the passage of 
plane waves along the pipe and their gradual diffusion from the 
mouth, without regard to the origin of the plane waves them- 
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KclvuH. All that, we have; as.smnc(l is that the ori^'in d' tlu- motion 
is somewhere within the pipe. \V(^ will now suppn.se that th(! 
motion is duo to the known vibration of a piston, .situated 
at x=-l, the origin of co-ordinates being at the mouth. Thus, 
when x = — I, 

-- (t / it (Id), 

(Lr 

and this must b(^ made* to (‘orrospond with tin- i'Xprcssion for thu 
plane wavt‘.s,g(*n(Ta!iz(*<l by tin* introduct iou of arbitrary amplitude 
and phase. 

W<^ may take 

■^J{Jr.uM»t.-C-x) (13), 

(i.r 

where ,/and % have the values given in (K), |!)), while H ami e are 
arbitrary, ('omparing (Id) and (13) we eoueliuli- that 

17 ens /.'a si n W 

tan c , ,, , , (Id). 

ZTT (•( 18 k ( / 4“ ) 

. f . .^ym kl (la), 

( (* 08 “ /rot 47r“ 

by which B and e are. dotiuaninod. 

Tn accordancuT with (12) § did, the eorrevponding divergent 
wave is repr(fsent(‘(l b}’ 

•vfr e.i )H ( — i — /rr) ( Id). 

^ 27rr 

If (x b(‘ given, B is greatest, wlu*n eon /• (^ 4- a) " that is 
when the piston is situated at an approximate nochx In tliut ease 

/i-,, , f/. .........(17), 

/ W ft til i.»/v 


shewing that the; magnitude of the resulting vibration is very 
great, though not infinite, .sin(u* coh /:2 cannot vanish. WhiUi 
the month is much contracted, cfw k% may bef^cunit small, but 
in this aise it is neceasfiry that the adjustment of ihtIocIh be 
very exact in order that the fimt term of (la) tnay be negligible in 
comparison with the Httcond. In orcliuary pipes (-.os/ra in nearly 
equal to unity. 

The minimum of vibration ocenm whem I is mu:h that 
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COS /c (Z + a) = ± 1, that is, when the piston 

that case 

G cos ka 


is sitiiat{‘.(l at; a loop. In 


(IH). 


The vibration outside the tube is then, according to the value of 
a, e(pial to or smaller than the vibration whic.h th(‘r(‘. would be 
if there were no tube and the vibrating platen \v<*re ma.de [)art of 
the yz plane. 


316. Our ecpiations may also be appliecl to th(5 inve.stigation 
of the motion excited in a tube by ext(u*nal soiirct^s of sound. 
Let us suppose in the first place that the mouth of th(‘. tulxi is 
closed by a fixed plate forming part of the yz ])lanc, an<l tliat tlu‘ 
potential due to the external sources (approximately (lonstant 
over the plate) is uiKhu* these circumstanc'.c.s 

‘yjr — II cos nt ( I ), 

where yjr is composed of th(‘. pot(‘iitial diuj to (‘ardi sourc(‘ a.nd its 
image in the yz plane, as explained in § 27<S. Insider th(‘. tidx* hd/ 
the pot(‘.ntial be 

<!> ■■= II cos kx (2), 

so that </) atid its differential coofticient ar(‘ corj tin nous ac.ross thc^ 
harrier. The phy.sieal moaning of this i.s simphe. Wc: imagiiu' 
within the tulxi such a motion as is ded/ormirnid by th<‘ cxindilaons 
that the v(iIocity at the mouth is ze.ro, and that tin* cond(uiHa.tion 
at the mouth i.s the .same as that dm*, to the Hourc(‘s of sound wlum 
the mouth i.s closed. It i.s obvious that undc^r tlHss(‘ circunnstancf^s 
the closing plate may be removed without any altei*ation in the 
motion. Now, howe.vcr, then? is in g(?n(?ral a finite? v(?locity at 
^ = — and therefore we cannot stippose the pipe to be? th(?r(! 
stopped. But when there happens to be a node? at x k tli^t i.s 
to say when I i.s such that [.sin = 0, all the conditions an? 
.satisfied, and the actual motion within the pipe is that <?xpr(?.ssed 
by (2)h This motion is evidently the same as tnight obtain if the? 
pipe were closed at both ends; and in external space? tin? potential 
is the same as if the mouth of the pipe were closed with the rigid 
plate. 

In the general case in order to reduce the air at ^ — Z to rest, 

we must superpose on the motion represented l)y (2) anothc'r of 


1 [An error, pointed out by Dr Burton, ifl hero corrected.] 
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t»h(^ kind inv<‘s(.igal.<*d iii § sn fi(*f.pniuuf»d as In t,n*Vf at ,r ^ ^ 

a V(‘l(>(!itiy i‘C|ual and (»j»]a»sin* to that uf thr tirsf. Thus, if the 
su‘eond uiotioii la* ^dvcn hy 


(/<p (Lr^ HJ ros {fit — t )(), 
\v(‘ have e + % = 0 , and 


IP 


S<'os“ kil ^a) 
I (!os''/'a 


. * 

f- . s!rr /'/ . 
477* 


//^^^siirZV, 


(:0. 


\Vh(*u siii /i‘Z==." 0, w<‘ havr, as ahnvi* explained, //-' Th«* naix'i- 
inuin value (jf H oceurs when ens /**(/ f a) t), find then 


// 


277 // 

t"(T 


( 4 -)h 


It ap|H‘ans, as might, have Immui exp»*(Ued, that the resenance is 
gi'eatest when the n*dueed lengt li is an edd inulti|>lr of JX. 


317, K nan the prineiph* that in th»‘ neigdihourhood ef a nufh* 
tin* inertia of tin* air d<»es not etane ntueli into jjlav’, we see that 
irj such ph'Mte.H tin* form of a lid>e is of little eonse!|uenefu an<l tliat 
only the c*apa(*ity need he atttmdcsi to. This fonsiflerat i<in allows 
tiH to ealeulate the pin*h of a pipe whieli is eyhnfirieal through 
inoKt of its length (7), hut near the rloM-d end «‘Xpands into a 
luilh i»f small eapaeity (S). Tin* ri'diiee*! length is flien evi» 
deutly 

/ * (I), 

whi*re a is tin* eorreeti(ui for tin* open ^nd, ami a is the area of 
the transverse seel ion of the eylitnirieal part. d‘his formula is 
often iisefui, nnd may he applied also wleii the rieviation from tin; 
eyiincirieal form d<M*H not take the shape of an enlargemenf. 

Wln*n the enlargiunent represented hy is tor* large ic» allow 
of tin.* above treatment, we may proeeeri as follmvs. lln* flissiiia™ 
tion being neglected, tin* velfH'ity-pdenfial in tin* tube may be 
taken he 

— Hiu /7{;r — a) am nf, 

tlni origin being at tlie mouth, whih* a \7rli approximately. At 
X = - we have 

4i—n sin (/ + agsin /if, 


and 


dj: 


k €OH /r (/ 4** oe) Cl m tti. 


^ CrdU, IM. llflHI. 
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Now the condensation is given by s = and the condition 

to be satisfied at — Hs 



dej) 

""da 


in 


if it be asBxinied that the condensation Avithin S is sensibly 
uniform. Thus 


8n‘^a'~" sin k (I a) = cric cos Ic {I ■+ oc), 

{jr, .since n = afe, 

t>mk(l^oc) = ^ .^.....(3) 

is the equation determining- the pitch. Numerical exainplcs of 
the application 0 )f Q) are given in my memoir on resonance 
(PIiiL Tram. 1871, p. 117). 

Similar reasoning proves that in any case of stationary vibra- 
tions, for which the wave-longth is several times as great as the 
diameter of the bulb, the end of the tube adjoining the bulb 
behaves ap)proxirnab{!lj as an open end if k8 be much greater 
than <r, and a.s a stopped end if kS be much less than or. 


318. The action of a resonator when under the influence of a 
source of sound in unison with itself is a point of considerable 
delicacy and importance, and one on which there has heen a 
good deal of confusion among acousdcal writers, the author not 
excepted. 

There are cases whore a resonator absorbs Bound, as it were 
attracting the vibrations to itself and so diverting them from 
regions whercj otherwise they would be felt. For example, 
suppose that there k a simple source of sound B situated in a 
narrow tube at a distance (or any odd multiple thereof) from a 
closed end, and not too near the mouth: then at any distant 
external point A, its effect is nil. This is an immediate conse- 
quence of the principle of reciprocity, because^ if A were the 
source, there could bo no variation of potential at B, The 
restriction, prechuling too great a proximity to tbe mouth, may- 
be dispensed with, if we suppose the source B to bo diffused 
uniformly over the cross section, instead of concentrated in one 
point. Then, whatever may be the size and shape of the section, 
there is absolutely no disturbance on the further side. This 
is clear from the theory of vibrations in one dimension; the 
R. IL 14 
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reciprocal form of the propc:>sitio]i — that whatever sources of 
disturbance may exist beyond the section, Jf'f'dc ==0—may be 
proved from Helmholtz’s forimila (2) § 293, hy taking- for the 
velocity potential of the purely axial vibration of the same period. 

It is scarcely necessary to say that, whenever no energy 
is emitted, the source does no work ; and this requires, not 
that there shall be no variation of pressure at the source, for that 
in the case of a simple source is impossible, but that the variable 
part of the pressure shall have exactly the phase of the accelera- 
tion, and no component with the pjhase of the velocity. 

Other examples of the absorption of sound by resonators are 
afforded by certain modifications of Herschel’s interference tube 
used by Quincke^ to stop tones of definite f)itch from reaching 
the ear. 


In the combinations of pipes represented in Fig. 63, the sound 
enters freely at .4 ; at it finds itself at the rnouth of a resonator 
of pitch identical with its own. Under these circumstances 
it is absorbed, and there is no vibration propagated along BD. 
It is clear that the cylindrical tube BO may be replaced by any 
other resonator of the same pitch ( 7 ), without prejudice to the 
action of the apparatus. The ordinary oxpjlanation by interference 
(so called) of direct and reflected waves is then less applicable. 



These cases where the source is at the mouth of a resonator 
must not be confused with others where the source is in the 
interior. If be a source at the bottom of a stopped tube whose 


^ Pogg. Ann. cxxvrii. 177, 1866, 
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reduced len^dh is t<h(‘ int-eiisihy at an (external point A may 
be vastly gr(^at(‘r than if there Iiad Ixhui no tnb(^. In fact the 
potential at A diui to the souna*, at B is th(i sattui as it would be 
at B were the soun*c^ a,t /I. 

319. For a (doser (‘xaini nation of tln^ intjchanics of resonance, 
we shall obtain the prohhan in a form disinnharrassed of unne- 
cessary diflieadties by supposin;^ th<i ntsonai/or to consist of a 
small circular |date, ba(‘k(*(l by a spring, and imbedded in an 
indefinite rigid plane. It was prov(‘d in a pnsvious chapter, (30) 
§ 302, that if M b(‘ the mass of th<5 plahi, ^ its displacement, 
the fbre.e of r(‘stitution, It tln^ ratlins, and cr th<‘ density of the 
air, the ecpiation of vibration is 

(jV+ j^4- ^ + = (1), 


where i^and an; pro[)orti(mal to 

If tin; natural period of viljration (tin; redaction of external air 
included) coineid(; wit.h that imposed, tin; (;(piation reduces to 

Ui(7Trk:^Ii^^ :^AF (2). 

L(;t us n(Av suppose* that F is dm; to an (;xt(;rnal source of 
sound, giving when tin* plat«; Is at rest a pot<;ntial which will 
be nearly constant over tin* area, of tin; plah;. Thus 

F " — op . TT /fP thro- , TT I (P . ‘yp'f, (3) ; 

so tliat TT It- i X' — 2{7r/; ^ ^ == i ( 4) , 

and the pot(;ntial <f> due to tin; motion of the plate at a distance 
r will be 

^ = -27r - = - r-^'I^UJcr (-4 

independent, it should be observed, of the area of the plate. 

Leaving for the present the case of p(‘rfect isochronism, lot us 
suppose that 

— 4“ ^ 4“ya=®0 (0), 

so that ^tt/Jc is the wavc;-longth of the natural note of the 
resonator. If ill' be writt(;n for the equation corre- 

sponding to (5| takes tin; form 


<j> as %jr, 


^~ikr ^ r 
'* ikr • L 


1 O-M' — 

I — 2iAf — -,57,, 

Trahrli* 


14—2 
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trolu whic’h w«- may inft‘r lit'tMrr fhai if // / i)i,. 

tlu* n*ho{iatf»r us a sunns* in .4' /X Whuu ili** acljust- 

iiicnt is iin|H*rfuf*t, tin* law uf lanin:,f uH' < 1 » iijH»n J/ 7 ^ ^ 

Thus if M' In* i^rrat and // Mnall, allliMiufh tlu* maxiiuuiu ftlichaiej 
of tJiiu n-suiiatur is uu h-ss. a r uf adjust ms.nt, is 

rt‘rjuin‘cl in uniur fu apiu'nafh ihu liia-uimna ij I!»k In thp 
uf rcsunaturs with siinplu a|»»'ilnis*‘ . 1 / - » sf* thar 

varies us It K Af'eurditij^dy isv-uualMrs with -juall apt-rfures re- 
quire t.he greatest, jU’erisiun uf laii thr ditihrenru is not 

iiupurtuut-. Fruia a eMui]*ariM<u ef thu jiruM-ni in\ igai.iun with 
that, uf :n i if appear- fhat t!e^ e. aelif iufj .. ,4’ «'ftiri«a{ey am 

clifferenf. aerunliug a- internal ur »'\n laad efh ris ar*’ eunsiflered. 

\\ e Will iiuw let urn fu tfje «*.}, ,*■ ».| r ' o *h r - »i i 1- 1 1 j and su|)|)n,se 
further that- flie external .'«Muree <4 viojiid ?m wldeh ih*' r»'s»aiutor 
4! respunds, is ihe mutiun uf a *^inidai plate //, wlius?- distuuce 
r fnun A IS a quantity hinfe in eMUipan ua waih th** diiuensiuns 
of till* plates. The inleii.-ify r,f /; umy he ^aqfpu.aal tn he sueh 
that its pc 4 entiat is 


Aerurdiiigly yjr r A: and iheivfhre hy fh| 

t> u. T 'U'.' -a, f' 

. i f:> 


.shewing that #11 eqmd distaifees lr<»m tlie'ir .suuri'ex 

f . e : il-r 

1 he reJutjun uf phasuH may ,he re-pfeHonfed by regarding the 
induf’ed viluvatjun a^ pruee»'dnig frum /| hy wav uf aiitl as 
hiungsnhjeet r.u an addifiuna! refardatiun uf | A. su that thi! whole 
reiiirdu-tiun hi*l.wei*n // and A is r 4- |x. In ru'^pert f4’ amplitude 
4 > is greater than %jr in thu laim uf | : /rr. 

1 liiiH wdnui Ir i.^ small, the ifidma-d vihniiiun is much the 
greatfTj and the tiitai sutind i^ murfi haider than if A were not 
pi.*rniitted in In fld.^ tunHe fjp* pha^ie in retiirded by a 

c|uarter nf a periud. 

It in impurtanf, Ut have a cdf^ur idea uf the cause of this 
aiigmeiitatioii ui Heairid. In a previurm ciiujiier {§ 2H0) we saw 
that, when /! in fixed, H given nut miieli less Sfuind than might 
at first hi4ve been exp<a’fe«| frum ihr^ {ireHsiire cJevcdtiped. The 
explanatinn wiia that tlof pttme nf tlie presHiiri' waa unfavourable; 
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the larger part of it is c‘.onc(‘rrie(l only in oviin'oining the inertia 
of the surrounding air, and is inetlectivci towanls the performance 
of work. Now th(‘ pr(‘ssuni which siits A in motion is the whole 
pressure, ami not nien‘ly the insigniticant part that would of itself 
do work. The rnof.ion of A is detcuTuimid l)y the condition that 
that component of the whole ])ressure upon it, which ha,s the phas (3 
of the velocity, sluill vanish. But of tin*, pressure that is due to 
the Tuotion of ^d, tin? larg(‘r ])art has tlui phastMif the acceleration ; 
and therxdon? th(‘ pn*se.ril)(*d condition niijuires a,n ecpiality 
between the small component of tiu* ])re.ssure due to ul's motion, 
and a ])ressure coni parable with th(3 large eompoiumt of the 
pressunt (hut to /i’s motion. Th(3 nisult is that A becomes a 
mucli nion* fiowinful soureo than .//. Of cours(.i no work is done 
by th <3 piston A ; its (dhjct is to augmemt tluj work done at ii, 
by modifying tin* otlH‘rwis(3 unfavourable ndation between the 
phases of tluj pressun^ atid f>f tin* velocity. 

The infinite plam* in the. pn^c<tding discussion is only required 
in ord(‘r that wet may find room bctln'rni it for our machinery of 
springs. If w(t an* conh^nt with still more*, higlily idealized 
sourci*s ami r(*sonatc»rs, w(* may dispc.nse with it. d'o (tach piston 
must be. added a duplicate*, vibrating in a similar manmtr, but in 
the; opposite* directi<m, tin*. (tflt;(‘,t of whicJi will be to make; the 
normal velocity of tin* fluid vanish ()V(;r tin; plane A/i, IJndetr 
tlietsc* (u'rcumstances tin* plane is without irdlucnci; and tnay be 
removc-d. If the sizi* of the platies be; r<;dnf;e*d without limit they 
bee^onn; it!timah*Iy c*(|uivahtnt to simple sources of fluid; and we 
€*oiiclude; that a sirnpk; Houre*u B will Ixtcomc; mon; efficient than 
b(;fore in the ratio of I : /.’c, when at a small distance c from 
it there is allciw<*d to operate; a .simpli; nvsonator (as we may call 
it) of lik«‘ piteth, that is, a source in which the ineu’tia of the. 
irnrnediat(*ly surnnineling fluid is compeiMsakKl by some ade(|uat(; 
machinery, and which is set in motion by external caiiscB only. 

In the prt;senfc stat;; of our knowledge of the mechanics of 
vibrating fluids, while th<* difficulticH of deduction are for the 
most part still to be; overcf^me, any simplification of conditions 
which allows progr(*HH to be made, without wholly destroying the 
practical charac^ter of the (jue.stion, may be a step of great 
importance;. 8iich, for exarnple, was the introduction by Helm- 
holtz of the i<lea of a source concentrated in one point, represented 
analytically by the vioktion at that pcant of the equation of 
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continuity. Pt-rhaps in like mannor tin- id* a nf a siniplu 
nator may bo msofuk tin* thin;^^ wmilfl In* .still more 

iinpo.ssil)lo to const mot than a simph* st»un*«\ 


320. \Vr hav(* s<‘on that tln-n' is a LU-i*at a!i;4nif*ntat i«ai of 
Honmi, when a suitably tum-d rosMoalnr is cIms^* to a .simple 
Kouna*. inoro is tins tlio(*ast-, whon iIh* sour***- of sound is 

compound. Tht* potential due t** a dotibh- seurer is 324 ) 

rf /ir ! 1 : J ( 1 ). 

If the resmiator be at. a siiiali distonee r, 


^ ^ ih- 

and thondore the potential due te the resonator at a <iistanee is 




ikr^ H r e7. o • ‘ r 


If vanish, the resonator is wiihout effi-rt : bui ulnij/x,, - + 1, 
that is, when the n'sonator lies on the axis of the dotible source, 
W(‘ have 

' <•»>• 


At a di.staiaa: from the double siuircj- its poteiitial is 




I liUH We utay <ainskier that the p^aenfml iliji’ to the resonator 
is greater thaii that due to the doulde souree in the ratio /Ad : 1, 
tin? angular variation being flisregarded. 

A vibrating rigid sjdiere givisn the same kind ftf motion to the 
surrounding air ana fimible smiree sil.urded at its eenire ; but the 
Bubstituiion suggesti'<l by this fact in only permissilde whim the 
radius of the sphere is small in coinparison with c: otherwise 
thi^ pnwrnca; of the sphere moclifii’S the actirin of tin* resonator. 
Kevertlnde.sH the precu'ding investigation shewK how powerful 
in general the* acthm nf a resonator is when placed in a suitable 
pfssition (doFuj to a coiupiumd stiurcf* soinifl, whose character 
is such that it would of itsidf |>rialucf! but Httle effect at a 
distant.*. 
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One of the best examples of this use of a resonator is afforded 
by a vibrating bar of glass, or metal, hold at the nodes. A strip 
of plate glass about a foot [-10 cm.] long and an inch [2'5 cm.] 
broad, of medium thickness (say inch [*32 cm.]), supported at 
about 3 inches [7*(j cm.] from tiic ends by means of string twisted 
round it, answers th<‘ purpose very well. When struck by a 
hammer it gives but little sound except overtones ; and even these 
may almost br^ got rid of by choosing a hamincir of suitable softness. 
This deficiency of sound is a consciquencc of the small dimensions 
of the bar in comparison with the wave-length, which allows of the 
easy trarisfereiic(i of air from one sidi? to the other. If now the 
mouth of a resonator of th(* right piteh^ be held over one of the 
free ends, a sound of eonsidiuuble f(>rc(i and purity may be 
obtained by a w(*ll-managed blow. Iii this way an improved 
harrnonicon may b<‘. construct id, with tones much lower than 
would bf‘ practicable, without nisonators. In the ordinary instru- 
ment the wav(.>I(*ngths an^ .suflicifintly short to pcirmit the bar to 
communicate vibrations to the air independently. 

The rciriforc(‘.ment of tlu; sound of a bell in a well-known 
experinuint due to Havart- is an (ixample of the same mode of 
action; but pi^rhaps the most striking instance is in the ar- 
rangement adopted by llelmholti^ in his experiments roepuring 
p)ure tones, whicih an? obtained by holding tuning-forks over the 
mouths of rcisonators. 

321. Wh(in two simphi niSonators Ai, An, separately in tune 
with the sourc(i, are close together, th(i cffijct is less than if there 
were only one. If the pobuitials due? respectively to Ai, A^ be 
4>ip we may tak(*. 

/ 1 

Let li represent the distance AiA^, and the potentials 

that would exist jxt A^, An, if there were no resonators; then the 
conditions to determine A,. An are by (5) | 319 

-+■ AJ Ji ^ + ifcAi) 

*^3 + AJ + ifcA^i ) 

^ To get the beet offoct, tho niouth of the rononator ought to be pretty close to 
the bar ; and then tho pitch ia decidoclly lower than it would bo in tho open- The 
final adjustment may be made by varying the amount of obstruction. This use of 
resonators is of great antiquity. 

^ Ann. d, Chim, t. xxiv. 1823. 
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Sin(‘.(^ //*7t is siuail, tin* cirfct is nmrli !»•>< tlnui if tlH*n‘ wm.t 
only on(‘ resonator. It unisi ht* ohs»T\*'(l huwcvor that, the 
<liminishi*d (*fVecf iv<*ne,ss is duo to tie* fuator'- put tine (jnc 
another taif. of tune, and if tin- tendna-y 1 h- aonipmsafetl hy an 
alt<‘ratioij in t.lie sprin;^, any nunther of re>uiiator^ noar loorther 
hav(‘ just tin* effoet of 'Fhf- jioinf i-*. i!lusfraf*^d hy § ‘i02, 

wh(U*(’ it will }>e seen CPii tliat thott;^di tie- n -tuianee doos not 
depend upon tlu^sizi^ of tie- pial»\ si ill tie* iiirrlia of lie* ;ur, which 
has Ui he cfcnpensated hy a sprint, dot s fie|H>iid upon it. 


322. It will he propf*r to >ay a fow ws.iak in this place (ui 
an ohject.ion, which has hi*en lu’oti^^lif forwaj'd [y iJoNaiepiet* as 
ptjssihly invjdidating the usual »*aleulat inn'- of fin* pin*h of re- 
Honators and of the eorreruion to the h nofh of oroan- pip^^.. When 
fluid fl(ovH iti a steady '-tr»ctni thfouoli a hole in a thin plate, tht‘ 
inotij)n on the low pressure side is hy no tneans of character 
invcsiigMt(*d in | 3Ufi. Instead rif divergittg after passing the hole 
so UH to follow the surface of the plate, ihe fluid shapes ifoelf into 
an appHixinuilely cyllitdrical jet, whose ficun for the «*ase nf two 
clirneitsioiiH can he (’aleuluted front fonnulte given }iy Kirchlioff. 
On tin* high pressure ^ide the uiofion doe> not deviate so widt-ly 
fnun fluit dctoriuined hy theeleetneal law. In like tuantier fluid 
passing «mtvvard.H from a pipe e»uit inues to niove in a cyliutlrical 
stream. If the external presstire he thi* grertfer. the cliaracter of 
fJu! imttiftu is different. In this ra>e ihe hfreain lines eonvtu’gc* 
from all dirts*lionH to fhe moutii id’ the pipe, aj'terwards gathf*ring 
ihcnnsclveH into a parallel Ifundle, whose seeijon is e»uisidcriihl}' 
less than that of the |>ipe. It is r'h*ar tliat. if the fununiion of jets 
t<Hik pla(*c t,o any c.oiisidcrahlc exfiuit during f lu* passiigit of air 
through ihe mouths of rcHtmators, our cahmlationH of pileh would 
have? to he .serif msly unwIifii'fL 

Thf* preeisf- conditionH undf-r winch jets are foriui-d is a subject 
of great (h*licac,y. I i may f*vf*n la* i huihfed whet tier they wi »ul«i fKtciir 
at all in frieiionlchs. flnkl moving with velianiieH so Hinali that the 
corrifHponding prcHHuren, which an* pniporliorial to th** Hipiares of 

* Phii, Mtuff, Vol. IV. |i, I*ia, IH77. 

^ Phii. May, Vol. II. |i. 441, l«7il 
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the velocities, are iiiconsiderahle. But with air, as we actually 
have it, moving under the action, of the pressures to be found in 
resonators, it must be admitted that jets may sometimes occur. 
While experimenting about two years ago with one of Konig’s 
brass resonators of pitch c', I noticed that when the corresponding 
fork, strongly excited, was held to the mouth, a wind of consider- 
able force issued from the nipple at the opposite side. This effect 
may rise to such intensity as to blow out a candle upon whose 
wick the stream is directed. It does not depend upon any pjeculiar 
motion of the air near the ends of the fork, as is proved by 
mounting the fork upon its resonance-box and presenting the open 
end of the box, instead of the fork itself, to the mouth of the 
resonator, when the effect is obtained with but slightly diminished 
intensity. A similar result was obtained with a fork and re- 
sonator, of pitch an octave lower (c). Closer examination revealed 
the fact that at the sides of the nipple the outward flowing 
stream was replaced by one in the opposite direction, so that a 
tongue of flaine from a suitably placed candle appeared to enter 
the nipple at the same time that another candle situated 
immediately in front was blown away. The two effects are of 
course in reality alternating, and only appear to be simultaimous 
in consequence of the inability of the eye to follow such rapid 
changes. The formation of jets must make a serious draft on the 
energy of the motion, and this is no doubt the reason why it is 
necessary to close the nipp)lc in order to obtain a powerful sound 
from a resonator of this form, when a suitably tuned fork is 
presented to it. 

At the same time it (h)es not appear probable that jet forma- 
tion occurs to any app)reciable extent at the mouths of resonators 
as ordinarily used. The near agreement between the observed and 
the calculated pitch is almost a sufficient proof of this. Another 
argument tending to the same conclusion may be drawn from the 
persistence of the free vibrations of resonators (§311), whose dura- 
tion seems to exclude any important cause of dissipation beyond 
the communication of motion to the surrounding air. 

In the case of organ-pipes, where the vibrations are very 
powerful, these arguments are less cogent, but I see no reason for 
thinking that the motion at the upper open end differs greatly 
from that supposed in Helmholte’s calculation. No conclusion to 
the contrary can, I think, safely be drawn from the phenomena of 
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of an open pipe in order to bring about agreement with 
the simple formula (8) § 255 amounts to as much as 
very much greater than the correction (1*2 ii) necessary for a 
simple tube of circular section open at both ends. This dis- 
crepancy is sometimes attributed to the blast But it must be 
remembered that the lower end is very much less open than the 
upper end, and that if a sensible correction on account of deficient 
openness is required for the latter, a much more important correc- 
tion will probably be necessary for the former. Observations by 
the author^ have shewn that this is the case. A pipe fitted with 
a sliding prolongation was tuned to maximum resonance with a 
given (^256) fork as in Blaikleys experiment (§ 314). It was then 
blown from a well-regulated bellows with measured pressures of 
wind, and the pitch of the sounds so obtained was referred to that 
of the fork hy the method of beats (§ 30). The results shewed 
that at practical pressures the pitch of the pipe as sounded by 
wind was higher than its natural note of maximum resonance ; so 
that the considerable correction to the length found by Cavaill4- 
Coll is not attributable to the blast, but to the contracted 
character of the lower end treated as open in the elementary 
theory. In order to estimate the natural note an even larger 
correction to the length ’’ would be required. 


The rise of pitch due to the wind increases with pressure. 
Thus in the case referred to above the pipe under a pressure of 
1’06 inches (2*7 cm.) of water gave a note about 2 vibrations per 
second sharper than that of the fork, but when the wind pressure 
was raised to 4*2 inches (10*7 cm.) the excess was as much as 11 
vibrations per second. When the pressure was raised much 
further, the pipe was “over blown” and gave the octave of its 
proper pitch. This, of course, corresponds to another mode of 
vibration of the aerial column. 


It remains to consider the maintaining action of the blast. 
The vibrations of a column of air may be encouraged either by 
the introduction of fluid at a place where the density varies and 
at a moment of condensation (and by the similar abstraction of 
fluid at a moment of rarefaction), or by a suitable acceleration of 
the parts of the column situated near a loop. Since the blast of 
an organ acts at an open end of the pipe, it is clear that here we 



^ Phil. Mag. m. p. 462, 1877 ; xiii. p. 340, 1882. 
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hav(* to do with tlu* lattor altoniativo. Tho slirot of wind dirooted 
across tho lip of tht‘ pip«‘ is easily doiloctod. WOkoi diiriii«»' the 
vibration tin* ext(‘rnal air tends to «*nt.er the pipe, if teirries the jet 
witli it inont or less <‘oniplet.fIy, Half a periocl later wlnai the 
natural flow is outwanls, the jet is didlectrd in the eorrespondiug 
direction. In (‘ither case the jr‘t eiiee»ura,iy«*s the prevail ine- niot ion 
and t.luis renders possible (In* nndnt enaiiei* of the vihi-afion. 

For ready spee(‘h it is neeossary that the sle*et «(f wind l)e 
actnirately a.<ljust.e(L Hut S(*hneeheli‘ has sln-wn that when the 
vibration is oikm* started there is more latit\ide. In an (^xperi- 
nient.al arraneeuient the Jet was so adjtisted as to pass (Uitirely 
out.sidi'. t in* pipe. I aider thesf r*irennist anei's ihi*re was failure 
t,o .sp<‘a,k until by a teiuporarv strong blast direef ofl upon it from 
outsid(t the jet was iient. inwards to I hr prttper p«*sit ion. The 
pipit (hen spok<* and f*ontinued in aeticui until by a prrssnn* in the 
r(‘verse direc'tioii tin* jet was briit haek. The motion nf tin* jet 
may la*, made apparent with the aid of smoke or bv means of 
a pi(*(‘,e of tissue ]>ap(*r held so as to vibrate with it. Both 
Sehn(*(*heli and H. Smith" insist upon a e«unparison hf*tW(‘en the 
jf‘t* and t.he ton^nn* of a re<*d oreaiopip<*. but f in- moiles of action 
appear to In* essentially ditlen-nt. 

dim above view of the matter, whieli is t hat adopted by 
V. Hebidmlfx in tin* fourtli eilition of Ids p;reat work, appeaj's tu be 
sat isfaet(U*y as a ^enrral expla?iation of the maintenance of a 
contimnsl vibration, but it cannot bt* re^ar<l»*d ar* completi*. In 
matters r>f this kind practirr in usually in arlvanf*e of theory; 
atid many general ions nf praetieal men have broujL(hf the or|/an- 
pifM* to a hi.L,dl dearer of rxr*elh'nrr. 

Anotln*r vi<*w that has hern favourably entertained Iiy many 
good tmtliorities rejL^anls the pipe as im'rely reiufbreing by its 
reHonanc'c a smmd primarily <hie to tin* fHetion of tin* ji*t playing 
against the lip, and there seem?- to In* no doui*t tliaj, sonndH may 
thus originate''. Pi*rhapH after al! tiiere i.^ le-s difiVrenct! than 
might at first appear between tin* two views, and the latter may 
be especially appropriat.e when tin* initiation of the Hound ratlier 
titan its maintenance is under <’*msidera!i<in. A dt'taiif*d diHcuHsion 

^ />///. Ann. Bfi. |>. aoi, IhIL 
- Natun% lH73, iH74, 1875. 

Ho.' fc‘i exiAiiipk McUlff’H Akti^ftk, |i, 25‘i; HorelliieiHH Ann. ici. IM, 
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of the question will bo found in an essay by Van Schaik^ For a 
fuller explanation \v(‘ must probably await a bettcii* knowledge of 
the mechanics of jets. 

322 b. The: character of tint sound (nriittcid from a pipe 
depends upon tlui |>r(‘se‘nce or absence of the various overtones, a 
matter which rcfiuires further consideration. Wlnm a system 
vibrates fre<dy, tin; ov(‘rton(;s may be harmonic or inliannoTUC 
according to the natur(‘ of the syst(un, and th(^ comj)osition of the 
sound depends upon the initial circumstances. But in tln^ case 
of a maintained vibration likti that now befon*. us the iriotion 
is strictly ])erio(lic, and the ()V(irton(‘s must be harmonic; if ))r(;sent 
at all Tht^ frt.Mjucmciy of tlie whole vibration will corrcispond 
approximately with that natural to the.* [>ipe in its gravest mode% 
but the; agrcieiiKUit betw<;en the; jutcli of an audible oveu’tono and 
that of any fr<;e vi])ration may lx; much l(;ss close*. ^Fhe strength of 
any overtom; thus (l(‘pends upon two things: first upon the extent 
to which the maintaining forces ]h)ss(;ss a (;ompon(;nt of the right 
kind, and st‘condly uporj tdu* d(;gre(; of approximalaon between the 
overtone; and some* natural tom; of the vibrating body. In organ- 
pipes th<* sliarf)ne;.ss ed* the* Uf)j)(;r lip and the; comparative; thinness, 
of the .sh(‘et of wind an; favourable to the; proehictieni e^f overtones ; 
so that in narrow open pipe‘H v. Helmholtz was able* to he!ar plainly 
the; tinst six part iaJ t(m(;s. In wid(;r op(;n pip<;s, on the other hand, 
the agi‘e<*im‘nt l>etwe‘(‘n i.lx* ()V(;rtom‘S and the; natural tom,;H is le;BK 
close. In f:ems('([uem;o, pipc;s of this class, (;spe‘<;ially if of wood,, 
give; a softer epiality of sounel, in which l)(;sieh;s the fiindamentai 
only the; octave; and tw(*lfth are; to be*. d(;t(*(;t(;d*t 

Whem a bed4d(; 26), or a spherical resonator, is blown by 
wind after the; rnanrutr oi' an ox*gan-pipe, there are no natural 
tones in tin; m;ighbotirhood of the harmonics, and the resulting 
sound is almost free^ from overtone^H. 

322 c. When two organ-pipes e>f the same pitch stand side 
by side*, eornpiicatioriH emsue which not imfrequcntly give trouble 
in practice*. In e;xtr(‘me; caHe;H the pipcis rmiy almost reidtico one 
anothtii* to sihmeu;. Even when the mutual influence is more 
moderate, it may still go so far as to amna the pipes to speak 

^ Ueber die Tmerre<juntf in Labiafpfeifen. Rotterdam, 1891. 

Wo are not now Mpeaking of “ over blowing.” 

^ Tonempjindungen, Fourth edition, p. 155, 1877. 
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in absolute unison, in spite of inevitable small natural differences. 
The simplest case that can be considered is that of a pipe, along 
the median plane of 'which a thin resisting wall is supposed to be 
introduced. If this -wall occupy the whole plane, the original 
pipe is divided into two, independent of, and perfectly similar 
to one another. And the pitch of these segments is the same 
as that of the original pipe, fluid friction being neglected, since 
during the vibrations of the latter there is no motion across 
the median plane of symmetry. But the case is altered if the 
wall be limited to the part of the plane included within the 
pipe, for then the two vibrating columns are free to react upon 
one another. The system as a whole has two degrees of freedom — 
we are not now regarding overtones — and free vibrations are per- 
formed in two distinct periods. The first of these is character- 
ised by synchronism of phase between the vibrations of the com- 
ponent columns, and the pitch is accordingly the same as before 
the separation into two parts. But in the second mode the 
phases of vibration of the component columns ai*e opposed, so 
that the air which escapes from one open end is absorbed by 
the contiguous open end of the other part. In consecpience the 
correction for the open ends ” is much diminished in amount, 
and the pitch in this mode is correspondingly raised. So long 
as the motion is free, temporary vibrations in both modes may 
co-exist, and would give rise to beats ; but it does not follow 
that both can be maintained by the blast. This would indeed 
seem improbable beforehand, and experiment shews that after 
the first moment the vibrations are confined to the second 
mode. The contiguous open ends act as opposed sources, and 
but little sound escapes, although within the pipes, and indeed 
outside in the immediate neighbourhood of tlicir mouths, the 
vigour of the vibrations is unimpaired. Effects of the same 
kind are produced when two distinct but similar pipes are 
mounted side by side, and under the influence of the blast the 
compound system may vibrate in one mode only, in spite of 
small differences of pitch between the notes of the pipes when 
sounding separately^. 

322 cZ. Direct observation of the state of things within a 
vibrating air column is of coarse a matter of great difficulty, but 


^ Fmceedmgs of the Musical Association, Dee. 1S78. 
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interesting results have been obtained by Tbpler and Boltzmann \ 
calling to their aid the method of optical interference to meet the 
difficulty arising out of the invisibility of air and the method of 
stroboscopic vision to meet that arising out of the rapidity of the 
changes. The upper end of an organ-pipe, closed by a thin plate 
of metal, was provided with sides of worked glass projecting above 
beyond the metal plate, and by suitable optical arrangements inter- 
ference was produced between light which passed above and 
below. The space above being occupied by air at normal density 
and that below by air in a state of increased or diminished density 
according to the phase at the moment, the interference bands 
undergo displacements synchronous with the aerial vibration. 
Observed directly these displacements would escape the eye ; but 
by the aid of a fork electrically maintained and provided with 
suitable slits (| 42) the light may be rendered intermittent in a 
period nearly coincident with that of the vibration, and then the 
sequence of changes becomes apparent. From the observed move- 
ment of the bands it is possible to infer not merely the total 
change of density from maximum to minimum, but the law of 
the variation of density as a function of time. 

When a pipe of large section was but moderately blown, the 
change of demsity at the node amounted to *009 of an atmosphere, 
and the law was very nearly simple harmonic. Under a greater 
pressure of wind the simple harmonic law was widely departed 
from, the bamls shifting themselves almost suddenly from one 
extreme position to the other. In this case the amplitude of the 
first overtone (the twelfth) was about one f[uarter of that of the 
fundamental tone. The whole variation of density was *019 
atmosphere. 

322 e. In some experimental investigations a form of pipe 
more completely symmetrical with respect to the axis has been 
employed-. The lip is constituted by the entire circular edge of 
the pipe as defined by a plane perpendicular to the axis, and upon 
this an annular sheet of wind is brought to bear. A similar 
arrangement is adopted in the ordinary steam whistle. 

Another way of applying wind to evoke the speech of small 
pipes has been experimented upon by Sondhauss^ and the rationale 

1 Pofjg, Ann, cxli. p. 321, 1870. 

2 Gripon, Ann, d, Chptnie^ iii. p. 384, 1874. 

* Pogg. Ann, xci. p. 126, 1854. 
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. is even less understood A. tube entirely open at one end is partially 
closed at the other by a plate of wood or metal 2 or 3 mm. thick 
and pierced by a cylindrical aperture with sharp edges (Fig. 63 a). 


Pig. 63 fl. 

-■■■ a 
a 


To set the pipe into action it is only necessary to insert the open 
end into a reservoir of wind. For rough purposes when- it is not 
required to register the pressure nor to preserve a constant tempe- 
rature, the mouth suffices, and the sound may be evoked either by 
pressure or by suction. The cylindrical aperture may be replaced 
hy one of conical form, but in that case the wind must flow from 
the narrower towards the wider end. The sounds tabulated by 
Sondhauss vary from a' to y®, corresponding in all cases to proper 
tones of the tube. 

The whistling sounds of the unaided mouth are evidently of 
this class, the adjustment of pitch (from about c" to c®) being 
efiected mainly by varying the internal capacity (§ 304^). The 
formation of sound in whistling is sometimes said to he connected 
with a vibration of the lips, but this appears to be a mistake. I 
have found it possible to whistle through a suitable conical aperture 
in a piece of box- wood held tightly between the lips. 

The occurrence of vibration may be taken as evidence that 
the steady flow of air through the passages in question is unstable. 
Contrary to what occurs in the organ-pipe and 'in sensitive flames, 
the deformations of the jet would seem here to be of the symme- 
trical sort. There is perhaps a tendency alternately to follow and 
to depart from the course marked out by the walls. 

322 y An important part of our present subject relates to 
the maintenance of vibrations by means of heat^ and it will be 
possible to give at least a general account of the manner in which 
the effect takes place. In almost all cases where heat is com- 
nounicated to a body expansion ensues, and this exparsion may be 
made to do mechanical work If the phases of the forces thus 
operative be favourable, a vibration may be maintained. 

An instructive example is afforded by Trevelyan’s rocker, con- 
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sisting of a mass of iron or copj)er, so shaped that during vihration 
the weight is alternately carried on one or other of two adjacent 
and parallel ridges. When the instrument is heated and placed 
upon a block of cold lead, the vibrations persist so long as the heat 
remains sufficient, ‘‘ Sir John Leslie first suggested that the 
cause of these vibrations is to he found in the expansion of the 
cold block by the heat which flows into it from the hot metal 
at the points of contact. Laraday h Seebeck-, and Tyndall^ have 
adopted this explanation; and they have shewn that most of the 
facts that they and others have ascertained respecting these 
vibrations are easily explained upon this view of their cause, 
supposing only that the expansion is sufficiently great to produce 
any sensible effect. Forbes ^ on the other hand, after an extensive 
series of experiments, was led to reject Sir John Leslie’s ex- 
planation, one of his principal reasons for doing so being the 
inapossibility, as it appeared to him, that the expansion occasioned 
by so slow a process as the conductionL of heat could produce any 
sensible mechanical effect.’’ 

Davis, from whom ^ the above sentences are quoted, has 
examined the question mathematically, and has shewn that the 
explanation is adequate. It is evidently important that the 
lower body should possess a high rate of expansibility with 
temperature. In this respect lead stands high among the metals, 
and rock salt, which Jyndall found to answer well, is even more 
expansible. 

The objection taken by Forbes may be met by the reply that 
the conduction of heat is not a slow process when small distances 
and masses are in question; and the special repulsion invoked by 
him as the basis of an alternative explanation would be of 
unsuitable character in respect of phase. It is essential that the 
phase of the force should be in arrear of the phase of the negative 
displacement. 

In an experiment due to Page® the vibrations are made 
independent of an initial difference of temperature, the local 
heating at the points of contact being obtained with the aid of an 


1 of Roy ^ Inst. vol. ii. p. 119, 1831. 

2 Po^g. Ann. 7 ol li. p. 1, 1840. ^ PM. Mag. voL viii. p. 1, 1854. 

Phil Mag. 7ol. iv. pp. 15, 182, 1834. 

® Phil Mag, voL xiv. p. 296, 1873. 

^ Silliman’s Journal^ vol. ix. p. 105, 1860. 
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electric current caused to pass from one body to the other. In 
this arrangement there is no contraction in the upper body to be 
deducted from the expansion in the lower. On a similar principle 
Gore^ has contrived a continuous motion of a copper ball which 
travels upon circular rails themselves connected with a powerful 
battery. 

322 But the most interesting examples of vibrations 
maintained hy heat are those wdiich occur when the resonating 
body is gaseous. ‘'If heat be periodically communicated to, and 
abstracted from, a mass of air vibrating (for example) in a 
cylinder bounded hy a piston, the effect produced will depend 
upon the phase of the vibration at which the transfer of heat 
takes place. If heat be given to the air at the inonierit of greatest 
condensation, or be taken from it at the moment of greatest 
rarefaction, the vibration is encouraged. On the other hand, 
if heat be given at the moment of greatest rarefaction, or 
abstracted <at the moment of greatest condensation, the vibration 
is discouraged. The latter effect takes place of itself (§ 247) 
when the rapidity of alternation is neither very grciat nor very 
small in consequence of radiation; for when air is condensed 
it becomes hotter, and communicates heat to surrounding bodies. 
The two extreme cases are exceptional, thcnigh for different 
reasons. In the first, which corresponds to the suppositions of 
Laplace’s theory of the propagation of sound, there is not 
sufficient time for a sensible transfer bo be effected. In the 
second, the temperature remains nearly constant, and the loss of 
heat occurs during the prooess of condensation, and not when the 
condensation is effected. This case corresponds to Newton’s 
theory of the velocity of sound. When the transfer of heat takes 
place at the moment of greatest condensation or of greatest 
rarefaction, the pitch is not affected. 

If the air be at its normal density at the moment when the 
transfer of heat takes place, the vibration is neither encouraged 
nor discouraged, but the pitch is altered. Thus the pitch is raised 
if heat be communicated to the air a quarter period iefore the 
phase of greatest condensation ; and the pitch is lowered if the 
heat be communicated a quarter period after the phase of greatest 
condensation. 


1 Thil. Mag, vol. xv. p. 519, 1858 ; vol. xviii. p. 94:, 1859. 
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In general both kinds of effects are produced by a periodic 
transfer of heat. The pitch is altered, and the vibrations are 
either eiicouraf^ed or (liswnirnged. But there is no effect of the 
second hind if the air concerned be at a loop, i.e. a place where 
the density does not vary, nor if the communication of heat be the 
same at any stage of rarefaction as at the corresponding stage of 
condensation h’’ 

Thus in any problem which may present itself of the main- 
tenance of a vibration hy heat, the principal question to be 
considered is the ‘phme of the communication of heat relatively to 
that of the vibration. 

322 L The sounds (•.rriitted by a jet of hydrogen burning in. a 
pipe open at both (mds, \V(?r<i noticed soon after the discovery of 
the gas, and have been the subject of several elaborate inquiries. 
The fact that the nokis luo substantially the same as those which 
may he clicitcid in otlicjr ways, e.g. by blowing, was announced hy 
Chi acini, h^araday- provcid that other gases were competent to 
take the place of hydrc)g(‘n, though not without disadvantage. 
But it is to Sondhauss” that we owe the most detailed examina- 
tion of the cii'cuinstanccsH under which the sound is produced. 
His exporinionts prove tlui importance of the part taken by the 
column of gas in l.h<; tuln^ which supplies the jot. For example, 
sound cannot lx; got with a Huj)[>ly tube which is plugged with 
cotton in the neighbourhood of the jet, although no difference can 
be dc‘tect(Kl by the v.ya between the flame tlius obtained and 
others which are c‘,onipetenb to exdt(3 sound. When the supply 
tube is unobstructed, the sounds obtainable by varying the 
resonator are lirnit(;d as to pibdi, often dividing themselves into 
distinct groups. In tint intcuwals between the groups no coaxing 
will induce a maintained sound; atid it may be added that, for a 
part of tint interval at any rate, the influence of the flame is 
inimical, so that a vibration started by a blow is damped more 
rapidly than if the jet wore not ignited. 

Forms of resonator other than the open pipe may he employed, 
and sometimes with advantage. Very low notes can be got from 
spherical resonators, such as the largo globes employed for demon- 

^ Proc. llcy.Xmt, vol.vni. p. 636, 1878; Nature, vol. xvin. p. 319, 1878. 

Quart. Jonrn. Net. vol. v. p. 274, 1818. 

^ Ann. "val cix. pp. 1, 4:i6, 1860. 
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[;]22 h. 

strating the coxnhusf.ioti of phf>s|!jlM inis hi ox vL(»'n i(a A 
of this kind gJWti in its natural condit if ai a aiifl |j5|i«- Ihih* <jf 

()4 vibrations ])(n- socond. Wlnai if wa*^ wiili a tatirrr mid 

narrower inmk formed fn»iu a pasIt'K^ard !ub»*. tie- ealrulafcd 
fre(|uen(ty hdl to 25, and the vibration^. fliffUid^ viLetrMU' ‘ iiouirh to 
extinguisli th(‘ flame, were hardly andihle. \\ h»“n \i i to 

(‘.xeite V(!ry d(u*j) sounds, the su|>|>iy fub«' ;!e)ul‘i !>*• niatli* 
(ionsid(‘rabl(i hmgth, and the oritiee muNf imt !»»• imioh cun- 
tnictiKl. 

Singing flames may soinet iine> ropla**** *'i»-ef rif-all i maintained 
tuning-forks for the produeiinn fif purf' ^ wh^m 

(jonstancy of piUdi is nf)l iiisif-ti fl ii|M(n. In «»r»t r !»» avoid 
progr(‘Hsiv(* (leterioration <ff tin' air, i* i- .'mIvj abh' Ot uhj: a 
la^sonator ojxm abov** * as well as loluw. A bidlffois eliinmcy, 

s\udi as ar<‘ often usfd with paratlln lamp*, ne»'ls t!ii' rot|nin., 
numt, and at the same time emits a p!ir»- Imioo Hr an *fdierwisc 
cylindi'ieal pipe may l>c? blticketi in thr midfib* l»y a ioM-idy 

As Wheatstotie shewed, the intennit tern**' ef a an;pn;ij fliiae is 
easily made manifest by an fASfdllating. f>r a re** olun,j, ndrror, A 
more minuta^ mxnmination is b«*.'»t etFerfed |»\ fh«- andioscopic 
method, § 42. Drawings »»f the t raie-tbriuaf najs ihnH fdis.'rved 
hav(} heem givam by Tfipb-rb frf>m wldeh if appears tbaf at one; 
phase tln^ flame may withdraw itsidf enf jj-dy '.Aihui tin* Hiipply 
tubm 

Vibrations <*apable nf In-ing maintainrd ar^- umI alrt.’iVH selb 
starting. The initial impulse njay be ip\i n t»\ a blow ud* 
minist(*red to tin; resonator, by a ip'ijt!*- bla.a djn-f’ted mnmn 
the month. In tin* striking exp«Tinienf s f*f .S*'!fo.!!h»rM'li and 
Tyndall*’’ a flame, pn.*viousiy respond- fo a Mciiid in unison 

with its own. In some eases thi' vibratifms lbjn4 iniuafod to 
such intensity as to extingiush t in* flame, 

The expfU’iments id SoinlliauHs shew that :i, rebition.Hfiip of 
proportionality Hulmists Imtwmen the liuiglhH of the mpply tiihcH 
and of the soumiing (^olumiiH. When the naliire of iht* git» m 
varied, the same supply tube beiiig retniiii-d, fh«* iipoui lengths of 

* PhiL Mttfj. val. vn. |i. M!l, iHlil, 

® Amt, vob cx^viit, |i. 121^ 

® >Souud, Brd edition, |i, TM, 
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the speaking cohunris an^ approxirnattily as the s([uar(‘ roots of the 
density of the gas. A eonneetion is thus estahlislusl bcitwoeri the 
natural note of a su})])ly iulx* and the notcis wliieh can be sounded 
with its aid. 

Partly in eons(5|uene(‘ of the p<‘culia,r and ill undcu-stood be- 
haviour of flani<‘s, ;uh 1 partly for otlna* n^asons, tln^ thorough 
explanation of tln^ pln^nonunia now nnd(‘.r c*.onsid(‘ration is a , matter 
of some difHcully ; hut tln^n*. ean ho, no doubt that they fall urKhir 
the head of vibrations maintained l)y hea,t, tin; hc^at Ixdng coni- 
niuihcated periodical!}' to the mass of air cordim^d in the sounding 
tube at a places wherij, in tin? (‘.oursti of a vibratioti, tlui pressure 
varies. Althougli souk* autliors hav(i slunvii a hmdency to lay 
stress upon tint efi(‘(*t.s of tin* dratight of air througli the pipe, the 
sounds, as \v(^ havi* s«‘en, can la*, readily }>rodu(u*d, not only when 
there is no through dnmght, but (wen when the llaiue is so 
situahsl tliat there, is n<^ s(‘nsible p(‘riodi(; motion of tlu*, air in its 
neighbourhood. 

In conse(pience (d’ {,1 h*. variabh* pr<*ssure. within tlie n*sonator, 
the issiut of gas, an<l th<*refore tlu^ d(*.velo|)m<*nt of luiat, variciS 
during the vibration. Plu^ <jUe.stion is und<‘r what (‘i rc urns tan e,es 
the variation is of {.lut kind n(‘cessary for tlu^ niaint(mancc‘< of the 
vibration. If we were to supposi*., as we might at first ho irudined 
to do, that the issue* of gas is gr<*atesh when tluj pr(‘ssure in the 
resonator is lejist,, and that tin* phase* of greatcist clevelopment of 
heat coinchhis wit-h that of the; gr(‘att*Mt issue of gas, we should 
have the condition of things the; most unfavourahhi of all to the 
persist(‘.uc(.^ of tlut vibration. It is not difficult, however, to see 
that beith suppositions an* ineorns’.t. In tint supply tube (sup- 
posed te; be iu)j>lugge.d, anfl of ne>t too small bone) Htatie>nary, or 
approximate*ly stationary, vibrations arei excitejel, whose phase is 
either tluj same or tla^ opposite* of that of thc^ vibration in, the 
resonate)!’. If ihe^ huigth of the* supfdy tulx*- from the burner to 
the open end in the, gas-geuntrating flask lie less than a ({uarter of 
the wave-leiigth in hydrogem of the; actual vibration, the greatest 
issue of gas prr.cedeH by a epiart^er period thc! phase of greatest 
condensation ; so that, if the (hivcdopinont of heat is retarded 
somewhat in comparison with the issue of gas, a state of things 
exists favourable to the*, maintenance of iho sound. Some such 
retardation is irievihible, because a jet of inflammable gas can 
bum only at the outsi<le; hut in many canes a still more potent 
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(*MUS(‘ luuy 1 m* found in tin* fiu*f that durin-^ tin- n'fival of lint gas 
in tha supfily tulM* sniall ipiantitios of air may frnm the 

int.<*rior of Iho r<‘>«>nator, \vlio>i* ox*|Md‘»!on iiui-'f ho <-Ur«‘h'd hofo^e 
t.h(* inlL'tinmaldr ^as ('an ai(ain lo-gin to o.-f-apo. 

If flu* l<*n,L(th of (ho ''Uppl> tuho aiiMMUil.- lo oxaotly oiu; 
(puirfor of tiu* wavodorioth, tho •■tationary \ll)ra!ion within it will 
h(‘ of su{*h a c’hara<‘t(‘r (hat a nodr i- toiniod at I ho hunirr, t.ln^ 
variahh* part of (lu* prr-^>urr ju-( in ido tho hurmT h« iijg (la^saiur 
as in flu* int.orior of iho rrvt>i,ator. rnd<T llu',-o (*iroum.'4aiicns 
than* is nothing to makr tho flow of ga.-, or ih** flov«'lopmont of 
boat, variahh*, and tlu*rrforo tho vihrafion oamioi hr mainlaiiutcl 
Tin’s partioular raso i- frrr fnan oanr of tho difiionitios wlunh 
a-ffarh fhoins»*lvrs to tho gria-ra! proftlrin. attd iho oonrlu-ioii is in 
anconlanor with SondhaU'> oh-* rvat iom , 

\Vlu*n fho ‘»aipply tnhi* is voinru haJ Iona* r than a puartnr (d‘ 
flu* wavo, tlir motion of tho gan is matrriallv dilforout from that 
first’ tlosorihrd. insirml of prrurding, tho groair-t (Uttward flow 
of' gas follutrs at a »|iiar{rr poriod int' t'od fh*- pha^r of grrat«'sti 
oonfloirsal ion, and thorriofo if tho do\. lopmrnf «*!' boat h«* sonut- 
whaf rotardod, tin* wholr rffrrt is Hiif;i\onrahlo, Tins sfalt* of 
things continuoK to provail, as tho supply (uho Irngt honi'(h until 
tJu* longfh <»f half a wavo ro/irhod. aftor uhioh flu* motioii again 
nhangoH sign, so as i(/ rostoro flu* possihility of maintunanco. 
Although flu* sixr of tho tlaino and hs posjiion in tho fnho (oi* 
nook of roMmatort an* ruU wiihtuil iiitiuono.-, ilii .. wko|r*h uf fhn 
tlioory is suflirirnt to rxplairi tin* faoi . formtdn t od hy Sotitlhauss, 
tJiaf tin* prinripa! oloinrnt m flu* i|Uosfi»ni is fhr longtli of ilu* 
supply ltd)o. 

322/, Anotlior phonoim nou of'ihr rlass now uiufor ronsidnra- 
f.i<»n of'f’UuHionally ohtrndos itsolf upon l!ir fiotj(‘r of giassAjhavtirs. 
Wlu'U a Indb about 2 rin. in diamoirr is blown at, ilu* oial of a 
.sonunvliat narrow tulu*, 12 or Iar*ni. long, a ‘’^ound is sonu‘iiin{*H 
heard proei’<*ding from tho hratod glas.^*. For oxjiorimuiif.al piir- 
po.sc*H it is well to usr hard glasH, wldoh am aftoiwvards In* rohratud 
at ple.'tsiire without losing ifs Mhapo. As wan found liy fh* la Rive, 
the* production of .soinui is fariiila.trd liy f.lio pri'sriu'u of vapour, 
eK|H*f!iaIlj of alei>hoI mid i*ther. 

It wuiK |m>ved by Sondlians.H* that a vilnatioii of the glass 


* Jnn. viil. LXXI1I. p. 1, iH.vn, 
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itself is no essential part of the phenomenon, and the same 
indefatigable observer was viay successful in discovering the con- 
nection (§§ 30^1, 309) b(itween the pitch of the note and the 
dimensions of th(5 apparatus. But no adeejuato explanation of the 
production of sound was given. 

For the sake of simplicity, a simple tube, hot at the closed end 
and getting gradually coohu* towards the open end, may be con- 
sidered. At a ([uarter of a period before the phase of greatest 
condensation (which occurs almost simultaneously at all parts of 
the column) the air is moving inwarfis, i.e. towards the closed end, 
and therefore is passing from coldm* to hotter parts of the tube ; 
but the heat rec(dv(3d at this moment (of normal density) has no 
effect either in encouraging or discouraging the vibration. The 
same would be tnu^ of the (uitirii operation of the heat, if the 
adjustment of tempi u’atun* werii instantaneous, so that there was 
never any sensil)le! diffm-ence Ixitween the temperatures of the air 
and of th(‘ neiglibouring parts of th(‘ tube. But in faet the 
adjustnumt of temperature takes tittle^ and thus the temperature 
of the air deviates from that of tlui neighbouring parts of the 
tube, inclining towards the tmnpcu'ature of that part of the tube 
from which th(‘, aii* has just come. From this it follows that at 
the phase of grijatest condensation h(.*at is received by the air, and 
at the phase of gniatest rarefaction hc^at is given up from it, and 
thus there* is a tendmuiy to maintain thi*. vibrations. It must not 
be forgotten, iiovveviir, that apart from transfer of heat altogether, 
the conderis(.‘(l air is liotter than the rarefied air, and that in order 
that the whole, cffci^t of Inait may b(i on the side of encourage- 
ment, it is necessary that previous to condensation the air should 
pass not merely towards a hotter part of the tube, but towards a 
part of th(j tube which is hotter than the air will be when it 
arrives there. On this acfa>unt a great range of temperature is 
necessary for tint maint(manc<‘. of vibration, and even with a great 
range the inHumice of tluj transfer of heat is necessarily unfavour- 
able at the closed c‘nd, wlierc the motion is very small. This is 
probably the reason of the advantage of a bulb. It is obvious that 
if the 02 ')en end of th(i tube were heated, the effect of the transfer 
of heat would be evmi more unfavourable than in the case of a 
temperature uniform throughout. 

322 y. The last example of the production of sound by heat 
which we shall here consider is a very striking phenomenon 


ZrVl sorNDs nisrovEHKi) lUZZ j. 

(lis(M>V(*rc(l by Wln-n a of fin*- lai-fallir 

st^n^tnhin^ anross Uia l»nvrr |>art f>f a mho npf^n a! Inah onds aral 
h(‘!d V(‘rti<;allv, is h«*a,b*d by a ^^as ilaua* |>lara*fi iiiaior if, a sound 
of oonsidi*rabl<* powor and la.stiuLf for srvi'ral >»'t*ouris is «#b^rrvod 
almost immt‘diaii*Iy u/b'r ( la* ftmioval of I ho tiaiuo. I iifforino in 
this r'(‘S|)(Md. fnmi th«* caso of souoi-ftus tlaruo*- li ‘i22). tin* ^ouiora- 
tioii ol‘ soinid was found by Iiijko to bo olnody oonuooioti with tin* 
fonnataoii of a through dran)^ht impinL(in;4 upon tin- hoalod i,uur/.o. 
In tJus form of tin* oxporimont tho boa! is -ouii absiraoird, and 
th(‘n tho sound ooasos; Imf by korpino tlio ; 4 au/.o liof })V tin* 
curr«‘nt from a poworful galvanio bat lory Ki jko wa*- a!4o to t>btaiii 
tin* [»ro!on^aJ ion of tin* sound for an indotinilo pr-rind. 

Those notes may bo obtann d up*»u a larpje 'oalo and form a 
V(*ry (‘ffot-tivo loofun- ovjM rimrnf. h‘or thi^ purpM>»' a oast iron 
f>ipo a loot, { 1 0*2 (‘III. ) loir^ and 4 itjehos i i2onoi in cliainolor may 
Ih* (•m{)loyod. ddio i(au/.o {ii*on wire^ i- «d' aboni *12 nn ^ho- to tin* 
linear itndt C2'a4(*m.). and may advanta'^oraiviy br* u^od in tw<^ 
thif’kin’sso.s. It, may bo mouldo(i with a banumr^ on a oironlar 
wtHnloH block ofsoiuouhat smaller dianton*r than tliaf id’ the pipe, 
and will Ihon retain positiiin in the pip?' b\ frieti«,n. When it 
is rlesired tr^ pro{lm‘e the s»nunb the tran/*’ oap^ ar** pushed up 
th(^ pip(* to a (iistain'e 4»f alHiut a foiU (dtl aem. r and a o;m flaun* 
from a largt* r«is«* bunn’r i-n adjusted underneath at vuoh a h*vel as 
to Ittsii fin* ^auxe to briobf redness. Is»r ibis purpose the ver- 
ti<%'i! tubi* o| the lamp ‘^ln*u!d In* pndon^^o'fi, if nei*essarv. by an 
additional h*nt(tli of bra^s lubino, Wlnm a ijood red heat is 
attaincnl, tin* flame is surkbudy n im^vef}, eiibrr by withdrawittg 
the lamp or by stopping the supph of In about a secmid 

thi* sound )>e^dTtH. and presently rise- to nnrli infensiry a- to shake 
the room, after whic-h it padiially dies away. The whole dural ion 
of the sound nuiV ]»e ainmt In seeurid-- . 

In discussing tjn* »juestinu of mainlenain*** in aeronlanee with 
th(* vdewH alrf'ady exp]aine»i, %ve }ia\‘e to examine the eharacLm’ of 
the variahle eommunieation itf heat from fin* i^au/.e to flu* air, 
S«) far as the (aijniriunicatioii is atleeieci direidly by variaiiouH of 
|)resHure or tlensity, tlie influeiifa* is lui favourable, inasmiieh as 
the air will recudve. less Iteat from the i^mixe when its own teni“ 
pf*rafcun‘ is raised by eonflensation. The iifninienaina? rh‘pr*nds 

^ Amt, vol evil, p. /Vn7. v<il xvn. |i. I tin 

^ F/fiL Mug. voL vm p. 
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upon the variahl(‘ transfer of luiat (hui to the varying 'fii.otionH of 
the air through tlu^ gauz<‘, this motion h(‘ing c-om pounded of a 
uniform mof>ion upwards witli a motion, alternatcdy upwards and 
downwards, dm* (o tln^ vibration. In tin* low(;r half of the tulxi 
these motions conspin* a (jmult'r p(u-iod th(rphas(M)f greatest 

eornhaisatiou, and oppose (un* anotln*!* a, (juartcu* p(‘.riod after tlnit 
phase. Tin* ra,f<* of transfer of ln*at will d(‘p(tnd tnainly upon tln*, 
teinpera.tun‘ of tin* aii* in eontacd. with tlnj gauze, being great(*,st 
wh(‘n tluit femperatun* is lowest,. Pcudiaps tlie (*a,si(*.st way to 
tracer the mode of a(‘tion is f,o begin witli the ease of a simple 
vibration without a. steady eurn‘nt. (Frnhfr tln^sc* e.ireumstanees 
the* whoh* of tin* air whi(*h eonn's in eontaet with the metal, in 
the course* of a com])let(* peidod, b(‘comes h(‘at(‘d ; and aft(‘.r this 
state of things is esfablisln*d, tln*re is <tomparativ(*ly little further 
transf(*r of heat. Tin* effe(!t of superposirjg a small stcjady up- 
wards current Is now easily r<*cogniz(sl. At tln^ limit of th(i 
inwards motion, i.e. at ( he plias<; oi' gn‘ate.st c.ond(‘nsation, a small 
quantity of air comes info eontaet with tin* nudial, which has not 
done so bt*for<*, a,nd is ae(!or<lingly (^ool ; a.nd tin*, heal, (^oinmunicabxl 
to this (|ua.ntity of air aef.s in tin*. m<»st favourabhi mamuir for tin*, 
mainb'iuuna*, of tin* vihradion. 

A <put(* flifferent result cnstu‘S if tln^ gatize. lx* ))Iac(‘.d in the 
half of the tube. In this cast? the fr(*sh air will come into 
the fi<dd at fdn* nnuiient of gn*at<‘st nir(da(d,ion, when the commu- 
nication of heat lias an unfavourabh* iiisbtad of a favourable^ 
effecd/, 1110 prijrn*ipal noli* of the tube thenjfon* (‘a/nnot be 
.sound(^d. 

A complementary pln*nom(Uion discovered by Bosscha^ and 
liiess^ may be explained upon the same principles. If a current 
of hat air imping<t upon cold gauze, sound is produc(‘d ; but in 
ordci' to obtain the primdpal note of tln^ tube the gauze must Ix^ 
in the upper, and not as before, in the lower, half of the tube. In 
an experiment due to Rie.s.s the sound is maintained indefinitely. 
The upper part of a brass tulx? is kept cool liy water contained in 
a surrounding V(*ssel, tlirough the bottom of which the fcubci yiasscs. 
In this way tiu* guuzft remains comparatively cool, although 
exposed to the heat of a gas flame situated an inch or two below 
it. The i^xperiment Hometitmjs succeeds better when the draught 

^ /%f/. Ann, voL cvn. p, 342, 1850- 
Pofjiif. Ann, vol. cvm, p. 553, 1859; cix. p. 145, 1800- 
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is checked by a plate of wood place<l somewhat closely ov(3r the 
top of the tube. 

Both in Rijke’s and Eie.ss’ experiments the v'ariabhi transfer of 
heat depends upon the motion of vibrati(ni, while the <‘.fifect of the 
transfer depends upon the variation of ])r(;‘ssure. The g’auze must 
therefore be placed where both offijcts are sensiblt^ i.o. neither 
near a node nor near a loop. About a quarter of the length of 
the tube, from the lower or Ti})i)er (aid, ns tlie ease m.ay be, app(urs 
to be the most favourable positioid. 


322 L It remains to c<jnsi(]er brietiy another class of main- 
tained aerial vibrations where the inaintenane(‘ is provided for by 
the actual mechanical introduction of fluid, taking (*ffeet ;it a node 
and near the phase of rnaxiniutn comkuisation. 11 -known 
exarnpiles are afforded by such reted iustnunents as the darin(*tte, 
and by the various wind instruments actuat<!(l diixuttlj by th(^ lijiH. 
The notes obtain (jd are d(i;( 3 nnin(.id in the main liy the amial 
columns, modified, it may !><% to sonu^ (‘xieiit by tlu^ maiiiiainirig 
applianc(iS. The retvis of the liarinouium and organ eonut under a 
(liffcu’ont head, Thci pitch is there ckd-ennined almost (uitindy by 
the tongues themselves vibrating under their own elasticity^ 
resonating ah* columns being eitlnu’ altogcsther absemt or {ilaying 
but a subordinate part. 

In the instruments now unde.r discussion tins air eolumn and 
the wind-pipe are conncicted by a narrow aperture, which is opiened 
and closed periodically by a vibr*ating tongue. Tonga (.;s are 
distinguished by v. Hclmholt;^ as in-l)(uiting and out-beatiug. 
In th(.i first cast^ the passage is opened whem the tongu<‘. moves 
inwardH, i.e. against the wdnd, as happens in the clarinette. Lip 
instruments, such as the trombone, belong to the sticond edass, the 
|)assage being open wbcm the lips ai*e moved outwards or with the 
wind. 

Let us consider the case of a cylindrical pipt^ ojaui at the 
further end, in which the air vibrates at siieli a pitcli as to make 
the qxiarter wave-length ccpial to the length of thii pipe. The end 
of the column where the tongue is situated thu.s coincides with an 
approximate node, and the aerial vibration can be maintained if 
the passage is open at the moment of grc3ateHt condensation, so- 


^ JProc. Hoy, Imt, vol. viii. p. i5B6, 1879 ; Nature^ vol. xviii. p. U19, 1878. 
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323.] 

Ill orcl<‘r to sol VO ibis o(|n;itioii, wo iniiy ol)S(‘rv(^ that when r 
is vi‘ry groat, tho nii(hllr‘ t.orm is rolativol}^ and that 

then the sedation is 

™ ( 5 ). 

Thc! sanu‘ I’onn may bi‘ assiunod in hold good tor tlui complete 
eipiation (4). if \v«‘ hmk upem A a.nd H no longt'.r as e.onstants, but 
as fiuic*. lions of wlofse* nat.ure is to Ik^ det<‘rniined. Substituting 
in (4), we find lor /i, 

I, 7,rf +^/ (itrr «->■ 

Let US a,ssiuuo 

// IL 4- //, (//rr) ‘ 4™ “4- ... + (7), 

and sulhstitute in (b). Ke|uating to zm-o tin* (uiedhifufuit of 
W(‘ obtain 

j .. n { H t 1 ) - s is f I ) ,.(//— S') ( n “b s 4" 1 ) . 

2(.v.fl) 

'i’luis /e, — {ii + 1 ) liii, 

„ ,, (/( - l 1 (/' + 2 ) (// - I ) n (n -I- I ) (n + 2) .. „ _ 

2.2 2.4 '” ’ 

HQ thali 

n nU "(« !- 1) («- l)...(/-4-2) (7/-2)...(«4-3) 

Ji = yf„ 1 14- ^ s- 2.4. (ikr f 2 . 4 . (i . {ikrf 

1.2.3...‘2;(. 1 , 

^ * 2 . 4 . (5 ... 2» . ('t’/'r)") ' 

Dciu.t.ing ttiUi Pmf. SUikcH* t.h<; Hwic.s within bmckntK by 

fn ('^/rr), w(j have 

/{■--.ILfniikr) (10). 

In lik(‘, manner by changing thet sign of i wo g(it 

(11). 

The symbols /L* anfl though indoperHhmt of r,are functions 
of thf^ angular co-ordinatirs : in tho most gen(?ral ciise, they arc 
any two spluTical Hurlaci! liariaonicH of order 71 , L([uation (5) may 

thereh>re bi.j wriitt*n 

ryjrn - 4- (— ...... (12). 

^ Oa til© Cfittaimaiciitiofi of Vibnitioin* from a Vibriitaig Body to a surrounding 
6a8. FhiL Tram. IBIIS. 
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n 2 :;. 


i>v clifT»‘n*ntiutinn of (12) 


when* 


r i itr)— ^ r f\ c // /• L. . ,C I .‘i ), 

(Ir r r 


(I i ihr\J,,{iLr) - ilrf,‘ iilr) .(14k 


'Phi* fonns of th«* functions F, a>. far a 7, arr oxliiliih-d in 
th<‘ a(’r<>iu]>anyin;( tahl<‘ : 

// i ^ 

If \ 2 ? 2// ^ 

F.Jif) If } 1 i '.!//’? '.fv 

!f 5 a ‘ o\if ' 

F^ilf) //ill i ‘ ^ 2 If I// S 'rj.'r// ^ 

Kf//) // } ir> i l<»a// ^ ; I'Al'nf ! ^ Af’,7n?/ ^ * r<»)7<i?/ 

// r.j‘j i 2.72// f ■ iHut*?/ ir/r,:,;/ :m<»2ii// i'27i77y • 72T»;:;//-*- 

/>’..(//) // i 2(1 i jai// I ! i2Hi// ’■ . 2'.yxi:t <f ■'• n"*.!ni.7j/ ^ . r.n!»:r7.7i/ ' ^ iiHif/Hih/" 

t HHIfi^fi// •' 

fn unl«*r to fiinl tin- Ioa<iini/; ia /'V (//./m wla n iLr is HUiall, 

\v«* hav(' OH rmiTstHo tin* iii iff| 

I . 2. r> ... (2/^ - “ i ^ iLr I f //.‘rf -f ...i 




A I5k 


wh<*H(M‘ hy ( 1 4) wi' tiini 

Fn iikr) I .‘LA.,. Vln - I H// \ I H ?7;ri 

, f---. (ifjj. 

( (/< a- i H - 1 1 ) 


324. All iitijiorfaiil «‘aMt^ of fair |.^^*-iioral furiiinla* Mr«air.s wlnii 

rofirf'.’noHts a diNiurbaiioo whi{*!i in propa^aii'fl whrnlv tiniipfirfis. 
At a i^roat tiisiaiiro Ui*in fin* ffrigiin /n(/77‘l - jlA—-' ikr} I, niifl 


thus, if WI* roHtffn* tin* tiiin* faotor wo hjivt- 

of whit’h till* HiToinl part a dinf iirliaiion travelling 

iiiwarfia IJinlnr the eirruniHf-aiiei»,*i i.'ontriiiplatfd we are t}i#*re» 

fore in taki* F/ (>, and tlnis 

^fn - H, /■; ( ikr I iF "A .1 2), 


whif’li r«*|,»rf*Hi'nt> in tin* inoHi geiierril iiiaiiiier the F'* harnionin 
rotfipnnc*ni fif a dint nrbatine of Uiif given perinii diffiihiiig iiaelf 
niitwanis info infinite ^piu;<a 
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Th(‘ of tho dint urbanoc* may in a j)r(‘scn*ib(i(l normal 

niotion of th(‘ surface* of a s|)h(T(‘. of radius c. L(*t. ns su])poso 
that at any point cm tlu^ splimu^ tin* (mtwanl v<doc.ity is ropro- 
s(*ntt*d by U boin^ iii gono.ral a fun<*tion of the y)osition of 
tlu‘ )>oint (‘onsidonxi. 

If f/.bo (‘Xpandcxl in tin* sptn‘ri<‘al liannoni(‘ sori(‘s 

//, + ?/;+.,. + (;0, 

wo must have by (13) § 323 

( 4 ). 


Tln^ compl<‘t.(* valuo of is thus 




^ r\ c\ V 

/* 


(^n 


/n(Ur) 


(-U 


wlion* tin* sumimat.ion is to be* oxtondcxl to all (iut(*^ral) valmts of 
//. dlio roal p.art of tins (*cpiat-i<m will give* th(5 V(‘b)(aty |)ot(mtial 
diut to tin? uoianaJ voiooity f/'oos/rutd at tho surfaco of tlio 
sp}i(*ro ~ r. 


Prof. St(d<os h.'is applic-d tins solution to tin? (explanation of a 
rcmarkablo oxporinnujt by L{‘sli<‘, a(a:ordiny^ to whicdi it appoanid 
that tin* sound of a bell vi!)ratint( in a partijilly (?xhaust(‘d neonuvnr 
is (lindnisbc'd by the introfluotion of hydrog(?m 330*8 paradoxical 
phonotnenon has its orit(in in the au)^nn*nted wavte-hength duo to 
tin* addition <4’ hydroocm, in (*on.s(*(pn?uc?(* of whioli tho boll loHOS 
its hold (SO t(j speak) on tin* Hurroundin<j( y(aH. 33n? gcetneral expla- 
nation cannot be Ijettor y(iven than in tin? words of Prof. SbokciH : 

‘*Hupp<JS(* a peu’Hon to move? hisbatnl to and fro through aHtnall 
space. l'h(‘ nnetiem which is occ.asiornnl in tlneair is almost exactly 
tln^ same? as it> would Imvn* been if tin? air had b(?(!n an incornpnjK- 
sible fluid. Idnrn* is a incre, Icjcal nec.iprocating motion, in which 
tin* air iminefliaicly in front is puslned forward, and that imme- 
diately lH*bin(l imp<*lh?d afbtr tin* moving body, while in tho 
antca-ior spacte* gcmerally tin? air roc<;dc?.s from tin? (jncnuudinient of 
the moving Inaly, and in tin? pemterior space? g(?ncrally flows in 
from all siclfts to supidy the vac.uum which tends to be croat(?d; ho 
that in lat(*ral directions tin? flow of the ttuid is backwards, a 


* The* iWHamption of a real value for 1/ in eauivahsnt to liiaiting the nonual 
velocity to bo in tho Karno phase ail over tho Hpho.ro To include the most 

ge neral aerial motion U wtuild have to be treated as complex. 
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of t.hi‘ oxcoss of fluid iu fr<ujt gnino to sii|>|4y I ho du- 
fic‘ion(*y Now <*oiir«*ivo tlu* |ii*riof|if* liuio of iIh- laotion 

U) 1)(‘ cM)iit.inually ditninishod. (Inulually tho alforuatiou of movo 
nuuif. b(*C!onH*s too i*upid |»oi*iiiif of iln- full osfahli^hiiioiit of the 
inorcly local ro('i]>n»r*a(,in4 flow: the air -on.-ihly ro!n|fr«‘;-w<.(| 
rarefied, and a. sensible sound \\a\o o»r \va\e of th*- saino nature, 
in easi* fin* periodic* time be beyond tfie limit- -uiiablo to hearing) 
is propaga{«*d to a distaner. 'fhe satne lakes plaer in anv gas; 
and th(‘ more rapid Im* tin* propaged ioii of OMudon^af ions and rare- 
fiiefioiis in the gjis. tie* m<»re m-arly uill if approaoh. in relation to 
t.hc* nifftions w<‘ ha\e under eoioideral ion, to the rondilion of an 
ineornpressible fluid; the more nearl\ will i he eondit ions of tlir 
displacement of the gas at tlie .surface of the solid he satisfied hy a 
incrt'ly local reciprocating flow,’* 

In clisciissing the ‘-olution to), Ih'ol. Stokes goe-^ i»n to .say, 

“ A(< a grca'if. distance from tin' '“ple rr fla' fhfu*fion /k iikrf hc- 
comes ultimati'ly equal l«» band we lia\e 




..R' *-0 


/\ teVre) 


(tiK 


“ It, appears nVo in the \abie of f/%lr dr) lliat tin* coinponf*nt of 
tbft velocity along the radius vectur is of the oifler /• g and that, in 
a,ny din^ction p»*rp«*ndicu!ar to the radius verUor of the order 
so that the lateral motimi may be disn garded e-xcepr in the 
neighhourhcjod of tin* splnue, 

“ In order to examine the inlluem'e of lateral motion in the 
n<‘ighbourhoocl of the sphere, let uh ccunpare fin* actual di'-fiirh» 
arua* at a greai distance willt what if would liave Iic»ui if' ail lateral 
nuition liud lM*i'n prev«*iited, suppos.-^ by infinitely tliin camiail 
pnrtiticam dividing t-he fiiiid into clenuaRary canals, each l«iinid<sd 
hy a eonic’al surfaec lm\ing its vcrliux at the f’ludre. 

On tluH suppo>iti<m the motion in any c*arial would cvidiuttly 
hc‘, the* Hauler an it would he in all diri*c.i,i*iiiH if the s|diiTi* vil>rated 
hy eontraeiioti and expansion <d* the surface, the Kinn* all rmuah 
and mudi that the normul vehecif.j of the surfai*e wiw the mnn^ m 
it is at thc‘ pariienlar |Kiiiit at whicdi th** canal in c|UeHtion abuts 
on the*, surface. Now if (I were* ctuistaiii tin* expaiiHion of if would 


* I have ataile Maine wlight eliari||c« in Prof. iiulatirm. 
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})t. rrfliifrd Im ii'^ tir ! ti-rui f ,, anti sr-fiiii^ that, f„{Jh‘r)— 1, W{ 
Hhnuld hav»^ iV^in t a i, 


Thin r\pn- i-n Uil! anf^'y t^.aiu j.-irfirular rana) if \vn take //.. to 
(ioliolf f ha naMuai v a? lla- ajih, I’r'a aui fat't^ fur that, particular 

€iinal : and f4<t.un an i*x|av.saf»n applicahlc at (uut 

tf# nl! ihr canaK. ha .* na-r- l) Im vvtiti- // f(,r /h. 4'o fariliiaJ.o 

a (foia|ari^«aj ^ :n aid nh, I 4ia)l, Icui-vtu*. writ(» for /a 

Wr* havi' tlM*n. 


It luUMf ho ivua ii-Jp n ’i that ?lu' iu»'n”iy all oX|>r«‘>iHion apphh 
rilbl** af oiirt* hi all f la oanal *. fhr !}M»f)ou Ut oarh of which t.akcs 
place wholly a-hun; t!o- 10*1111^- au»l acconliiigly the cxprc.s- 

mnt ih ji*»f fo h*- 4,!t‘ o ntiafotl wiUi rospi-ct tt» f/ or m with tlic 
view of fiiciin;' !!o !jau.v*i.«' U'h *oif ji'-..,, 


’* ( )n com pal flu' < # I Uc' c |i| t’vtiou for the function in 
the aclual niMih.n at a j.u'caf «li stance fr,. tm the ^phert' (h), we nee 
that the two arc- ai*'ijtn'al with the exr’«'pfioii tliat f'h, i.s divuileii 
by tw’o diffcTrin r'Ur^ant'c iianc-Iy F.iih') in the former (‘itHi* and 
./* in tlio !at!*-r. lie- '-am*' will be true of the leading term.H 

(or tljoHo of flir ofd.-r /' ' I in t h*' * 'H j'»rc:vaif<nH ff »r tlif’ eondenHution 
lind vrdMcity. fh-ic’o if ? ho lo’tde nf xjhrat ion of tfie Hphet’c b(‘ 
Hiiefi that ih*' icfrmal in-hpi-ny m| n-'i NUjface in cxpreHMed hj u- 
I^i place S' funr«ia>ii of all) »iio- erd*-r. the iliaf uriianct* at a great 
ilitifanco fnan fie- %,uy from one ifireetion to another 

aeeordin;,^ to tie- '«am»* law a--^ if |af*-iat mofioiiH had bfcen [ire- 
velifi'd, the ainph?nd*' *4 o^-fui •d-‘*n at. a giviui ili.^tance froni.tlie 
eiiiii'e %’a.ryiiig m Icah ruMt-i ao the amplif nde <4* exemraion, in a 
nnniial diiec?j»iii„ .4 tlo' ^-stirfaf’r *4 fhe .’sphere itnelf. 4’he 
diflereic'e i-. ||.ia! cxpr*- 0 'd by the .Myiuhelic ratir* F^tix) : h\{ihi). 
If we .hiippuMf’ I ,i/a '4 ^■edu*‘«■d to th#* form /4,« h dn a„), 

the aiti{tiiliii|r of vibration m the actual vmv will he f.o that in the 
supposed ra^e rt.-, Im .uei the phaHow in the two casen will 
differ by a., - a,, . 

“ If Ihe iiermai itdocify of the mrfiu-'*' of the npliere Ih* not 
■exfireH^ibh* by a Hinglo fwtjdaco h Fnia 4 .ii#n, but only iiy a Herien. 
Briikf or of Hiieh tnneiionH, the dlnturbatiee at a given 
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great distance from the centre will no loDgtT vary frMiu uiu* (lirev- 
tion to another according to the sanui law as tlir normal \ah)fiiy 
of the SLirflice of the spheres since the inodiihis and lik*nvis(‘ 
the amplitude oc^ of the itnaginary (piaiitity Fn ^ tiie 

order of the function. 

“"Let us now suppose the disturbanci^ expiv.ssi*d l>y a laiplaeoH 
function of some one order, and scsik the iiiiini*n«‘al valin* of the 
alteration of intensity at a distance, [jrodiKN-rl hy di<* kloral 
motion which actually exists. 

'The intensity will hv. nanisured hy tln^ vis ririr |»r<uiu(*«*d in a 
given time, and consequently will vary as thi^ dt -iid tv multi pht'fl 
by tlie velocity of propagation iaulti[>li(‘{l by the stjiLar** of flic 
amplitude of vibration. It is the last find, or alone that is ditlVn/nt 
from what it would have Ixmuji if th(n*(* liari honi no lateral niiifien, 
The amplitude is al Uu-ed in this proportion of /e, to /r„. so that if 
In k the ([uantity hy wliieh tlio inlmsiiy that won Id 
have existed if the fluid had Ihmui hindonMl from lal*T;i! motion 
has to ho divided. 

'Tf X be the length of tlui .somid-n'avjt o.orivs|ionding to tint 
period of the vibration, t = 27r/A,, so that /m is tho ratio fd’ the 
circumference of the sphere to tin; lengt h of a wavr. If wr .sup- 
pose the gas to be air and X to be 2 feet,, whieh would oorr^spiuid 
to about 5f)0 vibrations in anecond, ami the cireumroronrf 2xf* to 
be 1 foot (a size and pitch which would correspond with the ease 
of a coimnon housobell), \sv. Khali liava; hr -- X 'Die follinving 
table gives the values of tine .squares (if the nioflulns and fd’ the 
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ratio J.i for the functionn F^iiJzc) of the first fivu ordier^, for each 
of the values 4, 2, 1, and i of kc. It will presoatly iip|K^ir why 
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the table has been extended further in the direction of values 
greater than than it has in the opposite direction. Five signi- 
ficant figures at least are retained. 

When ho = oo we get from the analytical expressions = 1, 
We see from the table that when ko is somewhat large 1^ is liable 
to be a little less than 1, and consequently the sound to be cu little 
more intense than if lateral motion had been prevented. The 
possibility of that is explained by considering that the waves of 
condensation spreading from those compartments of the sphere 
which at a given moment are vibrating positively, i.e. outwards, 
after the lapse of a half period may have spread over the neigh- 
bouring compartments, which are now in their turn vibrating 
positively, so that these latter compartments in their outward 
motion work against a somewhat greater pressure than if such 
compartment had opposite to it only the vibration of the gas 
which it had itself occasioned ; and the same explanation applies 
mutatis mutandis to the waves of rarefaction. However, the in- 
crease of sound thus occasioned by the existence of lateral motion 
is but small in any case, whereas when Ico is sonaewhat small 
increases enormously, and the sound becomes a mere nothing 
compared with what it would have been had lateral motion been 
prevented. 

“The higher bo the order of the function, the greater will be the 
number of compartments, alternately positive and negative as to 
their mode of vibration at a given moment, into which the surface 
of the sphere will be divided. We see from the table that for a 
given periodic time as well as radius the value of In becomes con- 
siderable when n is somewhat high. However practically vibra- 
tions of this kind are produced when the elastic sphere executes, 
not its principal, but one of its subordinate vibrations, the pitch 
corresponding to which rises with the order of vibration, so that k 
increases with that order. It was for this reason that the table 
was extended from he = 0*5 further in the direction of high pitch 
than low pitch, namely, to three octaves higher and only one octave 
lower. 

“When the sphere vibrates symmetrically about the centre, i.e. 
80 that any two opposite points of the surface are at a given 
moment moving with equal velocities in opposite directions, or 
more generally when the mode of vibration is such that there is 
no change of position of the centre of gravity of the volume, there 

16—2 
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[324. 

is no term of order 1. For a sphere vibrating in the manner of a 
bell the principal vibration is that expressed by a term of the 
order 2, to which I shall now more particularly attend. 

‘‘ Putting, for shortness, Irc" = (jy we have 

= q+l, /i/ = (q^ + Sq-i)- + (•* - Ory"')'- = y - 2 + dq~^ + 81q-% 

T = .'/LrJ'/' + 

' “-y^O + i) ■ 

“ The minimum value of 1. is determined by 
(f — 6^“ ““ 34<2 — 54 = 0, 
giving approximately, 

q = 12*859, ho — 3*586, = 1 3*850, yu,y = 12*049, 

L = *86941 ; 

so that the utmost increase of sound produced by lateral motion 
amounts to about 15 per cent. 

“I now come more particularly to Lc^slic s (experiments. Nothing 
is stated as to the form, size, or pitch of his bell; arul even if these 
had been accurately described, there would hav(‘ berm a good deal 
of guess-work in fixing on the size of the s})h(U-e which should be 
considered the best representative of the*, bell. Hence all we can 
do is to choose such values for h and o as ant (comparable with the 
probable conditions of the cxjKjrinumt. 

“I possess a bell, belonging to an old b(dl-in-air apparatus, 
which may probably be somewhat similar to that used by Leslie. 
It is nearly hemispherical, the diameter is 1*96 inch, and the pitch 
an octave above the middle c of a piano. Taking the number of 
vibrations 1056 per second, and the velocity of sound in air 1100 
feet per second, we have \ = 12*5 inches. To rej)res(,mt the bell by 
a sphere of the same radius would b(i very greatly to iindcirrate the 
influence of local circulation, .since near the mouth the gas has but 
a little way to get round from the outside to the inside or the 
reverse. To represent it by a sphere of half the radius would still 
apparently be to underrate the effect. Nevertheless for the sake 
of rather under-estimating than exaggerating the influence of the 
cause here investigated, I will make these two suppositions suc- 
cessively, giving respectively c = *98 and c = *49, kc = *4926, and 
he = *2463 for air. 
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“ If it W(!i‘(‘ not for lateral motion, the intensity wonld vary from 
g{ts to gas in the proportion of the density into the velocity of 
pn)i)agation, and tluanfore as the pressure into the square root of 
the (hmsity im<l(3r a stamlard pressure, if we take the factor de- 
pending on the development of heat as sensibly the same for the 
gases and gaseous mixtures with which we have to deal. In the 
following Table the first column gives the gas, the second the 
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pressure p, in atmospheres, the third the*, (huisity I) under the 
pressure p, referred to the flensity of tlu‘. air at the atmospheric 
pressure as unity, the fourth, what would liav(‘, Ixh'u the inten- 
sity had the motion been wholly radial, r(dern‘d to tlu^ intensity 
in air at atmospheric pressure as unity, or, in otinu- words, a 
quantity varying as p x (thci demsity at ])r(‘ssure 1 )^. ''riien follow 
the values of q, and Q, tlui last Ixnng tln^ actual intensity 
referred to air as before. 

‘‘An inspection of the numlxn-s contaimKl in tin* columns headed 
Q will shew that the cause h(‘r(^ investigat(‘d is amply suffieiemt to 
account for the facts mentioned by L(*sli(‘.” 

The importance of the subjcxtt, and the nia,st(‘iiy mann(‘.r in 
which it has been treatcxl by Pi-of. Stok(‘S, will ]>r{)hably Ixj thought 
sufficient to justify this long (piotation. 'Tlx* simplicity of the true 
explanation contrasts remarkably with conjo(jiriin‘s tliat had pre- 
viously been advanced. Sir J. H(*rsclx*l, fu’ (cxamph*, thf)ught 
that the mixture of two gases tending to propagati^ soiuxl with 
different velocities might prodinxi a confusion n^Hulting in a rapid 
stifling of the sound. 

[The subject now under consideration may be still luore simply 
illustrated by the problems of §§ 268, 301. '’Plie foiuner, for in- 
.stance, may be regarded as the. extixum^ (^use. (d’ the. pres(*nt, in 
which the spherical surface is r(*duc(‘d tr) a planer vibrating in 
rectangular segments, Jf w(* suppose the smt of t.lxfse sc‘gmen ts, 
determined byp and </, to be giv(*n, and trace the effect of gradu- 
ally increasing frequency, we that it is only when the. fnxpKUicy 
attains a certain value that stmsible vibration.s an* propagatcxl to 
infinity, the law of diminution with disiancfi being (*xponential 
in its form. On the otheu* hand vibratioiis whose* fn*quency 
exceeds the critical value are ])rop?igat(*d without loss, (iscaping 
the attenuation to which splu-rical waves must of mjcctssity 
submit.] 

326. The term of zero order 

( 1 ). 

^ r 

where Sq is a complex constant, corresponds to the potential of a 
simple source of arbitrary intensity and phase, situated at the 
centre of the sphere (§ 279). If, as often happens in practice, the 
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source of sound be a solid body vil)rnting without much change of 
volume, this term is relatively dchciont. In the case of a rigid 
sphere vibrating about a position of <*quilibriurnL, the flcficioncy is 
absolute^ iiiasinuch as tlie whole motion will then be represented 
by a term of order 1 ; and whenev(‘r the body is vary small in 
comparison with the wave-length, the huun of zero order must 
be insignificant. For if we int(‘grate the ec|uatioii of motion, 
V^'xjr = 0, ov(.*r the small volume included between the body 

and a sphere closely surrounding it, we S(m‘ that the whole quan- 
tity of fluid which eritcu's and leaves this space is small, and that 
therefore there is but litthi total flow across the surface of the 
sphere. 

Putting 71= 1, we get for the t<‘nn of the first order 





( 2 ), 


and Si is proportional to IIkj <'.ositi(‘ of the angle between the 
direction considered and soinii fixed axis. This expression is of 
the same form as tiu) [)otential of a double souree (§ 294), situated 
at the centre, and composed of two e((ua] and opposite simple 
sources lying on th(3 axis in (jucstion, whose distance ap)art is 
infinitely small, an<l inUuisities stich that the product of the 
intensities and distauice is finite. For, if «« be the axis, and the 
cosine of the angle b(d/\vo(ui tu and r be ya, it is evident that the 
potential of the chjiihle Kourc‘,(i is ]>roportionHl to 


d 

da) 


I r 


-ilc 


fjue’ 


”ikr 


1 -f 


ikr 


It appears then that th) <listurbanee due to the vibration of a 
sphere as a rigid body is the same as that corresponding to a 
double source at the ceuitn^ whose axi.s coincides with the line of 
the sphere's vibration. 

The reaction of the air oti a small sphere vibrating as a rigid 
body with a harmonic motion, may be readily calculated from 
preceding formulse. If ^ denote the velocity of the sphere at 
time t, 

Ui (3), 

and therefore for the value of \}r at the surface of the sphere, we 
have from (5) § 324, 

( 4 >. 


^ Tke cenfcm of the sphere being the origin of coordinates. 
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that oi the diwe, lus 2 bo tt. I’lic r<;sult fof th(! ease of a sphere 
given above wa.s ohl.aiiial l)y PoisHon', a .short time before the 
pulilicatioii of pap(.n*. 

It hnsb‘(‘ii provf'fl by Max\V(‘l]“ the various terms of the 
harinonic expansion of tlu^ c<juuiH)r)[ | )()(;( ‘iitial niay be regarded as 
due to ifiultiple pninh of (Corresponding (hegrees of complexity. 

rhiis Vi is proportional to , ^vherc there are i 

dififorontiations of ^ with n‘sp(‘.(;t to th(c axes h^, /o, &c., any 
number (jf wluc.h uKiy in partieulnr (;as(is coincide. It might 
perhaps havtt Ikmui (cxpi^c.b'd that a similar law would hold for the 
velocity potmitial with tin; siihstitiitioii of for This 

however is not the (‘;is(c ; it i nay Ikj slucwn that the potential of a 

^ , corresponds in general 

^—ikr 

not to the t(crm (»f tiu* second ordcu* simply, viz., ■- — f.^{ikr), 

but to a combination (jf this with a hinn of zero order. The 
analogy th(n’(.*for(c hohis only in idi<‘. single instance of the douUe 
point or souncfi, t.hongh of eoiir.so tine function after any 

nunibccr of ddFcrentiations ccoiitiiiues to satisfy the fundamental 
equation 

{ V~ q- k“)y^ = 0. 

It is pmdiaps wortJi notie.o tliat th(c disturbance outside any 
imaginary sphm-e whic.li e.(nn|)l(iUdy (‘iidose.s the origin of sound 
may he repiesfiiiU’d as dtu! to the normal motion of the surface of 
any smaller eoiiccontrie splujnn or, as a particular case when the 
radius of tlu^ spher(‘ is iniiniioly small, as due to a source concen- 
trated in om^ point at tire (•.(uitre. This source will in general be 
composed of a combinatifui of multipkt sources of all orders of 
complexity. 

326. Wh(.ui tin*, origin of the disturbance is the vibration of a 
rigid body f)arall(d to its axis of i*evelution, the various spherical 
harrnonicis reduen* to simphj multiples of the xonal harmonic 
^nCp), which may be diTined as the coefficient of d'' in the expan- 
sion of [1 ~ 2e /6 in rising powers of e. [For the forms of 
these functions see § 3^14'.] And whenever the solid, besides being 


(P 


quad ruplc.;i sou n‘(i, (hmoto.d by 


^ MfmmreH eU V Acadf.mu de9 Sciencen, Tom. xr. p. 521. 
Maxwell’s FAeclricity and Hafinetism, Cli. ix. 
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symmetrical about an axis, is also symmotrie.al wit.h respect to an 
equatorial plane (whose intersection with the axis is t;iken as 
origin of co-ordinates), the expansion of the resulting disturbance 
in spherical harmonics will contain terms of odd <ird(*r only. * For 
example, if the vibrating body were a circular disc*, moving perpen- 
dicularly to its plane, the expansion of -v/r would contain tcums 
proportional to (//.), Py {(m), Fr, (ja), &c. In the case of thci sphere, 
as we have seen, the scnies reduces absolutc'ly to its first term, and 
this term will generally be preponde.rant. 

On the other hand we may have a vibrating system symmetri- 
cal about an axis and with res])C‘ct to an e([uatorial plane, but in 
such a manner that the motions of the ])arts on the two sides of 
the plane are opposed. Undca* this head cionu^s the ideal tuning- 
fork, composed of ecpnil spheres or paralhi circ.uilar discs, whose 
distance apart varies periodically. Symmetry shews that the 
velocity-potential, being the samti at any point and at its image in 
the plane of symmetry, must ho an even funcMdon of //,, and there- 
fore expressible by a scries containing only the. cwen functions 
-Po(a^)» &c. The second functtion F.z(H') \vould usually 

preponderate, though in particular cascis, as for example if the 
body were composed of two discs very close together' in comparison 
with their diameter, the symmetrical tcu'm of zm’o ordcT might 
become important. A eomp)arison with tin? known solution for the 
sphere whose surface vibrates according to any law, will in most 
cases furnish material for an estimate as to the r{‘lativc importance 
of the various terms. 

[The accompanying table, p. 251, giving Fn a.s a function of 
0, or cos~^/a, is abbreviated from that of l^erryb] 


327 . The total emission of energy by a vibrating sphere is 
found by multiplying the variable part of the pressure (proportional 
to by the normal velocity and integrating over the surface 
(§ 245). In virtue of the conjugate property the various spherical 
harmonic terms may be taken separately without loss of generality. 
We have (§ 323) 


■<jrn = ika - - /„ (ikr)] 


dr 




r- 


Fn {Her) 


( 1 ), 


^ Phil. Mag. vol. xxxii., p. 516, 1891. 


p 
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Table of Zonal tHpherical .Ilariii.oidcs. 
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or on rejecting the imaginary part 

[/3' COS k (at — /•) 4- cl' sin Jc {at — r) j 

'■ r (2). 

= _ ~ ■ { a cos k {at — r) — ^mik{at — r)} 

dr r- ‘I 

where F — /= a' + i^' (3). 

Thus f [ . r^-da 


ka 

r 


Snider {ay3' cos- k (at — r) — a! ^ sin- h {at — r) 

-i- {aa! — ^/3') sin k (at ~ r) cos k (at — ?*)}. 


When this is iritegrated over a long range* of tiniti, the i.)eriodic 
terms may he omitted, and thus 


J.J JV« ^ 


Now, since there can bo on the* whoh^ no accumulation of 
energy in the space included between two concentric spherical 
surfaces, the rates of transmission of (mergy across these surfaces 
must be the same, that is to say (a'y9 — /3'a) must bfi independent 
of r. In order to determine the constant vahu*, wc^ may take the 
particular case of r indefinitely great, wht*i) 

Fn{ikr)^ikr, a = 0, ^^kr, 

fn {ih') = 1 , a' = 1 , = 0. 

Thus a'/3 — /3'a = /r?', identically (5). 

It may be observed that the left-hand member of (5) when 
multiplied by i is the imaginary part of (a4-i/9) {a — i/3') or of 
Fn(ikr)fj^{—ihr), so that our result may be expressed by saying 
that the imaginary part oiF,t^{ikr) fn{—ikr) is Her, or 


Fn {ikr) fn (“ Her) - F.,, (- Her) fn (*r) = 2Hcr (6). 

In this form we shall have occasion presently to make use of it. 


The same conclusion may be arrived at somewhat more directly 
by an application of Helmholtzs theorem (| 294), i.e. that if two 
functions u and v satisfy through a closed space S the equation 
(V- 4- k^) u = 0, then 



v'^dS = 0. 


in 
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If we take for S the space between two conceiitiic spheres, 
making 

_ (ih^) ^ (- 


..4i 

If' 

nmp mm ihmA 
"■* 

♦«i'5 t'f «f sifi 


ii#i| illV*:': 

^ii m f i|i it 
i-t f k ^ 

4f It iv *4 

u ‘ 

g wm^td I 

m4 lifc^i 


we find that {F.n(iM fn (- must be 

independent of r. 


We have therefore 


dS . dt = -^l^at f js,;^d<r ; 


SO that the expression for th(.j enci’gy emitted in time t is (since 

ip=- pf) 

W=^ik"patfj,%:-da- ( 8 ). 

It will bo more instructive to (exhibit W as a function of the 
normal motion at the surfaces of a sphcu’c of radius c. From (2) 

[cos hit (a cos ko + 0 sin kc) 
dr c- ^ 

+ sin hit (a sin kc ~ ^ cos kc)], 

so that, if the amplitude of dylr^ldr be Un, we have as the relation 
between and 

(9). 

Thus <“>■ 

This formula may be vcu-di(id for the particular cases = 0 and 
n = l, treated in §§ 2<S0, 325 respectively. 

328 . If the sources of disturbaiiccj be a normal motion of a 
small part of the surface of the sj)hero (r = c) in the immediate 
neighbourhood of the point /4=I, we must take in the general 
solution applicable to divergent waves, viz. 

:.(i), 


Un = + 1) Pn {p.) m\{p) dp 

= i(2n + 1) P^{p.) ]■"[ Udp = P, 




254 


SOURCK SITirATEI) 


[328. 


for where U is sensible, PAH') = 1- Thus 



•t) » 

In this formula Jj' U(h^ nieasur(‘s the intiuisity of tln^ 

sources 

If ike be very small, 


^ 5.T '! = 1 - + - • . {: '1 - i ■'■/•r (1 + .j 

Fo{xkc) h,((ikc) “* V ver 

j + ...Ac.; 

so that ultimately 

+=- w fv^ 

0), 


andtho waves divcrgii as from a sirnpltt of cj(|ual ninguitiide. 

We will now exainirut trlio ]>ro)>l(?m whi-n /ra is not vc?ry small, 
taking for simplicity tho casti wlntrc ^ is lanjuired at a great 
distance only, so that h farsior on which the rela- 

tive intensities in various (lin‘otionH depend is 

(2// 4- I ) /r\ 

2 

and a coinpbte solution of the (piestiou would involve a discussion 
of this series as a function of /x. and Icc. 


Thus, if 


(2. 41) /Vp ^ 

2 Fni'Ict) 






-( 6 ), 

••( 7 ). 


where tan 0 = 0 : F (8). 

The intensity of the vibrations in the various directions is thus 
measured by F“-l- Q\ If, as before, Fa = a-+'iyd, 

2 " a- TjS^ 

^ 1.,.. ......(9). 

^ 2 ct- + 

The following table gives the means of calculating F and G 
for any value of fx, when fee I, or 2. In the last case it is 
necessary to go as far as 72. = 7 to get a tolerably accurate result, and 
for larger values of he the calculation would soon become v^ 


ON THK HlUlVAaK OF A ,SI>1IKHF. 
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328.] 

laborious. In all proljhuns of this sort, tln^ }ianuoni(‘, analysis so.tnns 
to lose its power wlnni tlu^ wav<‘s an*, vcny small in eompa-rison 
■with the (liiaciisiotiH of bodies. 




n 

_ 

^2,0. 

•J/i 

' (n 1 A)a : (u" 1 /i’’) 

(h I- ;,)/i ■ (a" 1 If ) 

0 


2 

i 1 

, 

> 1 t 

1 *2 

1 

"f 

4 

i'A 

7 

1 •1840153 

'323070K 

2 


.'id 

•0001301 

1 -0328885 

3 

- 

dGO 1 

h Hr,.*} 

' •0034527 

1 •0003201 

4 

"f" 

14002 1 

1 HJ41 

4-0004053 

1 *0002512 

5 


321 410 

i 1 -OOOOI 44 

•0000201 


/>:c = I . 


a 


1 (// 1 Jija : (ft" 4 fi'-) 

(n i ^)(i ; l 

+ 1 

i 1 

{••25 

( '25 

■f 2 

1 

; 1 -0 

•3 

5 

8 

1 • 140440 

^ *224710 
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4' 200 
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1 ‘000012 1 
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- 40013 
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• -000073 

-030340 ! 

4 001217 

'000000 

i 

{ ‘dOOOOl 


/■« 


n 


a 

ft 

1 (//.4" 4)«4- (a" 


0 

‘f 

1 

4' 2 
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2 
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- 
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+ 
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■•ai77-3 

4- '00200 

- *00450 

7 

— 1 

8621-7 1 

-3045*H 

'00072 

'OOOOO 

*'— 







The most interesting ([uestion on which this analysis informs 
ns IS the influence which a rigid sphere, situabHl dos.j to the 
TOurce, has on th(j intensity of sound in different directions. 

y the principle of reciprocity (§ 2V4) the source and the. placu) of 
observation may be interchanged. When therefore we know the 
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relative intc’iisities at twe distant points //, !i\ dur tu a, sounto A 
on the surface of tlu* s]»lien‘, wr have also tin* reL*iti\’<* int(‘nsiti<*s 
(measur(‘(l hy pot(‘ntiar) at the point- A, due to distant soma^es at 
B and ,//. On t-his account, t.he proldein has a doiihle intiu'est. 

As a nuni(‘ri(tal (exainple I have ealcnlafed the \ allies of A’ f ifl 
and y-’j- (r for the* aJiove values of when /x — 1 , /x ™- I, /x = 0, 
that is, looking from tin* I'entre of the sphere, in the direction of 
th(‘ source, in tin* opposit e direct ion, and laterally. 

When I'c is /a‘ro, t he. value of is '2-n whicli t iiereforc 

rc‘[)res(‘nfcs on tin* sann* s<*ah‘ as in tin* tahle the intensity due to 
an unohstrueted soun‘e of e(|ual magnitude. We may intj*rpn‘t /rc 
as tln^ ratio of tin* (*ireumfereiice of tin* sphere to the wave-length 
of tin* sound. 


hr fx 

/”* t 

in 


1 


. 'jniu7* 

*:.cn2'.n 

1. 1 

•i.v.ftm 



a 


•2n;:,:r.o 

•231 TO 



1 


•23«:i(;‘.n 

'.702301 

I 

I 

*nue.7.7 

•30213)31 

•2H.7220 


0 

? -.32 I'M 13 

•corin' 

•23«i”^28 


1 

•7‘.h;h3 » 

*23121/ 

•);h3h 

2 

I 


”30.780/ 

•3|H2 


1 

'13381 

’.7 7 Cm >2/ 

'33f;2 


In looking at these figures tin* first point whieli attracts 
attention is the comparativ(‘ly slight deviation from uniformity 
in the intensities in different direc'tioiis. Kven when the cin*um«- 
ference of the sphere amounts t(» twice tin* wave-hmgth, then* is 
scarcely anything to \m calh'd a sound shadow. lint what is 
pcjrhapH still more une.xpc-cted is that in the first two (*ases tin; 
intensity behind the sphere exceexis tljat in a transverse direction. 
This result depends mainly on the pncpmalerarn'e of the* term of 
the first or(l(*r, which vunishc‘s with /x. Tin* order of tin; more 
important tc;nns increases with kc; whm k is 2, tin* principal 
term is that of the second ordm*. 

Up to a certain point the angnif*ntatioii c»f the sjihen; will 
increase the total energy emitted, because a Hlrnple .soun;e emits 


NUMERICAL RESULTS. 


255^ 




tf! 


»{ t;'. I 
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‘^il 

mm . 
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4 'U '^t:!i'; 

ll« 
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twice as much energy when close to a rigid plane as when entirely 
in the open. Within the limits of the table this effect masks the 
obstruction due to an increasing sphere, so that when /i = — 1, 
the intensity is greater when the circumference is twice the wave- 
length than when it is half the wave-length, the source itself 
remaining coiLstant. 

If the source bo not simple harmonic with respect to time, the 
relative proportions of the various constituents will vary to some 
extent both with the size of the sphere and with the direction 
of the point of observation, illustrating the fundamental character 
of the analysis into simple harmonics. 

When kc is decidedly less than one-half, the calculation may 
be conducted with sufficient approximation algebraically. The 
result is 

F- + G- = -> -I- O/i'" - 1) 

+ \¥c^ (l 4- •ly. + -t- iV - + ^hP) 

4-tcims in /r*c® (10). 

It appears that so far as the term in k^(S\ the intensity is an 
even function of ya, viz. the same at any two points diametrically 
opposed. For the principal directions ya = ± 1, or 0, the numerical 
calculation of the coefficient of is easy on account of the simple 
values then assumed by the functions P. Thus 

= 1), -f i 4- xf? + '77755 ¥c^ + 

(/a = ~ 1 ), ^ -P + *02755 + 

(ya = 0), P- +(?-=: J ^ + T9534 + 

When /(4c4 can be neglected, the intensity is less in a lateral 
direction than immediately in fn>nt of or behind the sphere. Or, 
by the reciprocal property, a source at a distance will give a greater 
intensity on the surface of a small sphere at the point furthest 
from the source than in a lateral position. 

If we apply these formulse to the case of he = we get 

(/4-1), P^-p(?2=%3073, 

= p:*^- (9^ = -2604, 

(ya = 0), P^ 4-6^2 =-2344, 

which agree pretty closely with the results of the more complete 
calculation. 


R. II. 
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For other values of /u, th<* (HX'fliriiMit. nf in (10) tnight be j 
calculated with the al<l of Ltidos of Lf'^^ruKlre's functions, or from j 

the following" alf((d)nuc cx|)rcssi(>ri in t.«Tnis ofyu<^ ^ 

1 + 3/^ 4-8^ nf ^V’“~ -h I ^ 

= •7H 1 .dS -f I -r, 'M5fL*|8 /r 'OriOLfi 


The difference of intcnsi{i«‘s in the dirf^'lions /t = 4-l and 
^= — 1 may 1h‘. v(iry simply cxprossod. dims 


If lcc=^% 

:l /.'‘c*-- •014.S. 

If 

I l-^c‘ m-JU. 

11 

0 

:l l.-'c* -■= moi. 


At the same thno th(‘ fot4il vulm* of ap]n*oxhnate8 b 

•25, when kc is Hnuill. 

These imrubers have an iutor(‘sting hearing; nn the explanation 
of the part played by tlu^ two ears in f lu' pcrecptinri of the quarter 
from which a sound procnaslH. 

It shonld bo observed that the variations (d’iuteusity in differeut 
directioriB about which W(j hav<‘ ho'en speaking are due to the 
presence of the sphere as an r)l)sia(‘le, and not to the fact that 
the source is on the circumference, of tin* sphere instead of at 
the centre. At a gnuit distancj; a Htnall displacement of a 
source of sound will alfc‘Ct the jdfusfi hut not the* intenmty in any 
direction. 



In order to find tha a!te*ration of phaH(t we have for a smal 
sphere 

-F = J + / '“C" (— i 4” J )x- — /L ), (r . = kc ( »» I 4- 1- fx), 

im9 = G: F = kc (- 1 -f ij /a ). or 0= kc ( l- I 4. | ji) nearly. 

Thus in (7) mt-ri-c] -^rw ^ ^ik wt r-f ^ 

from which we may infer that th<^ phiwc* at a distance is the sano 
as if the source had been sitiiatc'd at the pnint /^=l, f - f 
(instead of r = c), and there had bcnui no obstacle. 


329 . The functional syinbnls / and F may be expressed : 
terms of P. It is known- that 


Pn(/^)-l~ 


n 714'! 


1 yiM , ~ 1 ) Oi 4- 1 )(;/ 4- 2) (I -fiY 

'*2' 1:2 


^ For the forms of the functions P, se6§ S34. 

Thomson and TaiFs Nat. PhlL § 782 (quoted from Murphy). 
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For other values of the coefficient of in (10) ini|:. 5 -hi be 
calculated with the aid of tables of Lc^gcridre ’s functions, or from 
the following algebraic expression in terms of fjb\ 

1 -f- 1 /a -h d- hT ““ 1 7 >; 

= ^cSLS.s + 1-5 fi 4- - m(m 

The difference of intensities in tluj dircc.tions I and 

a = — 1 may be very simply exT>ressed. Thus 

If A;c = §, I - -OUcS. 

If = , f A:^C'^=:-0()29. 

If kc = ^, J/.:^c'‘ = -0002. 

At the same time the total value of .^'-4 (P af)proxiinates to 
*25, when kc is small. 

These numbers have an interesting bearing on tln^ explanation 
of the part played by tlie two ears in tln^ pf ‘r(!(‘ption of the quarter 
from which a sound proceeds. 

It should be observed that the variations of intensity in (lilFei^tnt 
directions about which wc have been speaking arc*, due*, to the 
presence of the sphere as an obstachn and riot to the; fact that 
the source is on the circumference; of tin* sphe^re in.stcjad of at 
the centre. At a gi’eat distance a small displaecjrncmt of a 
source of sound will affect the jyhase but not th«; intenHitij in any 
direction. 

In order to find the alteration of phase; we have for a small 
sphere 

^ -f (— 1 4. ^ (j ^ /^y; I _ j, ^ ^ 

tan 6 = G : F = kc (—14 | /i-), or 0 = ko ( — 1 4 :]ja ) in;arly. 

Thus in (7 ) e‘^ (at-r+n + 1*0 ~ >af -r i ^ 

from which we may infer that the; phiise at a distance; is the same 
as if the source had been situated at the; point /u = I, = 
(instead of r = c), and there had been no eibstacle. 
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329 . The functional symbols / and F may be expressed in 
terms of P. It is known- that 


whence* 


Pn(/^)=1* 


n n+1 


l-fi ?^(n---l)(?i4 I)(/e42)(I 

“¥'■ 1.2 ll' “ " ’ ■ 2^ 


and 


^ For the forms of the functions see § 334. 

- Thomson and Tait’s Nat. indl. § 782 (quoted from Muiqjhj). 
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or, on changing /j, into 1 — /a, 

p n-,xWi-’- --"tl ^ + ’':i:":-'') 0‘±i)(« + 2) 

i"«Ci N 1- j '2+ 1,0 • £72 •2^'~---(l)- 

Consider now the symbolic operator P,i^l— and let it 
Operate on y^K 

{di) • vj, = (“ 0 (- 2) (- s) y-‘<-\ 

”l dyj-y ^ ^ 1.2 ^ 2.4 ^ + 

A comparison with (9) | now shews that 

/«0/) = yi^«(l-|).i (2), 

from which we (le<liic(‘. by a known formula, 

(3). 

In like manner, 

■yM 

If we now identify y with ikr, wc see that the general solution, 
(12) § 323, may be written 

/ f] \ p—ikr / d \ 

t.-(- ir (,7a,.) • ir- (sTSr) ■ * - w- 

from which the second term is to he omitted, if no part of the 
disturbance be propagated inwards. 

Again from (14) § 323 we see that 

Pnijl)_(^ d\fn{y) 
f V dy)' y ’ 

whence r, (y) - fl\ (l - 1;) (l - 1;) • ^ («)■ 

end (6). 

Sin,«y, 0). 

17—2 
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Using these expressions in (13) § 323, w(? got. 

**-(->■*' /I) 

(«)• 

330. Wc havo alniady cujn.sidun'd in soinu fh'tail the form 
asHiim(‘(l by our ^(UKe’al exf)n‘ssi()ii.s wIhui tluTo is no source at 
infinity. An e{|ually im[H>rt<ant clas.s of f*asos is dofiued by the 
condition that tluna^ Ian no soun-o at the orii^in. We shall now 
investigate what restriction is tliereliy iiiipusi-d on our general 
expressions. 

lie versing the stubts for 7;^, W(! havit 

^ + //.T-f ...) 

4' (•- I »SV ( 1 - t/,T 

shewing that, as r diininishc‘s without liniif, nlr,^ approxinudatH to 

, I. 3. 5. ..(2//--. I).,, , , 

{{kry^ i*^n4( 

In order therefon^ that may be finite at the origin, 

An4-f-lK^6V-0 (1) 

is a necessary conrlition ; that it is suffh^ient we shall Hf*e later. 

Accordingly (12) § 323 b(*eoine.s 

ry{r,, - [6-' (*^) - (- 1 r (- ikr)\ . . . .(2). 

If, separating tluj real and imaginary parts of we write (as 
before) 

jfn ^ (X -f- (3), 

(2) may be put into the form 

r^n = - Sn {a sin (kr 4- i mtt ) ^ f3' cos (kr + | /^^)| ..... .(4). 

Another form may be derived from (4) | 320. We have 

/ // \ fif ikr ^ p-^ikr 
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Hiuc- t,h« fun.-tiun /'„ is either wholly <.<1(1 or wholly even, the 
.■Kj.ivssi.m fur is wholly n.al or wholly imaginary. 

t.u prove that t.he vahu; of t» ”> (•''>) 
wh.>n /■ vanislios, wo Ix-in hy ..bservin^^ that 


2 sin /»'r _ 
kr 

d sin kr 


diju 


so that ^ /,,. 




■- (7). 


.H is obvious when it is ronsider..,.! that the ofh.ct of 

number of tim.'s with respeot t<. *r is bo multiply it by 
the cor;esp..u.ling pow..r of H, r.unains to^ul the oxprc.s- 
si..n on the right, i.i ase.'oding powrs of r. We have 

f ' * /',t (fi) d/^^- j d/A / ’» f/i) I ' + v./rr . g + j 2 ‘ ’ 

‘ (*.•)« 1 
+ r.2...»/^ +•■•[• 

Now any positive integral power of g, sueh ^ 

..xpand-i in a tenuinat.ing series of the furn.tions J\ the function 
of highest order being /),. It follows that, if /. < «, 

by known prop.n-ties of tln.se fuiuitions; ho that the lowest power 
of i7.t in f " Pn(iM)e‘’‘^>^dfi is (ilrf- Hetaining only the leading 


we may writ.e 


From the expr.^ssion for PJm) in terms of /*, viz. 


1 . :i . r, . . . ('2n. - 1 ) j „ _ » (■» - A) a«-- 
Pn(/j-) = 2(2«-i)^ 

n (n - 1 ) (u - 2) (n - S) _ _ \ (8), 

2.4.(2«-1)(2h-:1) ^ ) 

we sc^e that 

n = _ 1.: •• p„ (/x) + terms in fi of lower order than /t" ; 

^ 1 ..3. .a ... (‘2 h-1) 


i i'i 

a V'--i 
U. i'i 

1 i 4 

^ 'A' 

'i:/ 

1 i 
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antUlwrefore 1.2.:^-" | * ' 1 

i-2---^-" , .o„4i 

AccoTcling'y.^’y^-’'’'''''^'^ (,7.Ty i 

T''' ...tit V 


t..--“‘-'’'’''''»r, 

+■ :::„ ...... 

•a,, i sai-.i 

poU,, in u,,l ■' 

IW« ■„ 




(It ^ 




,(ll\ 111 

1,./ A\ f •*■"'' ■" ^ ■ </•.■' " ‘ 

(Iz- 


(1 


U '^11- ; 

</"' . . (■ 1 1 1 ) ' 
• , ,,,, (5 2001 '“ '"V/ 

It w toi«i IS ' _ „ll.is ;/ •1.1.. ■ 


i. the "'i 1 -2 . 0 . . . 1'"' 

When -in the thmi » ' 



In thiH ca«u I . H. ' ■ .^fv 

r(m + V^ 2'“' 
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Now the t'unct.ion with which wo arc at present conccrued, 
satisfies (4) § 323, viz. 



which is of the same form as (15), ifm= ?i. + ^; so that the solu- 
tion is 

i^n — n + J 




(kr)" V2 


1.3... (2n + 1 ) ( ■ 2 . (2»r-|-'3) 

j_ (ki'Y 

2.4.(2« +3)(2»2H- 5) ■■■) ^ 

Determining the c.onstant by a comparison with (10), we find 


- 2 (- 1 r i" '-’ (M 


9 .., f T c, _ 

• 2t/i. ( 1) <S,i .j -.j -g-- 


T Ii _ 

(2rr+ l) f “2(2w-|-3) 


4. 2 74^ 7(2// -i- nj (2//, + 5 ) 2 . 4 . G . (2'M + 3) (2//, 4- 5) (2n + 7) 


as tlie coInplet(^ (jxj)n‘,sHion for in rising powers of r. 

Comparing the diffe/rent cxprcHsions (5) and (19) for yjrjt, we 
obtain 



If .F = a + i/3, the corrc.sporiding expressions for d-^jrn/dr, are 

[e-ihr f _ (_ 1 y<. e+itr (_ ijcr)] 

ctr r- 

= ” {a sin (/ur + ^?i7r) — /3 cos (fcr + J »-"■)} 

c-t.., r, / d \ d sin At 

- - 2%k‘ (-1) -.S„ i „ j ^ . -y 

2n{~lY-}0U3niikr)’^-^ L » + 2 2 , 1 /2i\ 

= "i . T.T T.: (27r+ f)~ I " M2^ 4- 3) * ’ + j 
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It will 1)0 C()nv(*ni(*ni. to writo dowi) for reforoiutc* thi^ iOniiH of 
yp' and d'xp/dr for ihc^ fir.st ordio-s. 


n = 0 


n = 1 


n - 2 


/ f 4 ) */. O ^ ^ 

4v 


clyp^^ 2?7»:N„ (sln/v . f 

; = — J- >-c(,s/iV*f. 


\ rf?’ 


/•/’ 


2AVi f sin/.v*l 


c/Afr, 

\'dr 


■I 2 cos /,:/• -I- /■/• — , - ) sm /.Vf . 
r" ! \, h-J J 


yp., 

\ dr 


3 




M 


Hin 4/’ 1- , o( )h/,v’ 
A'/* I 


jf-* - /;’.) - 1) • 


331. Onci of th(^ most iut<‘r<‘siing applitNitions of tIif‘Ho rosnltn 
is to the invoHtigation of f,ho motion of a gun within a 
sphcirical envelojie. I'o cl(d.ormim‘ t.ho fmn pariods wo liav(* only 
to Hiip]>oH(^ that dypidr vaiiishos, wh(*n r is ot|uaI i.i* f.ln* radinn of 
the eiivdopcf, Thns in tin* amt of the HVinmotriral vihratiouH, wti 
have*, to (letennin<‘, /r, 

tan kr — kr ( 1 ). 


an C(jnation whieh we have aln^ady f!fHiHi<ifrod in tlio rdiaptor 
on ineinbraiutH, § 207. Th<‘. first finite root 1*4303 tt) c-tuT*’- 

Kponds to th(* Kyinnic.trical vi})rution of havost piUdi. In tin* cuu-u! 
of a hightir root, the vihratiou in tpn'Hiimi has sj>herh*a! noclos, 
whose radii correHf)()iid to tint iiiforior roots. 

Any cone, whoso v(Tt(*x is at tin* origin, may ho niado, rigid 
without affecting the conditioiiK of the question. 

The loops, or phuu^s of no pressure variation, are givitn by 
(/irh^* sin fo* — 0, or fcr ^ ///,7r, when* /a is any intiger, except 
isero. 


The case* of n — l, whtni the vibrationH may be callcnl dia«. 
inctral, is [xjrhapH the most interestiiig. aSV ludrig a hanminic 
of order I, is proportional to coh ^ wdiere Bin fchfi aright iHitwiam r 
and same fixed clirection of reference. Since vanisheH r*uly 
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i 
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at the poles, there arc no conical nodes^ with vertex at the centre. 
Any meridianal [)lane, however, is nodal, and may be supposed 
rigid. Along any specified radius vector, and dyfr^ldO vanish, 
and change sign, with C()s /rr (/l;r)"‘^sin /rr, viz. when tan/cr = fo*. 

To find the spherical nodes, we have 

tan/jr = -^ . • (2). 

The first root is Arr = 0. Calculating from Trigonometrical 
Tables by trial and error, I find fur the next root, which cor- 
responds to the vibration of most importance within a sphere, 
kr = 119*26 X tt/LSO ; so that r : X = *3:113. 

The air sways from side to side in much the same manner as 
in a doubly closed pipe. Without analysis we might anticipate 
that the pitch would bo higher for the sphere than for a closed 
pipe of equal length, because the sphere may be derived from the 
cylinder with closed ends, by filling up part of the latter with 
obstructing material, the effect of which must be to sharpen the 
spring, while the nniss to be moved niinains but little changed. 
In fact, for a closed pipe of length 

r : X = *25. 


The sphere is thus higher in pitch than the cylinder by about 
a Fourth. 


The vibration now under conHideration is the gravest of which 
the sphere is capable ; it is more than an octave graver than the 
gravest radial vibration. The next vibration of this type is such 
that Ar = 340*35 irjlHO, or 

r : X = *9454, 


and is therefore higlier than the first radial. 


When kr is groat, the roots of (2) may be conveniently calcu- 
lated by means of a scries. If Ar = <r7r — y, [whore <t is an integer,] 
then 


from which we find 


tan y = 


2 (<r7r — y) 
{a-ir -yy-2’ 


kr = CTT — —■ 
crTT 




(3). 


^ A node is a surface which might be supposed rigid, viz. one across which there 
is no motion- 
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When n — 2, the general expression for is 

82 - Aq (cos -0 ■“ ^) -f (^1 cos ft) 4 - jBi sin cd) sin 6 cos 6 

+ {A 2 cos 2ft) 4 B. sin 2ft)) sin-0. . ..(4), 

from which we may select for special consideration the following 
notable cases : 


(a) the zonal harmonic, 

82 = ^0 (cos-0 — -J-) (4a). 

Here is proportional to sin 20, and therefore vanishes 

when 0 = -Itt. This shews that the equatorial plane is a nodal 
surface, so that the same motion might take place within a closed 
hemisphere. Also since 8 , does not involve co, any meridianal plane 
may be regarded as rigid. 

(/3) the sectorial harmonic 

8 . = Ao cos 2ft) sin- 0 (5). 

Here again varies as sin 20, and the ecjuatorial plane is 

nodal. But dy}r,Jdo) varies as sin 2ft), and therefore does not vanish 
independently of 0, except when sin 2ft) = 0. It appears accordingly 
that two, and but two, meridianal planes are nodal, and that these 
are at right angles to one another. 


(7) the tesseral harmonic, 

62 ~ Aj cos ft) sin 0 cos 0 ....(6). 

In this case d^ 2 ldd vanishes independently of ft) with cos 20, 
that is, when 0 = :i7r, or |7r, which gives a nodal cone of revolution 
whose vertical angle is a right angle, d-^^r^ldco varies as sin 00, and 
thus thei'e is one meridianal nodal plane, and but one h 

The spherical nodes are given by 


tan kr = 


— 9A>r 
4/r-r^ — 9 


in 


of which the first finite solution is 


kr = 3*3422, 

giving a tone graver than any of the radial group. 

In the case of the general harmonic, the equation giving the 


^ [I owe to Prof. Lamb the remark that the diference between {§) and {7) is 
only in relation to the axes of reference.] 
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tones possible within a sphere of radius r may be written (21) 
§ 330 

tan (kr 4- ^ = /3 : a (8), 

^ ( d \ d sin hr 

\(LiM dTr'~W~ ~ ^ 

or again, 

2 hr J n-j-i (hr) — (10). 

[For the roots of 

( 11 ), 

equivalent to (10), Prof. M^^Mahon gives ^ 

^ (s) ^ Of + 7 4 (7m- + 154m 4- 95) 

'W 3 {8^y 

32 (83m^ 4- 3535 m- 4- 3561m 4- 6133) 

15 {8/3y 

where in = 4i;^ and 

^' = ^(2z;4-45 + 1) (13). 

If '« = 1, so that = f, 

m = 9, /3' — s-hl, 

and (12) gives a result in harmony with (3).] 

Table A shews the values of \ for a sphere of radius unity, 
corresponding to the more important modes of vibration. In B is 
exhibited the frequency of the various vibrations referred to the 
gravest of the whole system. The Table is extended far enough 
to include two octaves. 


Table A, 

Giving the values of X for a sphere of unit radius. 
Order of Harmonic. 




0 

1 

2 

3 

4 ■ 

- i 

t> 1 

6 


0 

1-3983 

3-0186 

1-8800 

1-392 

1-113 , 

•9300 

■8002 1 

. 

QQ 

(D 

1 

*81334 

1-0577 

•86195 

•7320 

■6385 1 


1 

i 

.s § 


■57622 

•68251 

•59*208 

•5248 

: 


1 


^ 1 

•44670 

•50653 

•45380 




1 

© 

a ft 

00 

^ i 

1 

•36485 

I 

1 -40330 




i 

i 

1 


t 1 

5 ! 

1 

•30833 I 

•33523 

i 


i 

, i 

j 

i 

1 

1 


^ A nnals of Mathematics^ vol. ix. no. 1. 
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Table B. 


Pitch of each 
tone, referred 
to gravest. 

Order 

of 

Harmonic. 

Number 
of internal 
spherical 
nodes. 

Pitch of each 
tone, referred 
to gravest. 

Order 

of 

Harmonic. 

Number 
of internal 
spherical 
nodes. 

i 1-0000 

1 

0 

i 2 8540 

1 

1 

1 l-60o6 

2 

0 

j 3-2458 

5 

0 

j 2-1588 

0 

1 

1 0 

i i 

1 3-5021 

2 

1 

1 2-169 

3 

i ^ 1 

i 3-7114 

0 

1 

1 2-712 

4 

I 0 

i ! 

i 3-772 

1 

6 

0 


332. If we drop unnecessary constants, the particular solu- 
tion for the vibrations of gas within a spherical case of radius 


unity is represented by 

= Sn {kr)~^ (h') COS (kat —6) (1), 

where k is a root of 

2kJ'n^,{k)^Jn^,{k) ( 2 ). 


In generalisiug this, we must remember that Sn niay be com- 
posed of several terms, corresponding to each of which there may 
exist a vibration of arbitrary amplitude and phase. Further, each 
term in Sn may be associated with any, or all, of the values of k, 
determined by (2). For example, under the head of 7i = 2, we 
might have 

•yfr., = A (cos- 0 — (k ^ ?•)”- Jn+h (kj cos at + 0i) 

-f B cos 2a> sin-^ (^’.,7’)“^ Jn+^ (kov) cos (k^at 4- 
ki and h being different roots of 

2kJ'.{k) = J,{k). 

Any two of the constituents of ^ are conjugate, i,e, will vanish 
when multiplied together and integrated over the volume of the 
sphere. This follows from the property of the spherical harmonics, 
wherever the two terms considered correspond to different values of 
72, or to two different constituents of Sn, The only case remaining 
for consideration requires us to shew that 

f T^dr . (l'ir)-i Jn+i {hr ) . (Lr)-1 {hr) = 0 (3), 

*/ 0 

1 Thomson and Tait’s Nat. Phil. p. 151. 
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where and are different roots of 

{k) = Jn-^^ {k) (4), 


and this is an immediate consequence of a fundamental property 
of these functions (§ 203). There is therefore no difficulty in 
adapting the general solution to prescribed initial circumstances. 

In order to illustrate this subject we will take the case where 
initially the gas is in its position of equilibrium but is moving 
with constant velocity parallel to This condition of things 
would be approximately realised, if the case, having been pre- 
viously in uniform motion, were suddenly stopped. 

Since there is no initial condensation or rarefaction, all the 
quantities On vanish. If d^^jr/dx be initially unity, we have 
y}r=a> = rjjb, which shews that the solution contains only terms of 
the first order in spherical harmonics. The solution is therefore 


of the form 

{kir)~^J^(k^r) [x cos k-^at 

-h jio J I fx cos k^at 4- (5), 

where k^, K, &c. are roots of 

2kJ,'(k) = J^(k) (6). 

To determine the coeSicients, we have initially for values of r 
from 0 to 1, 

r = Ai (kir)'~^ J | J i + (7). 

Multiplying by (kr) and integrating with respect to r from 0 
to 1, we find 

[ {kr) dr = P \J^{kr)frdr (8), 

Jo- J 0 ' 


the other terms on the right vanishing in virtue of the conjugate 
property. Now by (16), § 203, 

2 £ [J, (*r)]Vdr = W (k)f + (l - Js) [Ji (k)f 

= (9), 

by (6). 

The evaluation of f (kr) dr may be effected by the aid of 
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a geoeral theorem relating to these functions. By the fundamental 

differential equation 

1 d / dJj>(l'r)\ , ?2-\ r r 7 


rdr \ dr 
■whence by integration by parts we obtain, 

I ' I h-} dr = Ji Jn (M - r'‘+* 

- )i u7’ 


.( 10 ), 


1‘- j r“~Kf,^ikr)dr = iiJn(r) — kJn'{k). 


or, if we make )• = 1, 

Thus iu the ctise, with which we are here concerned, 

k - 1 {k'v) dr = %J x{k) — kJ:.'{k) = J ^(k) by (6). 

Equation (Si therefore takes the form 


.( 11 ). 


A = 




•( 12 ), 


and the final solution is 

Ji(kr) 

(13)’ 

where the summation i.s to be extended to all the admissible 
values of k. 


When t = 0, and r = 1, we must have 'jr = /a, and accordingly 



(14). 


It will be remembered that the higher values of k are approxi- 
mately, (3) § 331, 

2 

k = <rn- ( 15 ). 

<77r - ^ ^ 

The first value of k is 2-0815, and the second 5-9402, -whence 

^^,^ = -85742, ^^-2 = -06009, 

shewing that the first term in the series for ^fr is by far the most 
important. 
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It may be well to recall here that 


TTZ \ Z 


— COS 5 


.(16). 


Equation (14) may be verified thus : the quantities h are the 
roots of 

or, if 0 = z~^ (z\ the roots of = 0, where satisfies 

+ + = 0 (17). 

Now, since the leading term in the expansion of in ascending 
powers of ^ is independent of z, we may Avrite 


f-comt,{l-g{l-g} 

whence, by taking the logarithms and differentiating, 
0 " __ 2z 

If we now put z- = 2, Ave get by (17), 


2 


2 _ <!>" 


2 ) = 1 . 


333. In a similar manner we may treat the problem of the 
vibrations of air included between rigid concentric spherical 
surfaces, whose radii are 7\ and ?v For by (13) § 323, if d^frn/d^' 
vanish for these values of r, 


-F>i(— ik7\ ) _ Fn{- itr. 2 ) 

Fn{+ih^^)~ Fn{+ikny 

Avhence 


Avhere as before 


tan k (?\ — ?\) = 


()8/a),^(A^a), 


Fn (+ ikr) = a 4- ^/5 


( 1 ), 

( 2 ). 


When the difference between Vi and 7\ is very small compared with 
either, the problem identifies itself with that of the Aubration of a 
spherical sheet of air, and is best solved independently. In (1) 
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§ 323, if yjr be independent of r, as it is evident that it must 
approximately be in the case supposed, we have 


1 d 
sin 0 dO 


sin 6 


ddj sin- 0 d(o- 


+ = 0 


(3). 


whose solution is simply 

irn-Sn {^)> 

while the admissible values of are given by 

(5). 

The interval between the gravest tone (?i = 1) and the next is such 
that two of them would make a twelfth (octave 4* fifth). The 
problem of the spherical sheet of gas will be further considered in 
the following chapter. [For a derivation of (5) from the funda- 
mental determinant, equivalent to (1), the reader may be referred 
to a short paper ^ by Mr Chree.] 


334 . The next application that we shall make of the spherical 
harmonic analysis is to investigate the disturbance which ensues 
when plane waves of sound impinge on an obstructing sphere. 
Taking the centre of the sphere as origin of polar co-ordinates, and 
the direction from which the waves come as the axis of fM, let (jE) 
be the potential of the unobstructed plane waves. Then, leaving 
out an unnecessary complex coefficient, we have 

^ ^ ^ik (at+x) — ^ikat 

and the solution of the problem requires the expansion of in 
spherical harmonics. On account of the symmetry the harmonics 
reduce themselves to Legendre s functions Pn (/^), so that we may 
take 

e^^^ = Ao + A,P, + ,.. + AnPn+ (2), 

where Aq... are functions of r, but not of fjL. From what has 
been already proved we may anticipate that Am considered as a 
function of r, must vary as 


but the same result may easily be obtained directly. Multiplying 
1 Messenger of Mathematics, vol. xv. p. 20, 1886. 
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(2) by Pu (/ct), and integrating mth respect to ytt from /r = 
/i = + 1, we find 

2n + 1 


j ^Pn ifj) e**'"'* dfi = An j ^ (Pn)' d/J, = 
and, as in § 330, 

J Pn (fi) dfi = 2P„ 
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— 1 to 

•(• 3 ); 


‘ id . ih) • 


sin kr 

~~k^' 


1 - -P- (oe) w «• 


SO that finally 

In the problem in hand the whole ’motion outside the sphere 
may be divided into two parts ; the first, that represented by <f> 
and corresponding to undisturbed plane waves, and the second 
a disturbance due to the presence of the sphere, and radiating 
outwards from it. If the potential of the latter part be we 
have (2) § 324 on replacing the general harmonic Sn by Pn (/^), 

Pn (/^) • ^ J^n '| 

... 1 ! . 


dr 


= - Cbn Pn {fj) . Pn {i^r) 


.(5). 


The velocity-potential of the whole motion is found by addition 
of ^ and "yfr, the constants being determined by the boundary 
conditions, whose form depends upon the character of the obstruc- 
tion presented by the sphere. The simplest case is that of a rigid 
and fixed sphere, and then the condition to be satisfied when r = c 
is that 

d(f> ^ dylr 


dr dr ^ 


•( 6 ). 


a relation which must of course hold good for each harmonic 
element separately. For the element of order ?i, we get 


On— ( 27 i-fl) Pn 


\d . ike) d . 


d 


sin kc 
Jee kc 


•in 


Pn (ike) ' 

Corresponding to the plane waves ^ = the disturbance 

due to the presence of the sphere is expressed by 


hr- 

■\|r = -h- (at-r+c) 

yn=00 -h I p 

^ TTT /• •T 'V n 


d 


’•=* Pn {ike) “ \d . ike) d .kc' kc 


d sin kc 


. Pnip) .fn{ikr)...{8}. 


R. ir. 


18 
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At a sufficient distance from the source of disturbance we may 
take fn(ikr) — l. In order to pass to the solution of a real 
problem, we may separate the real and imaginary parts, and 
throw away the latter. On this supposition the plane waves are 
represented by 

[(!>]- cos k (at (9). 

Confining ourselves for simplicity’s sake to parts of space at a 
great distance from the sphere, where fn(ikr) = l, we proceed to 
extract the real part of (8). Since the functions P are wholly 
even or wholly odd, 

P f ^ \ ^ sinkc 

\d . ike) d.kc' kc 


is wholly real or wholly imaginary, so that this factor presents no 
difficulty. {Fn(ikc)}~'^, however, is complex, and since 






e^y 


a- + y3- V(a- + yS-) ’ 


where tan 7 = — yS/o. [If the positive value of V(a‘ + / 3 -) be taken 
in all cases, 7 must be so chosen that cos 7 has the same sign as a.] 


Thus 


kcr^ 


= 2 (272 + 1 ) ~ 


w 


When therefore 7 i is even, 

W = + 1) ^ cos {k (at — r + c) + 7} 

V, r . ooi-ir n f d \ d sinArc ^ 

X {a- + /3-} J ^ . P„ ifj) .. . .(11), 

while, if 71 be odd, 

[yfr] = (2n + 1) ^ i sin [k (a^ — r + c) + 7} 

X (.•+ mp. . P. « ...(12). 


As examples "we may write down the terms in in- 
volving harmonics of orders 0 , 1, 2. The following table of the 
functions P^ (fi) will be useful. 
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= -T + fs), A = -^ (/tl® - Jf /i,3 

We have. 


n — 0^ a--f ^-= 1 H-fc-c^ tan7o= — A:c;, 

[^J =-J fi +^sc-]-i y^J^^.cos {^:(a!5-r H-c)-f7„}...(13); 


d .ko 




m = 


k^c^' 

jy^2g2 I 45 d- sin 


‘Ihc ’ 

( 14 ); 

n-% .»+^.= i-V- 2 +A 4 A , 


4 /b-c^ ~ 9 


m- 


4)5 fcc- 
4 )r 


d (koy 


■hi 


70 o O . S 81 I 

/c^c-— 2 - 1 - . - 4 ^ 

Ihc- lihch) 

d 1 sin kc 


ko 


(4" i) cos [Ic (at - -h c) 4 yo} • . .( 15 ). 


The solution of the problem here obtained, though analytically 
quite general, is hardly of practical use except when kc is a small 
quantity. In this case we may advantageously expand our results 
in rising powers of kc, 

[•^0] ^ (1 -f PcM + ...) 

X cos {S:(ai— r+ c)-f 7oj ( 16 ). 

['^i] = (1 + 

X /t . sin {A; (ttt — r 4- c) +• y] ( 17 ), 

(1 - + ...) 

X (fj? - ;|-) cos (A; (ai - r 4 c) 4 72} (IS). 

while [1^0] and [xjrj] are of the same order in 
the small quantity A;c, [^2] is two orders higher. We shall find 
presently that the higher harmonic components in [n/r] depend upon 
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still more elevated powers of he. For a first approximation, then, 
we may confine ourselves to the elements of order 0 and 1. 

Although contains a cosine, and a sine, they never- 
theless differ in phase by a small quantity only. Comparing two 
of the values of d^nldr in (21) § 330 we see that 

a sin {he + nir) ~ ^ cos {ho + ^ nir) 

= ~ 17375 powers of ho 

identically. Dividing by a cos (ho -}- ^nTr), we get ultimately 


(~iy^ n(hcy^^^^ 

a a cos (he 4- ^nir) 1.3.0 ... (±n -f I ) 

When n is even, this ecjuatiori becomes on substitution for a of 
its leading term from ( 16 ) § 323 , 

a (?t+ 1 ) ( 2 n + 1) [i: . 5 . .. {2n - I)|- •"O-’)- 
For example, if 7i= 2, 

tan/uc— = 

When 7/. is at all high, the expressions tan /o’C and / 3 /a l)ecoinc 
very nearly identical for moderate values of he. 

When 71 is odd, we get in a nearly similar manner, 


^^2 (/.of 
>.o 


cot kc + ^ - (2m + 1) {1.3 . (2m • 


lyr 


,; + • 


.( 20 ). 


[From ( 19 ) we sec that when n is even tan 7, or — 0/a, is 
approximately ecpial to — tun he, ami from (20) when a is odd that 
cot 7= tan ho. In the first case, by ( 16 ) § 323 , a has the sign of 
or of (— l)^^*” ; and in the second case a has the sign of or 
of (— l)^^^“^h In both cases the approximate solution may be 
expressed 

r^^^he + \nir ( 20 ').^] 

The velocity-potential of the disturbance due to a small rigid 
and fixed spheres is therefore approximately, 

[■^0] + [fi] = - ^3/" (1 + i>) cos Jc (at - r) 


ttT 

— ^ (1 + 1 /x) cos k (at — r) (21). 


^ This emendation and others consequential to it are due to Dr Burton. 
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if T denote the volume of the obstacle, the corresponding direct 
wave being 

[</)] ~ Q>o^k{cvt + x) (22). 


For a given obstacle and a given distance the ratio of the 
amplitudes of the scattered and the direct waves is in general pro- 
portional to the inverse square of the wave-length, and the ratio of 
intensities is proportional to the inverse fourth power (§ 296). 

In order to compare the intensities of the primary and 
scattered sounds, we may suppose the former to originate in a 
simple source, provided it be sufficiently distant {R) from T, 
Thus, if 

(23), 

itT 

['/"] = - (1 + COS k(at-r) (24) ; 


SO that at equal distances from their sources the secondary and 
the primary waves are in the ratio 


ttT . . 


.(25). 


The intensities are therefore in the ratio 
TT-^r- 




(l+fya)“ (26), 


^vhich, in the case of yx = + 1, gives approximately 

^2T- 




.(27). 


It must be well understood that in order that this result may 
apply, X must be gi*eat compared with the linear dimension of T, 
and i? must be great compared with X. 

To find the leading term in the expression for when Icc is 
small, we have in the first place, 

/n ^\rj / d \ sin/bC 

{2n + l)l d.A:c’”A;c 


ni^ (kcY' 


1.3. 5. ..(2» 


L ... {i- ±± 
- 1)1 


(n-{- 2)/c-c^ 
(2^1 -P 3) 


+ ... 


( 28 ). 
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Agaia, 

+ yS- = Fn {ike) x F„ (- ike) 


= {!.§. 5... ( 2 n-l )(?2 + l)(fcc)-”p|l + 


{71- 

(^'i) "( 2 n - 1 ) 


so that 


{kef 


U- 4- 

^ 1.3...(2u-l)(» + l) r 2.(n + l)(2?i-l)+^- 

(30). 


(n — 1 ) k'C“ 


...} 

.(29); 


Heace, from (10), 

c {Jccy^^ni^P^fa) 

— ^ p^^7c^at—r-hc)i-y^2 


f If yvi/ j ruo JL 

'^"" 9 -{ 1 . 3 . 5 ...( 2 n-l)i=(»z+l) 
« — 1 


X )l-/cV- 


[( 2 ?i + 2 ) ( 2 »i - 1 ) "*" 2 w ( 2 w + 3 ) j 
When n is even, [since 7 = — -I- \mr approximately,] 

ri n C (kcy^^ni^^Pnlu) 

=r[1.3.....^.(2«-l)}4 + l) 


L±1_V 


+ ... ...{SI). 


X U - i;' 


Hi 


71—1 


7% I 2 \ I 

\{2n+2) (2n-l) 2i!(2)H-3)j ■*■ ) ’ 

while if n be odd, we have merely to replace i” by [and cos by 
sin], the result being then still real. 

By means of (31) we may verify the first two terms in. the 
expressions for [-f J, in (17), (18). To the case of » = 0, (31) 

does not apply. 

Again, by (31), • 

]^q7 

mr {at-r+c) + . . .(33), 

^8^9 

= 31 ^:^ tV - f } cos {fc (at - r+ c) + 74 } (34). 


Combining (17), (18), ( 33 ), ( 34 ), we have the value of [^Ir] 
complete as far as the terms which are of the order k^o^ compared 
with the two leading terms given in ( 21 ). In compounding the 
partial expressions, it is as necessary to he exact with respect to 
the phases of the components as with respect to their amplitudes ; 
but for purposes requiring only one harmonic element at a time, 




< 




i 


i 
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the phase is offcea of subordinate importance. In such cases we 
may tahe 

7 = — kc + 2 ' 

From (31) or (32) it appears that the leading term in rises 
two orders in /cc with each step in the order of the harmonic ; and 
that \{rn is itself expressed bj a series containing only even, or only 
odd, powers of Icc. But besides being of higher order in kc, the 
leading term becomes rapidly smaller as n increases, on account of 
the other factors which it contains. This is evident, because for 
all values of n and /jl, P^(ya)<l; the same is true of 'n/(?i+.l) ; 
while only affects the phase. 

In particular cases any one of the harmonic elements of 
may vanish. From (11), (12), since (a- -1-/3-)“^ cannot vanish, we 
have in such a case 

^[d.ikc)d7kc 

the same equation as that which gives the periods of the vibrations 
of order 7i in a closed sphere of radius c. A little consideration 
will shew that this result might have been expected. The table 
of § 331 is applicable to this question and shews, among other 
things, that when kc is small, no harmonic element in [->1^] can 
vanish. 

In consequence of the aerial pressures the sphere is acted on 
hy a force parallel to the axis of jx, whose tendency is to set the 
sphere into vibration. The magnitude of this force, if <t he the 
density of the fluid, is given hy 

27rC“<jJ (<^-f'^)pdp, 


in which, by the conjugate property of Legendre's functions, only 
the term of the first order affects the result of the integration, 
ow, when r = c, 




d 

d . ike 


sin kc 
kc ' 


= Ske 


fi{ikc) d_ d 
Fi{'ikc) d.ikc' d.lcc 


sin kc 


where 




Fi (ike) = ike + 2 + ^ 
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In order that the force may vanish, it would be necessary that 
d sinfe , ; fiiikc) d- sin kc 

iTc • “fcr "" 

which cannot he satisfied by any real value of he. We conclude 
that, if the sphere be free to move, it will always be set into 
vibration. 


If instead of being absolutely plane, the primary waves have 
their origin in a unit source at a great, though finite, distance R 
from the centre of the sphere, we have 


X P, 


(— 

\d , ii 


d \ d sin kc 
ike) d.kc kc 


.(36). 


On the sphere itself r = c, so that the value of the total poten- 
tial at any point at the surface is 


4<7rR 


) (271 + 1) P,, (m) 


u 


d 

ike. 


sin kc , , fn(ikc) ^ 
— -f- kc 7 Jr 73 


\ cZ sin kc' 
d . ike) d.kc kc 


kc " Fn(ikc) 

This expression may be simplified. We have 

(jii) - i 1- (- '’-*/■ (“'> + (- 

rs-f- (ra) = 21^- 


and thus the quantity within square brackets may be written 


Qikc (ike) fn (— ike) — Fn (— ike) fn (ike) 

2ikc Fn (ike) ' 

which by (6) § 327 is identical with [Fn (ikc)']~'\ Thus 


aik(at—R+c) p 


Fn(ikc) **’* 


(37), 


which is the same as if the source had been on the sphere, and 
the point at which the potential is required at a great distance 
(§ 328), and is an example of the general Principle of Reciprocity. 
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By assuming the principle, and making use of the result (3) of 
§ 328, we see that if the source of the primary -waves he at a finite 
distance i?, the value of the total potential at any point on the 
sphere is 

('«>■ 

If A and B be any two points external to the sphere, a unit 
source at A will give the same total potential at B, as a unit 
source at B would give at A. In either case the total potential is 
made up of two parts, of which the hrst is the same as if there 
w^ere no obstacle to the free propagation of the waves, and the 
second represents the disturbance due to the obstacle. Of these 
two parts the first is obviously the same, whichever of the two 
points be regarded as soui*ce, and therefore the other parts must 
also be equal, that is the value of ^ at B when .d is a source is 
equal to the value of at A when B is an equal source. ISTow 
when the source A is at a great distance i£, the value of at a 
point B whose angular distance from A is cos"”^ ji, and linear 
distance from the centre is r, is (36) 


47rrR 


2 ( 2/1 + 1 ) 


Pn{fj) Mihr) 

F,i{iko) 


/ d \ d 

\c^ . ike) d . IcG 


and accordingly this is also the value of *v|r at a great distance R, 
when the source is at B. But since is a disturbance radiating 
outwards from the sphere, its value at any finite distance R may 
be inferred from that at an infinite distance by -introducing into 
each harmonic term the factor fn {ihlt). We thus obtain the 
following symmetrical expression 


X (ikJRi) • J 'fi (%JcT^ JP •>5 


' d \ d sinfcc 
d . ikoJ d . kc kc 


which gives this part of the potential at either point, when the 
other is a unit source. 

It should be observ^ed that the general part of the argument 
does not depend upon the obstacle being either spherical or rigid 
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From the expansion of in spherical harmonics, we may 
deduce that of the potential of waves issuing from a unit simple 
source A finitely distant (r) from the origin of co-ordinates. The 
potential at a point B at an infinite distance B from the origin, 
and in a direction making an angle cos“^ fL with r, will be 

47rii ’ 


the time factor being omitted 
Hence by the expansion of 


D—ikS. 


d \ sin hr 


from which we pass to the case of a finite R by the simple intro- 
duction of the io.Qioi f^iikR). 

Thus the potential at a finitely distant point £ of a unit source 
at A is 


* = (2.^1) P. (jj|-)“i!-/.(ilP).P„W...(40). 


335 . Having considered at some length the case of a rigid 
spherical obstacle, we will now sketch briefly the course of the 
investigation when the obstacle is gaseous. Although in all 
natural gases the compressibility is nearly the same, we will 
suppose for the sake of generality that the matter occupying the 
sphere differs in compressibility, as well as in density, from the 
medium in which the plane waves advance. 

Exterior to the sphere, (f> is the same exactly, and ^jr is of 
the same form as before. For the motion inside the sphere, if 
k' = 27r/A' he the internal wave-length, (2) § 330, 

[e-fcvy™ (*V) - (- 1)» fn (- *V)}, 

{a sin (Ic'r + ^nTr) — /3 cos (//r + |m7r)j, 

satisfying the condition of continuity through the centre. 

If 0 -, cr' be the natural densities, m, m the compressibilities, 

= a'l<r . mjm' • • (1) j 


1 


I 
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and the conditions, to he satisfied by each harmonic element 
separately, are 

d^jdr + d'ylrjdr (outside) = dyfr/dr (inside) (2), 

or[<j!) + '\^ (outside)} — cr'yjr (inside) (3), 

expressing respectively the equalities of the normal motions and 
of the pressures on tht‘ two sides of the bounding surface. From 
these e( [nations the complete .solution may be worked out ; but 
we will here confine ourselves to finding the vahie of the leading 
terms, when An, k'c are very small. 


In this case, when r = c, 

^p'^y (imsidc) == — ] 

d'^,,ldr (inside) ] 

</>o=l 1 

d<;f>o/dr = — -J-A-c J *" 

yjri, (outside) = Uo/o ) 
d-ylr^^jcl'r (outside) = — ao/c- j 


(4) , 

(5) , 

( 6 ) . 


Using these in (2), (3), and idiminating do, retaining only the 
principal t(*nn, we find 

m' — m 


C/(( — 


3 


m 


(7). 


In like maimer for the te.nu of first order, 

(inside) = — -^a/A'^c/x. 
dyjrjidr (in.side; 

d(j)il d'}' ) 




(9), 


which give 


■\fri (outside) == aijikc^'^ . jju 
d^^ijdr (outside) — — 2ailikc^.iJb 


k^(y^{<T-a) 
cr -|- 2cr' 


.( 10 ), 


.( 11 ). 


At a distance from the sphere the disturbance due to it is 
expressed by 


A'C' 

.‘b* 


0^ik(at--r} 


m - m ^ (T - cr I 

(IZ). 

m cr 4- Z<r ) 
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If W(i introduce the relations 


T == :|7rc'^ k — 27r^ X, 


and throw a,wa,y the irnaf(inary jiart, we obtain 


tt ?' ini' — Vi . .. cr' — cr 

^ X-r I ?u <T 4 i<T 


<'os A* {(it — r). 


.(i:hK 


as the expi’ossion for tin* most imptulant part nt the disliirh- 
anc( 5 , corr(‘Spon(lin;^ t-o (21) ^ fn* a. fixed rii^id sphere. It 
aj)pears, as ini^t^ht liavt* l)(‘en exptM'ted, that the term of ziu’o 
order is dint to the variation of efuiipressihility, and that of 
order one to th<; variation of density. 


From (K2) we may fall hack on tin* ease of a riojd fixed sphen*, 
by nuikirig l)oth a and m' infinite. It is not. suflieient to inak<‘ a 
by itsedf infinite’, apparimtly he(‘atis«% if vi at the same t/une 
remained finite, //c would not he small, as the invest i^^al i(m has 
{ussiuned. 


When vd — m, a — <t are small. ( Kf) heemiies e<juiva!enf to 




ir'P {vh — Hi 

. 4- 

X'-r ( ui 



r’os k {at — /*)> 


corresponding to (p^co^kat at the* eentre of the sjdiere. This 
agi’ees with the ntsult (12) of § 2fHi, in whieh the obstacle may bc3 
of any form. 


In actual gases m' = w, and t in* term <ff zero m’der disappciars. 
If the gas occupying tin* spheric^al spaee he im’omparahly lighter 
than the other gas, cr'= 0, and 


Y = d . g e.os /r ( (It — r). 
X” r 


.( IH 


so that in tlu^ term of order can*, tlni effee.t is twicr* that, cd' a rigid 
body, and ha.s the ntversc’ sign. 

Th(i greater part of this chapter is takcen fnun two jiapcrs by 
the author “(In the vibrations of a gas c^oniained within a rigid 
spherical envelopes, and an “ Investigation the clinturbarna^ pro- 
duced by a spherical cdxstiuib^ on the wave’s of sound h” and from 
the paper by Professor Stokes alrc^ady referred to. 


^ Math. Societf/'M iVaerm/ /////«, March 14, 1H72; New. 14, 1H72. 
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SPHEBICAL SHEETS OF AIR. MOTION IN' TWO DIMENSIONS. 


336. Lv a fonncr chai)t,(;r (§ 135), w<; .saw fcliut a proof of 
Foiirier’.s theorem might lie olitainwi by coiisi(l(;ring the niechajiies 
of a vibrating .sti-ing. A Himilar treabmiMifc of the problem of 
a spherical sheet of air will lead us to a proof of La))laee’s 
e.’cpansion for a function whieli is arbitraiy at every point of 
a spherical .surface. 


A.S in § if is tlui vc^locity-potcntial, the (R[uation of 
eontiuuitj, referiTRl to L}i(‘ ordinary polar co-ordinates 6, co^ takes 
the form, 


. (Jr'\lr 


(ir 


I 

sin 6 (16 


sin 6 


dxfr' 

(le 


-f- 


I 

tj“ 0 (l(tr j ’ 


Whatever may tin* character of th<i free motion, it can 
be analysed into a series of simple harmonic vibrations, the 
nature of whieli is det(*rnuned l>y tln^ cornssponding’ functions 
consid{*r(‘d as dep<mdmit on .space;. 'Jdiu.s, if the 

equation to determiiH; -x/r as a function of 0 and is 


i d 

sin 0 d0 



I c/"'x/r 
sin* 6 d(o- 


4“ =2 0 


( 1 ). 


Again, what(*v(;r function t/t may lx;, it can be oxparKled by 
Couriers theoreiiF in a s(;n<*H of sines and cosines of the multiples 
of o). Thus 


+ cos 6) -f- yfr/ sin 4“ 'yjcu oos 2co + ^fr./ sin 2co 

■f - + Cos 4- sin ifco 4~ (2), 


^ We here introduce the condition that ^ recurs after ono revolution round the- 
sphere. 
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where the coefficients fo, -fi, t/ Unctions of 0 only ; 

and by the conjugate property of the circular functions, each 
term of the series must satisfy the equation independently. 
Accordingly, 


L-A 

sin 0 dO 


dO J sin- a 


(^) 


is the equation from which the character of or is to he 
determined. This equation may he written in various ways. 

In terms of fi (= cos 6), 

Af/1 

d/jL 

or, if z/ = sin 0, 




1-/X 


= 0 , 


( 4 ); 


V- (1 - V-) -f V (1 - + v-Ii-'f-s - = 0. ..(.">), 


where /t- is written for Jc-c^. 

When the original function i.s symmetrical with re.spcct 
to the pole, that is, depends upon latitude only, .s vanishes, and 
the equations simplify. 3’his case we may conveniently take 
first. In terms of /j., 




•i\ <^'’'*^'1 


dftr 




.((>). 


'The solution of this equation involves two arbitrary constants, 
multiplying two definite functions of /ll, azid may be obtained 
in the ordinary way by assuming an ascending series and de- 
termining the exponents and coefficients by substitution. Thus 

, h^{h^-2.S) , 

T.1..3.4. ^ 


■t„==^ 1 


1 O A /t 'TCVO. , 


+ B 


1 . 2 . 3 . 4 . 5.0 
(h 


h ^-1. 2 

1.2.3 




-1.2)(/d-3,4) 1 

1 . 2 . 3 . 4.. 5 ^ ® 




( 7 ), 


in which A and B are arbitrary constants. 

Let us now further suppose that Ix^sides being symmetrical 
round the pole is also symmetrical with respect to the equator 
{which is accordingly nodal), or in other words that ^ is an 
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CONDITION TO BE SATISFIED AT POLES. 


^ 4 

. ..Jii 
!<) 

' kil'4 







even function of the sine of the latitude (/x). Under these circum- 
stances it is clear that B must vanish, and the value of be 
expressed simply by the first scries, multiplied by the arbitrary 
constant A. This value of the velocity-];)oteiitial is the logical 
consequence of the original differential e(|uation and of the two 
restrictions as to symmetry. The value of /r might appear 
to be arbitrary, but from what we know of the mechanics of the 
problem, it is certain beforehand that /r is ren-lly limited to a 
series of particidar valu(‘s. The condition, which yet remains 
to be introduced and by which //■ is determined, is that the 
original equation is satisfied at th<i pole itself, or in other words 
that the pole is not a soun^e; and this recjuires us to consider 
the value of the series when Since the series is an 

even function of yx, if the })ole ya = + I be not a source, neither 
will be the pole ^ = — I. ft is evidcmt at once that if bo of 
the form wdiere u is an ('.von integer, the series termi- 

nates, and therefoni nnnains finite when /i—l; but what wo 
now want to prove is that, if the scirie.s remain finite for /x==l, 
A- is necessarily of tint above-rnentioiKul form. J^y the ordinary 
rule it appears at once t.hat, what(‘ver be the vahui of hr, 
the ratio of successive terms bun Is to the limit /lc^, and there- 
fore the series is convcn’gcmt for all values of /x less than unity. 
But for the extreriKi value /x= I, a higluT method of discrimi- 
nation is rKicessary. 

It is knowrd that the infinite liyperg(iometrical series 

_ (ih (i((i + 1. )h( h ^ ) ((-{((r 4“ 1 )(n- -k 2)6( 6 -j- I)(6 4* 2) , . 

cd~^ c(c 4- l)(l((l 4- 1 ) ^ c(c 4* f )(c 4“ 2) (l{d 4- l){d 4- 2) ^ 

is convergent, if — (t — h be greater than 1, and divergent 
if c+ d — a — h be equal to, or less than 1. In tlic latter case 
the value of d — a — h affords a criterion of the degree of 
divergency. Of two divergcjut Hcries of the above form, for 
which the values of c 4* d — a — b are different, that one is relatively 
infinite for which the value of c 4- — a — 6 is the smaller. 

Our present series (7) may be reduced to the standard form 
by taking where n is not assumed to be integral. 

Thus 


^ Book^fi Finite Differemca, p. 79. 
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ClllTKRION OK DtVKU(iKX<‘V. 


1 - 


Ir l^(/r- 2 .:i) 

1.2^ 1 .2.8.4 




[830. 


n(?/.4*l) 7/ (// + -“-)(// “H 

= 1 - 1 ^ /.-+ , ^ M-... 

(— i n)(hn -f i ) i 7/ )(— A rt -f 1 ){ A // -f i ) ( A 7 / 4 A + 1 ) . 

= 1+ { \ “ /^*'+ I 1 

+ 

which is of the standunl form, if 

1 //, h - A ;/ + i , e A , <1 I . 


Accordingly, siiic(^ r: 4- 7/ — 7 / I , t.h<* s<Ti<*s is divtegont for 
fM = l, luiles^i it tenniiKtU' ; and if tonniiiatr^ only when // is an 
even integi'.r. We are t.Iius led t«> thr e<un*lusion tJiat. when 
the poh^ is not a source, and ^Ir,, is aii ev<*n fuuf'tion of ju, Ir must 
b(‘ of the form //(;/ + I ), where // is an evon iii{eg(*r. 


In like rmmner, we may prove Uiat when is an odd function 
of fM, and th(^ pol(‘S an^ not sour<‘es, A 0 , and //' must he of tla^ 
form 1), ‘if> Ixa'ng an odd lntegf*r. 


If 7 i> h(i fractional, hot.h series are diviugent for ± 1, and 
although a e.ombination of th<ua may he fouml %vhi(^h remains 
finite at one or otlnu’ poh‘, then* can be no (’ombinafion which 
remains finite at Ud/f poh‘s. li' tlierefon* ii b(* a <!omlition that 
no point <m thc^ surfAu^f of tin* sphere is a vourc«‘, wj‘ hav(‘ no 
alkuTiative but to make // integral, and even then w«* <io rnd/ 
secure fiuiteness at the poles unless we furtlna* sup|)os(f A = 0, 
when 71 is odd, and H^i), wln*n n is (rvam. We (jonelmie that 
for a comphdtj spherical layer, tin* «ady admissible values of '\/r, 
which are funcXious of latitinb* only, anil propcalionaJ t o harmonic 
functions of tin*, time, are included under 


where Pn{f^) latgeinire’s function, and a is any odd f>r even 
integer. Th(j p(»ssil)ility of expancling an arlntrary hifudaon of 
latitude in a siu’ies of Iu(g«‘ndres fuin^ifUis is a nef'essary con- 
sequence of what lias now b(*.(‘n proved. Any pfwsibl^* motion 
of the layer of gas is nqu'esented by the serii*s 


^ = A.+ I'M f/l, + «, si„ 


c; 


+a 




COS + n Hin 

c “■ c 


j + , . . 
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336.] TEANSITION- TO TWO DIMENSIONS. 


When t = 0, 

= -h (11), 

and the value of i/r when t~0 is an arbitrary function of latitude. 

The method that we have here followed has also the advantage 
of proving the conjugate property, 

J dfj> = 0 (12), 

where n and m are different integcra. For the functions P(/a) 
are the normal functions (§ 94) for the vibrating system under 
consideration, and accordingly the expression for the kinetic 
energy can only involve the squares of the generalized velocities. 
If (12) do not hold good, the prodmis also of the velocities must 
enter. 


The value of yfr appropj-iate to a plane layer of vibrating gas 
can of course be deduced as a particular case of the general solu- 
tion applicable to a spherical layer. Confining ourselves to the 
case where there is no source at the pole = we have to in- 
vestigate the limiting form of ^^=== PP,,(ia), where ^( 71 +•!)== P-ct 
when c- and ?r are infinite. At the same time yc — 1 and v are 
infinitesimal, and cp passes into the plane polai- radius (r), so 
that nv = Icr. For this purpose the most convenient form of 
is that of Murphy^ : 




The limit is evidently 
y}r = c\l 


k-r 

2- 


k'r* _ 


- ( 13 ). 

OJo{kr) ( 14 ), 


shewing that the Bessers function of xero order is an extreme case 
of Legendre’s functions. 

When the spherical layer is not complete, the problem re- 
quires a different treatment. Thus, if the gas be hounded by walls 
stretching along two parallels of latitude, the complete integral 
involving two arbitrary constants will in general be necessary. 

1 Thomson andlait’s Bat. Phil. §782. not 4 Todhuntar’s 

LapUce^s Function)!, § 19, 


K. II 
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VIBRATIONS OF A HFIIEltK'A L SHKKT 


[33C. 

The ratio of the constants and tin* adinissihli* valurs of ]r a.rcj to be 
determined by the two boundary (toiiditions cxiu’rssin^^ that at the 
parallels in question th(‘. motion is wholly in lon;^ntjid(‘. Tint value 
of being throu^^hout nunu‘ri(tally less than iniity, the series are 
always convergent. 

If the portion of the; surface; (K;cu|>i<‘d by gas In; that included 
between two parallels of latitudt; at, ecjual distances from the 
equator, the question be(;om(‘S simpler, sincf* ih(‘n one or other of 
the constants A and B in (7) vanish<*s in tin* (‘as«; of (*atrh normal 
function. 


337. When the spherical area <’ontemplated inc;lu<h;s a pole, 
we have, as in the case; of the complote sphere, tf) introduce the 
condition that the; pole; is not a sourcMx For this pnrpo.sc; the solu- 
tion in tenns of r, i.<‘. sin 0, will be more convenient. 

If we Histrict ours(dv(‘H for the |>reH<;nt to the casi* of symmetry, 
we have, putting ^ — 0 in (a) § 33b, 

V (1 — v") -f ( 1 4' /f” V ’yjrf, 0 (I ). 


One solution of this eqtiation is readily obtaim;d in tlm; ordinary 
way by as.suming an ascending series and substituting in the 
differential ecpiation to determine the r»xpt)neniH and coefficients. 
We get^ 




, 0.1-//'-^ , (0. 
1 4- 


^/r)(2,:i^/r) , 
2'«i . 4a ^ 


^(0.1 ~/Of2.3^/r)(4.5«»//‘^j , ^ 

+ 2'-'.4’.e 


-( 2 ). 


This value of is th(; most g(*neral solutiori of (1), stihje(;t to 
the condition of finite.ness when r = Tin; complete solution 
involving two arbitrary constants pnwicies for a so\ins; of arbitrary 
intensity at the pole, in which case the; value of is infinite when 
z/ = 0. Any solution which remains finitt; wlnut i/ = 0 and involves 
one arbitmry constant, is thenjfon; th<; most gfuieral possible under 
the restriction that the pole be not a soiin:c;. Accordingly it is 
unnecessary for our purpose to ccnopItfU; the solution. The nature 
of the second function (involving a logarithm r) will be illus- 
trated in the particular case of a jdane layer to be considered 
presently. 


* Heine’s KugelfunrJimtm, § 2H. 
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BOUNDED BY A SMALL CIRCLE. 


By writing n (n + 1) for A- the series within brackets becomes 
_ n (n + 1) («• -^) n (w + 1) (m + 3) „ 


or, when reduced to the standard hypergeometrical form, 

1 , (— (4^'’ + i) 3 , (~ 1^) ( ~ i» + l)(|n+ + -I +1) 

X-h i'-r i.2.12 " 


corresponding to 


^}ij h = -1- c = 1, = 1. 


Since c 4- — rr, — & = i], the series converges for all values of p 

from 0 to 1 inclusive. To values of 6(=siior^p) greater than ^tt 
the solution is inapplicable. 

When n is an integer, the scries becomes identical with 
Legendre’s function .Pnif^)- If the integer be oven, the series 
terminates, but otherwise remains infinite. Thus, when = 1, the 
series is identical with the expansion of g, vix. \/(l — in powers 
of p. 

The expression for yj/' in terms of v may be conveniently applied 
to the investigation of the free symmetrical vibrati<ms of a spheri- 
cal layer of air, bounded by a small circle, whose radius is less than 
the quadrant. The condition to be satisfied is simply = 

an equation by which the possible values of or k^()\ are con- 
nected with the given boundary value of v. 

Certain particular cases of this problem may be treated by 
means of Legendres functions. Suppose, for example, that?^ = (i, 
so that hr = /irc“ = 42. The corresponding solution is yjr = AI\ (/a). 
The greatest value of /x for which dyfrldfi^ 0 is ^ = -8:302, corre- 
sponding to 0= 5^3' = *59X37 radians \ 

If we take cd — r, so that r is the radius of the small circle 
measured along the sphere, we get 

At = V(42) X *59137 = 3*8325, 

which is the ecpiation connecting the value of k (= ^rrlX) with the 
curved radius r, in the case of a small circle, whose angular radius 
is 33'" 53'. If the layer were plane (§ 339), the value of kr would 
be 3*8317 ; so that it makes no perceptible difference in the pitch 
of the gravest tone whether the radius (?*) of given length be 


^ The radian is the unit of circular measure. 
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I 


Htraight;, or 1 ><‘ curvi'd to an an- ot ‘i‘> . 1 1 n* rr; ult »4 fin- foui- 

parisou wnuld, huwov«*r, ho laai frially ni, ii‘ w.- wrvr to fakr 

th«‘. lcngt,h of tlir farfinninviiro as tla- Nana- in tin* Iv.m that 

is, ntplaca cO - r ky ('v 

In ordar l(Ml<-<lunc tlir syruna't ri‘’al ‘Mlntirn tdr a plaiir layri; 

it. in only iH*(‘ossary t‘» niak** iiifinit*-, ululr ra r^-inriins tlnilo. On 

ncK’ount of tJn* intinito vaho' thr M 4 iUn»n a^-uturs ihr dmple 

f(iria 

[ try' h"j>^ h' V 

, * i.’k ■ ^ fci 


yjr ^ A 


(H 


( 2 '' ’ 2 -. F 'j . y . n 

or, if \V(‘ write* rif • r, wlita'r r i- ih** polar radin-. in t wn dimrithiuns, 

, i’ t^r ' JAr^ it) 

,, AJ.Atr) .(a), 


2 a I" 


as in ( id) § 22(». 

Th<‘ clifFrrent ial *‘i|nation idr iti frnn: nf r, r I,h infinite 

and cv r, lioconio'- 




i) 


.(B). 


An indeprndrrit invrst iguiion and olntiMn for tin- planr proldoni 
wilt b(* given presrntly, 

338. Wlani s is dilFerrnt. from /.rro, i!i» diffrn-ntial eefjtiatioii 
Hatisfic'd by tin* e«irf!ie’if*nlH of rns.son 

vHi - i-AA: +t'(i ^ (i (n. 

dp' dp ^ 

and the saint ion, sulijrrt to thr rondition of tinitmoH^ whru p':^0\ 
in easily found to be 

r A d t )- Id 

= 2(2.v4 2, ’ 

.V (h -f I ) li' (h 4 2 ) I A? -f 3 1 fr 
4* . P* “T . * 

2(2.v+2> 4(2 .vf' 4> 

or, if W(i |nit /r n in + 1 ). 

f it « (i ■ e«"«) («+ « 4 1 ) ,. 

’''■"^'" 1 '+ 2 .( 2 i+ 2 l 

(h n) iH--- jt 4 2) 4 if 4- I ) C.?f 4 if ^ 3) ^ f ^2) 

2.4.(2 j»+ 2> (2.'i ♦ ■'■[ 

^ The* milution i«ay !«* i#v tht* f*«lsiiUHi 4 ui n Miroiid fiinntittn dtriwd 

from (2) bj (iharadnK tin? sign »d n* whinli ai 1 1| nitly l»tU a nieilificfttiott 

m rn'ttoHHiirj, wiif.n g in » jwmUivit inn’-gi'r. TJjr iim:IIi*«I <^f }iro«fccl«r€ will be 
(‘Xeiaplifiod prm'Htly In llw? rane of Ui*4 idimij kyrr. 


I ’xs V M M icTiirc ;a i. motion. 
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I. 

•'* ’s-'. 'I j. j 

' ’ » i I 

■ 


.... Mi 

#.,.•1... , .til, 
f y; ?a|, 




#4. 


4 ..4 




I 


338,] 

We. hav(i li(‘r<‘ Uu* (complete, solution of (.he problo.tn of the 
vibrations of a spherioal Layer of ^ois hoiuided by a small circle 
whose radius is less tlnui tie* (pia<h'an(». l'4ir ea,eh vahui of 6‘, tht'.re 
arc a series of possihb* valiu's of //, ([{‘(.(‘.rtuiiu^d by th<‘. condition 
d‘\lrjdi' = 0: with any of tln^st^ vahuss of v tlu^ fuinttion on the 
right-hand sidci of (C^), wlnm rnultiplital by (tos.sYx) or sin.vo), is a 
normal function of t\iv. sysi.enn, T\u- a.ggi-(‘gat.(! of all thci normal 
functions corresponding l.o overy udnn'ssible valium of s and n, wilih 
an arbitrary <!o(dHcient pre.fixod to each, givtis an (‘Xjn-ession 
capable of being i< i(‘ntiii<*(i with the initial vahui of i/r, i.e. with a 
functhm given arbitrarily over tin* anei of the small circh*.. 

Wh(m the radius of (.ho sphere c is i n fi n i (,< dy g•r(^a(<, /r is infinil,c. 
Ifc2/ = 'r, /iur:^/rr'\ and (2) Ixteonie.s 




/•f 


^ =^V -^1 - 

y. ^ ^ ^ ^ 2.V P 2 ; • 2 . 4 . (2^ 2) {2s + 4) 

a function of r proport.ioiuLl to J^ijer). 


....(3), 


In terms of /x, (.he ditferentJal (xjuation satisficul by tihc co- 
efficient of cos.sYxn or sin is 

1 1' i 

Assuming — { 1 we find as tin* ecjuation for 

which will be more easily dealt with. 

To solve it, let 

4 >„ /x« f ^ " 4- * b , , . 4^ ^ + . * * , 

and substitute in (oj. 'Phe coefbeient (d* the*, lowiist power (jf 
g is afa — l): so that a — f), or L The ndatiou butweem 
found by etjualing U) /.ero thc^ (UH!ffi<nent of ib 




(a f 2//t f — n ) (<* P + n. 4“ 1 ) 

‘ { a 4* 2/n 4- I ) (/X 4' 2//(. 4" 2) 


where •/i.(';i.4- 1) = /r. 
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CONDITIONS TO BE SATISFIED 


[338. 


The complete value of is accordingly given by 
j (.?-■ !i)(,s+w+l) „ , (s-w)(,9-w + 2)(.v+»+1)(.'?+»+3) ^ 

(pg = ud j IH” ^ T" 12 3 4' ^ 

(,9 — 'w)(5 — 71+2)(5— 7l4-4)(,9+-n + l)(,S*-|-?2-{-3)(,S*+'/^.+ 5) ^ ] 

H 1 2 3 4 5 1) -- 


+ B 




(s — n 4-1) (.9 + ?^ + 2) 

2:3 




(5~?2. + l)(5 — n + 3)(,9 + 7l+2)(.9-f?l4'4) ) 

+ 2 : 3 . 4. 5 


where A and B are arbitrary constants ; 

and == (1 — (j)^ (7). 


We have now to prove that the condition that neither pole is 
a source requires that 7i — s be a positive integer, in which case 
one or other of the series in the expression for (f)^, terminates. 
For this purpose it will not be enough to slnnv that the series 
(unless terminating) are infinite when ya - ± 1 ; it will be necessary 
to prove that they remain divergent after multiplication by 
(1 — or as we may put it more conveniently, that tht^y are 
infinite when /x = ±l m compamw with (1— It will be 
sufficient to consider in detail the case of the first series. 


We have 

(8- 7i){s + n+l) (s~?^)(a~?^4-2)(^^4•w.^~l)(.9^-v^4*3) 

“1.2' 1.2. 3. 4 ■ 

TT"' ■■ 


j- ~ 1) (- ^A+ (-^.v -t - ^ ) 



which is of the standard form (8) § 336 

, ab . o(a4-l)h(l!> + 1) 

■^cd‘^c(c + l)d(d+l) 

if a = \s-\n, i!» = ^5 + Jn + J, c = l, d = \. 

The degree of divergency is determined by the value of a + 6 — c — d, 
which is here equal to s — 1. 



[ssa 


i43i r 




.ill 


klm 


t wi 

\m ^ 1' 

% tt ■ 

wik 


■ t. 


4-. 
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On the other hand, the binomial theorem gives for the ex- 
pansion of (1 — 

/X-+- -^72^ > 

which is of the standard form, if 

ct = -^.9, 0 = 1, b = dj and makes a + b — c— d == — 1. 

Since 5 — l>is— l,it appears that the series in the expression 
for ^^are infinities of a higher order than (1 — and there- 

fore remain infinite after multiplication by (1 — Accordingly 

cannot be finite at both poles unless one or other of the series 
terminate, which can only happen when — 9 is zero, or a positive 
integer. If the integer be even, we have still to suppose ^ = 0 ; 
and if the integer be odd, A = 0, in order to secure finiteness at 
the poles- 

In either case the value of (j>g for the complete sphere may be 
put into the form 

(*>■ 

where the constant multiplier is omitted. The complete expres- 
sion for that part of which contains cos s(o or sin sto as a factor 
is therefore 

. cos 50) A 8 T> t \ / 0 \ 



where A^i is constant witli respect to ^ and w, but as a function 
of the time will vary as 

COB U ^ - 4 . el (10). 

For most purposes, however, it in more convenient to group 
the terms for which 71 . is the same, rather than those for which s 
is the same. Thus for any value of n 

^fr = '!i - (Afi cos 8(m> 4- Bs sin scd) (ll)j 

where every coefficient may be regarded as containing a 

time factor of the form (10). 

Initially is an arbitrary function of p and 00 , and therefore 
any such function is capable of being represented in the form 



•2 90 


KoUMfl.A <>K IiKItIVA'JHiN. 


I 


, '*v '‘ , „ . 

Y' - • ~ ~ >' , , ( .r '■ '’n' .SV<) I /ij" '•lit .Vf() K ,.( 1 2] 

;/ f» n {\ "* ' 

which in Lajilacf’s cxiiansinn in sphcfiivi! Mirfri'-i' liariiKiiiics, 

Kniiii Mic (lilliTciitial l■I|uati<t|| ,,r Cnnu ii,-. i^.'Uc-nd sulmi,,,, 
(0), It. IK easy l.o jiruvr that 4-, i-, of tho muu.- foriii as , ,/u so 
that wc may write 

./ 


<h 


di 


\ <{>.,. 




tin which no roimeclion l.clw.-rn lit,, arhitrary constants is as- 
serted), or in ternm ni’ yjr ity (T >, 

f" 'I M)- {'! 


.( 14 ). 


lion (hi) is a iuu nf th,- prifpi'ily of Li]fla(M‘s 

functions ust'd in (8). 

I h<; cnii <*.s|Mfndin^ ri’lati^iiH fur [Im* plant' pruhlfin niav' d<* 
deducc^d, as hefon*, hy attarldn;^ an infinilf vahn* tn n, whitdi 


in (I.*I), (14) is arbitrary. 

anrl writing /,,, . 



boirig H'gardcd as a 

function tff r. 

though Hubj(»ct to diflbrentiation) mnv bo 

and thus we tnay tak<* 



/M (<!V<*1J 




When the pole is not a souret*, ^fr^ is projfortional to (At). 
The constiint left nndeforndned In* (I.*#), may be 

readily found by a eoinparismi of the leaditt|r terniH. It thus 
appears that 


./,(AT):^(^2A:rpf 




.(Id), 


a well-known problem of liesselH ftinetJons*. 

The vibrations of a plane layer of ^ilh are of course more 
easily dealt with, than thos<» of a layer of finite curvature, but 
I have preferred to exhibit tint indirect as wed! as th(>^ direct 
method of investigation, both for the? sake of thi* spherical problem 


* ToJhnnter^M iMphtrc^a Fuw'thm, % 
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itself with the correspoiHling Laplace/s expansion^, and because 
the connection betw(xni Bessels and Laplace’s functions appears 
not to be generally understood. We may now, however, proceed 
to the independent treatment of the plane problem. 


339. If in the geiK‘ral e([uation of simple aerial vibrations 
V"'\^ -4- = 0, 

we assume that 'yjr is indfipcmderit of and introduce plane polar 
coordinate.s, we get (§ 241) 

(/r^Ir \ d'xjr 1 dryj/' . 

-7% + 7 "h .. ,7 + = o 

dr- r dr r- dd- 


.( 1 ); 


or, if yjr bo cxpandcxl in Fouri(;r’.s s<u‘i(}s 

~ 4- -p . . . + -xlr,,, -f (2), 

when^ \jrn is of th(‘ foi*ni A n oos u$ P 74 sin nO, 



This expiation is of th(i same form as that with which we had to 
deal in treating of circular uKunbranes (§ 200); the principal 
mathematical diffcjnmce. b(itw(.‘.(ui the two (juestions lies in the 
fact that whil(‘. in th(,i c-ase of incrnbramis the condition to be 
satisfied at the boundary is in the pnisent case interest 

attaches itself rathcjr to the Itourulary cotidition d^fr|dr = 0y corre- 
sponding to the cionfirKunent of the gas by a rigid cylindrical 
enveloped 

The pole not being a source, the? solution of (3) is 

\jr.n— AJn(kr) ( 4 ), 

and the cejuation giving the possible periods of vibration, within 
a cylinder of i-adius r, is 

J,:(kr)^Q ( 5 ). 

The lower values of kr satisfying (5) arc given in the following 
table'*, which was calculated from Manseifs tables of the functions 


^ I haves been much aHHiKt(!<l by Ildncj’s Ilundhuch der JCiiffd/imctionen^ Berlin, 
1861, and by Sir W. Thomf?{ai*H paptfm on Raplace’s Theory of the Tides, Phil. 
Mag. Vol. 1 .. 1875. 

^ I here recur to this UHual notation, but the reader will understand that 7i cor- 
responds to the ft of preceding sections. The n of XiaplacirH functions is now infinite. 

^ [The Bynnnetrical vibrations witliiu a cylindrical boundary, corresponding to 
?i=0, were considered by Duhamd (lAouville. Jaunt. Math. Vol. 14, p. 69, 1849).] 

* Notes on Bessed^s Functions. Phil. Mat). Nov. 1872. 
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\:m. 


Jhy inean.H of tho n*laU<nis allow J/, to br oxpiv>srd in ti-niLs 
of Jo and Ji, 


Number of in- 


t(irnal circu- 
lar nodcH. 

1 71 0 

71. i 

77 2 

77 3, 

0 

3-832 

I'HII 

3-U34 

4-201 

I 

7 -01 5 

3-232 


S-0I3 

2 

10-174 

H-o.Hfi 

'.cim;.'') 

11-34 1 

3 

13-324 

I I'TtUi 



^ i 

10-47 1 

I4*sr>i 



5 ^ 

IIKHO 

is-olu 




[For the mots of the e(juation -- 0, Fn<f. Mi-Maliou' finds 

, , m + 4 ( 7 III" i Hi III. !)) 

*8^ 8(8/y'f' 

_ 82 (SHiir -i- 207.' II," - ;io;5!t w 4- .•i.'.27 j . 

i-7(‘8^y'r 

where and // — (2a I 4.v -f- 1). It will hr* fonn<l that 

n^O in (6 a) gives the. same* as a I in (4) ^ 206, in 

accordance with the identity J,!{z) - J| (- t j 

The partietdar Hfiluti(ai niay he written 

^lrfl = {A (‘.ns i($ f // nin nP ) Jn ( /* r) ens knf 

-f (dvAm n 6 + />sin nO^fn 

where A, B, (\ I) are arlntrary inr evory adiidshihh* valu(‘ (jf 
n and k. Ah in tin* ef>rros|»nnding petldi'Uis fhr the spliere luid 
circular imanbrarnn iln^ sum of nl! tin? partinular Mdufi(mH nmet 
bo general enough in reprtssent. wlam t - (h arl)iiriiry values of 
and 

Ab an example of cornjHUitid vihraiioiiH wi* nifty huppose, as 
in § 332, that the initial condition ef the gas is tliat defined by 
yjr^O, ^ a* -- r COH 0 . 

Under these circumstaniutH (0) redneoH in 

^fr = Ai COB 0 Jj (kiv) coH kidt + /I a COS 0 Jj (kYr) ens k^at + . - 
and, if mi Buppose the radius of the cyliridrtr to bcj unity, the 
admissible values of k are the n^nts of 

...,.......-( 8 ). 


* AnmUt of VoL ix. No* 1. 
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The condition to doterminc tlui coof}l<«,ients A is that 
of r from ?• = 0 to 

for all valuos 

7' = A It/ 1 (/I'lJ') 4” A..t/j (/’..?*) -f 

/<> \ 

whence, as in § 



( lOj 

( /t,* ' 1 ) */j, ( /• j 


The complete solution is thiToforo 




(11), 


where the suniiuatiou (txt.'nd.s to all (,ho valu<'.s of k (Ictcnuiuod 

by (8)- 


If WC l)ut i{ = 0 uikI ;• r= 1 , wi; (!t) aini (10) 


an equation which may Ik- verified riuimTieally, or hy an analy 
tical procosK sitiiilar U, that applied in the ca.se „f'’(|.t) § ;i:s2 
We may provci that, 

!o^f .//(i) --- enn.stalit + !£ lt.)r ^1 - i . 
whence by (lifferentiatic 111 

2c 

.7/(0 ‘'Z---.:-' 

From thiB (12) i.s derived by puttiu;,^ 1, ami haviti)' re^rard 
to the fuudnincntal differential equatiuu witinfieil tiy whiclj 
shews that 

I ) ; ./,'( I ) -1. 

[More generally, if ) - C), 


Hitherto we have Mupponed tile cylimier eomplete, so that 
recurs after each revolution, wideh requircH that n lie integral , 
but if instead of the. coin[.iete eylimier we take the .sector im-lmied’ 
between () and fj, fraofional value.s of „ will in general pre- 
sent themsclve.s. .Since d-<^i<W vanishes at. Imth liinitH of (t dr 
must be of the form 

A n,H (kat. .} € ) r.„H >,0 J„ (kr) ( 1 

where »t = r7r/^, a being integral. If 0 he ali-juot part o| 
^ for w Itself), the complete solution involvi-s only int.gral valn.-H 


. t 




•'{00 , V , , 

7'"'"^^ 'I..- <■:;■ 7"^'' - ^^1.. . 

0 , .-C 

WK-r/rj ,.<• 'O-' Vrf, ,,. 

■-•■; 



■ , K/, „ 


' /'f' 

BVili 

'‘'■’■r II,.. 


'k .1 1-.,, , ) . 

'■ " ’ .... 


|;,fr,,. /, ' ' .... ■I„ , 


./I/, 




' ' ’!j ' tc 

;”■ ... 

;■ 

t I • *1. fl^,. 

/.r f * ” flu- i 'I ^ 

’*' ■'’■■'‘I '" ■•ifio. ,,. , 


JH Vert- ’"-'O'. '/>}, ,' ^ 

’■■’iMi'.u ',?■ '" «•..' , ''T*'"". "f .i,.' ,";" ';■ 

’*' ■'’■■'‘I '" ■•ifio. ,,. , 

34fl r> . ■"’ "'i 


340 li 

nS'™'* '■■ ''•■ , 

''." n-Mrirti,,, ii,..„ 7,"'"' >'. .- I,"," ";• '" '.' ■’.I.|«s.. ;, 

"'" .mr,.„,„7;:' "•■ ,:„ ';■'"•■'■■ 

r/r* ^ ,. #. ^ 

^ 

7,, 

Iht! vu.fVu • f ■ ■■ I //^,-„, 7 TT.', 
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340.] 


secures the fulfilment of the boundary conditions, when z = 0 , 2 =l, 
and each berm must satisfy the differential equation separatelr. 
Thus 


-L 1 1 (h 

dr- r dr r- dd- ^ V 


fj)s, = o 


(3). 


whicli is of the same form as when the motion is independent of 
.sr, k" being replaced by k- —pWH-'\ The particular solution may 
therefore be 'written 

f = (An cos 7id -f- B,i sill nS) . cos^p ^ . J,, {Jk^ ^ 

-}- {Cn cos nd-hB^ sin oi6) oosp~. J,, {jW~p- 7 rH-Kr) sin kat,. .(4), 


which must be generalized by a triple summation, with, respect to 
all integral values of p and n, and also with respect to all the 
values of A, determined hj the equation, 

Jn {Jk)‘ -p-7r'H ~- . 7‘) = 0 (o). 

If r = 1, and K denote the values of k given in the table (§ S39), 
coinespondiug to purely transverse vibrations, we have 

k- = K- -f jp“7ryi- (6). 

The purely axial vibrations correspond to a zero value of K, 
not included in the table. 


341. The complete integral of the equation 


dr^ r dr \ 


?z- 


= 0. 


(1), 


when there is no limitation as to the absence of a source at the 
pole, involves a second function of r, v^hich may be denoted by 
J-nikr). Thus, omitting unnecessary^ constant multipliers, we may 
take (§ 200) 






^2^2 


2.24- 2?i 

Jc“T- 


4 - 




-t- 


2 . 4 . 2 -h 2?z. . 4 -f- 2?! 


2 . 2 — 2?2 2 . 4 . 2 — 2??. , 4 — 2?^ 


-I 


( 2 ), 


but the second series requires modificatioii, if % be integral. When 
z 2 .=D, the two series become identical, and thus the immediate 
result of supposing = 0 in (2) lacks the necessary generality. The 
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[ 341 . 


retinirod may, iKWWcr, obtaiiuTl by tlu- (.nlinary nib; 

api)licabl(i to simh casds. Dciiotinx^ t.lu- of .4 atid H 

in (2) by 

^}r = Af{n)+Bf(-n) 

^ (j + ]i) /{{)) + (A - ihf'i^n « 1 ( *1 4- //)/"(()) j'' -b .... 

by Maclanriu’K tlmoivin. H.-i.dc, taking imw arl.itniry <-.,nKtants, 
\V(! may wi’itc a.H the liiiiif ing fnrin of (i), 

A /(O )-)-/;/'(()). 

In thiH oiiuatk.n/(()) is J„ar} ; t.» tin<l /'{()) w.- b.-iv 

( /.^r /A A ■( 

/'(•a) - v” log ’■ -j 1 “ 2 . 2 -t. '>11 2 . 4.2 ■ 2 « . 4 + 'In ' ' " j 




lA 


^ rZ j . ■ • 1 __ 

"*■ ’'“(//I f" 2 . 2 1 2 « ' 2 . 4.2 i 'III . 4 i 'In ' ’ "] ‘ 

If II. denote tin.- general term (involving <4 lie- .-^erie.s within 
brackets, taken withmit. regard to sign, 

lda_f/, logw “ 

udn" (In ~ 2 4- 2a 4 i 2// 'Im i 'In ’ 


.so that 
if 

Thins 


f<lu\ 

Ui„ r" " 

Bin--- I ' ! 4 ;{ + ••• ■♦ I 


ii B,fif 

I 1 1 


r" lAA 


If A 


/(0).= logr|l- t 2M=“2XV..e''--t 

\IfA lAA Iff , ) 

+ 1 2.- ~2-'.4-'‘^' 2-'.-P. (;•'■' ) ' 

and the com[)lete integral for t he ejn'e n -- 0 is 

( tf Iff ) 
yfr„ = (A+J{ log r) 1 - ij, -4 4; " • • • [ 

Iff > 

^ ' s* «— 

f Z' Z'.-C- Z*. ) 

For the gtaieral integral value of n the eorresponding ex- 
pression may be d(;rived by means <if (13) 1 d-lH 

d 


,, \lff Iff ^ If I'' .. 

4 B ■ 2., - 2., - _j_., B, 4 ^ ^ j. ., .S, 


.(4). 


+.={-2er 
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The formula of derivation (5) may be obtained directly from 
the differential equation (1). Writing z for hr and putting 

= (6), 

we find in place of (1) 

2?n- 1 (icf.,. _ 

^ a + 

Again (7) may be put into the form 

+ (« + 1) = 0 (8), 

from which it follows at once that 




so that 


or by (6) 


<“>' 

ui)' 


which is equivalent to (5), since the constants in ylr^ are arbitrary 
in both equations. 

The serial expressions for thus obtained are convergent for 
all values of the argument, but arc practically useless when the 
argument is great. In such cases we must have recourse to semi- 
convergent series comisqKinding'to that of (10) § 200. 

Equation (1) may be put into the form 

+...^.=0 (12), 

whence hy § .323 (4), (12), we find as the general solution of (1) 


, /•//•r X I T.f. l'-‘-4n? (r--4n=)(3“-44^^) 

1.2 (Sifo-). - 

(1 - — 4rr) ( — 4'n:^) ( 5^ — 4n^) “) 

'l'.2,3.(Si7cr? 


n ^ -7 +,ib- f n (1= - 4»--‘) (.3“ - 4tin 

D(iO V**|l + j + 1.2 ,W - 


(1= - 4w“) (.S’* - 4n“) (.5» - 4n“) 

1 . 2. 3 . (S%kry 


( 13 ). 




:U )4 ;u..l n!tu.uU.-K 

■• -.nt.-na, . a...' uMi iut.-rtnv 

When » ,,,.,, , 1 . 1 . - •>" 

„f U..- -n.pl. ‘. n.- ana ‘ | ' 

■'''.'■ '''''.p“''"frHi.i«'.'"- ,1.. 

..,11— .•''■■■' ".'a 

n .’i’; ,: 

,,v ,,,.,..v..,« ■'■I,-.' ..'in-"' 

,i’„"".'.i.!'n"i. "i . 11 ;" I'l" j;"" 




Kl"' 1 *'”* 


“i . S ’ 


,, , 1 , a. i.-uuu.Ht..u. ..i Hi.. 

" 

, ,1 ('ll 5 'iOO Ini'.'" . , 1' 

I , ..^.V,hi^V..'’.nu.u 

nil.. .i.'—, 'f 

tlvLt all that i...iuania t" hav. 

ill (hVK whi’ii ' ,/./ 

•' (! "f'P , ■« ,, I, !' 

■ u ,hr..n«l>’.nt th.. ra»4n nf 

, .1 ii" ah.. Hitiah thJ.aiK.i 

Whm - Hiiiall, - t-J 

i"-*" ';’;r''rT "" n p '.-a'." 



I |>c H »”• 
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whore <7 is Kulcr’s (‘oust ant (*.>/72...); <an(l, as w(.^ may easily 
satisfy oursolvt's hy inti*gnition hy parts, tli(‘ othta* integrals do not 
contrihuti* anything to the h‘ading terms. Thus, whcui ^ is very 
small, 


Us j i ' 1 . 2 . ( .S/- ) 1 . 2 . n . (Hizf ’ I 

-7 4'h>g(i«)4- li 7 r+ (17). 

K(‘phu!ing ^ hy /.'r, and (‘oinparing with th(‘ form assumed by (4) 
when r is small, w(‘ set* that, in order Ui make*. th(‘ sium^s identical 
we must tak(‘ 


*■1 — y P lug I log /.• A/V, 




SO that a s(‘n(‘S of wavt's div(‘rging from flu‘ pole, whose expression 
in descemding s«‘ries is 




TT y 
M 


1 




2il 


) dr j I _ .1 

^ I I.2.(8/Arf 


(hS), 


is repn;s(*nted also by the aseoiuling serie* 


ikr 1 


’ 2 /i 

2' 2'^.^i 

Irr^ , 


‘ 2“* 

/ _ ,S' . 4- 

* 2'^ . 4'-' 




In ap])lying tin* fonjjula (»f derivation (11) to the descending 
series, tin* parts euntaiiung e and factors will evidently 

remain distinct, and the eomplete integral for tin; g<m{;ral value 
of //, suhj(;ct to the condition that tin* part c.ontaining shall 
not ap|)ear, wil! lie gf»t hy differentiation from the complete 
integral for n -O suhjec't t(^ the same cfunlitiofi. Thus, since 
by ( 5 ) = (I^Jd r. 




/TTiV^ 

\-Ur) 


llr 


~i.:i -1.1.3.') 

i.Hikr'^ 1 .2.(.S)7.t)- 

- 1 . 1 .ir-'.ri.T 1 

■■ 1 .2.3.(HiXr)'‘ ■^■'7 


.( 20 ), 

20 
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or, in terms of the ascending serie.s. 



Jj2^2 1 

~92 ^ 92 ^2 * * * j 


(r + log 


ikr\ [ hr 

T)\2 


^,4 ^ ^ 

2-.4.‘^2=.4^(J ■■■j 


hr „ 
+ yS:- 


22~4 2 - . 4 “ () 




...(21). 


These expressions are applied by Prof. Stokers to shew how fi,‘ebly 
the vibrations of a string, (corresponding to the term of order 
one), are comm nnicated to the surronndirig gas. ^"" 01 * this pnrpo.so 
he makes a comparison between the actual sound, ainl what would 
have been emitted in the same direction, werc^ the lateral motion 
of the gas in the neighbourhood of the string prov-ented. Pur a 
piano string corresponding to the middle 0, the radius of thii 
wire may be about *02 inch, and X is about 2o inches; and it 
appears that the sound is nearly 40,000 times weaker than it would 
have been if the motion of the particles of air had taken place in 
planes passing through the axis of the string. ‘'Phis shews the 
vital importance of sounding-boards in stringed instruments. 
Although the amplitude of vibration of the particles of the soiuk]- 
ing-board is extremely small compared with that of the particles 
of the string, yet as it presents a broad surface to the air it is able 
to excite loud sonorous vibrations, whereas wercj the string 
supported in an absolutely rigid manner, the vibrations which it 
could excite directly in the air would be so small aw to be almosb 
or altogether inaudible.” 


Fig. i)i. 



“ The increase of sound produced by tbe stoppage of lateral 
motion may be prettily exhibited by a very simple experiment. 
Take a tuning-fork, and holding it in the fingers after it has been 
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made to vibrate, placii a she(.‘t of paper, or th(*, blade of a broaxl 
knife, with its edge parallel to the axis of th<^ fork, and as near to 
the fork as conveniently may be without toucliing. If tla*. plan(‘. of 
the obstacle C(nncide with cdther of the plan(*s of symmx'tiy of the 
fork, as represented in section at -t'l or /i, no effect is pj*o(luc(‘d ; 
but if it be j)lace(l in an internuidiate position, such as (>, tli<^ 
sound becomes much stronger^” 


342. The real expr(‘ssion for th(‘ velocity-potiuitial of sym- 
metrical waves div(Uging in two dimen.sions is obtaimul frorti (bS) 
I 341 after intnHluction of the time fictor by rejecting the 
imaginary part ; it is 



1 


+ 



sin k(fft — r — ^X.) 


f 

( 1 . Hkr 


.2.3.(<S/rr)'' '“J 


..( 1 ), 


in which, as usual, two arbit rary (constants may b<‘ insiu't.ed, one as 
a multiplier of tin* wliolc* (expression and the otli(*r as a,n addition 
to the time. 


The problem of a lirn^ar .source of uniform intensity may also 
be treated by th(i g(uieral me.thod applicabh* in thnu* dimijnsionH. 
Thus by (3) § 277, if p la; the distance of any (‘h'unnt (U from 0, 
the point at which the p<»t(*uti.al is to 1 m' estimatc^d, and r he. tin* 
smallest value of p, so that + wf* may ta,k(* 



' e <U 
P 



e ^^^ulp 
s/ip' - r^) 


( 2 ), 


which must be of tint sann* form as ( 1 ). 
may write in phme^ of f2) 



s! If . V< 2/- d- u) 


Taking ijz-z p^ r, we 


I..3), 


from which the various expressions follow as in (14) § 341. When 
iris great, an approxirnatt; value d' thfi integral may la* obtained 
by neglecting the variation of v/(2rd-//), since on aec^mnt of tin* 
rapid fluctuation of sigti cauH(*<t by the factor « wc^ need atbmcl 


^ VkiL Tram. voL 15H, p, 447, IHOH. 
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only to small values of y. N(nv 

cos xdu: sin .rr/./; / f'^\ 

Jo V.-; =i.. V* “vUi 

so that ^ (^Jj (I — i) = ^ (.")). 





Introducing the factor and n*je(^ting tin* imaginary part 
of the expression, we }iav(t finally 

4> = /\J -r-l\) (()), 

as the value of tlui velocity-])ot<*ntial at a great distance. A 
similar argument is applicabh* to sliew that (I ) is also the. expres- 
sion for the velocity-potential (Ui one side of an infinites plane 
(§ 278) due to tin* tiniforin normal motion of an infinitesimal strip 
bounded by parallel lines. 

In like manner we may r(*gard tin* term of tin* first order 
(20) § 341 as tin* exi>r(\sHi(m of tin* v(docity~pof {‘ntial dm; to double 
sources uniformly distributed along an infinite straight line. 


'1(1 

k l & f‘ 

Kit 

JtMK U 


From the point of vit;w of tlie present se(‘tion wi* see the 
significance of tin? retardation of IX, which appears in (I) and in 
the results of the following section (H>), (17), In the ordinary 
iriit(;gration for surface distrilndaons by FreHin*rs zoni*s (§ 283) 
the whole effect is tin; half of that of t he first z(>in‘, and the phase 
of the effecit of tin; first zone is midway b<;tw('eii the phases due 
to its extreme parts, i.e, jX bt‘hind tin* phase dm; to the centnil 
point In tin* presemt cas(; tin* retardation of tin; resultant 
relatively to the c(;ntral elenn*nt is less, on account of the pre- 
ponderance of the cfuitral parts. 


Bf* Mf!:| 

fk 4m%i 
ttfeii i' 

kb'% 'J 

tek I 

If rill. 

lj 

f^l4- 


[From the formula* of tin* pri*.sent H(*ction for tin; velocity- 
potential of a lin(*ar Hf»urce w<; may o!>tain by integration a 
corresponding expression for a source which is uniformly distributed 
over a plane. The; weaves issuing from this lat.ter an; necessarily 
plane waves, of whi(;h the velocity- potential can at once be written 
down, and the comparison of results leads to tin; evaluation of 
certain definite int(;grals ndating to llesserH ainl allied functions^] 


^ On Point-, Line-, and Plane-Bources of Hound. 
Vol. XIX. p. 504, 1H8S. 


iVw. Lnndtm Math. Hoc. 




I 



343.] 


CYLINDEIOAL OBSTACLE. 


CMl&l '>■ 
'i.hy tl-Mi J 

tsri'F 'ii ;|?« ^ 

w 'Um 4 ih iMit 

'viin't# 4mi^\ bt 

I'. 

jmm%1ii it M i I 

^wkn ailnsiif 

34,ii::( 

!*v 4»*ll ' 

«.J 

/|A«« 

■a< ife 1*^ 

«!, 

, ‘i»j 


»•*! ,v 

«*«<*1**^' 


343. In illustration of the fonnulse of § 341 we may take 
the problem of the disturbance of plane waves of sound by a 
cylindrical obstacle, whose radius is small in comparison with 
the length of the waves, and whose axis is parallel to their plane. 
(Compare § 335.) 

Let the plane waves be represented by 

cjy ~ ^ik{at+x) ^ ^ikat ^Ikr cos 9 ^ 

The general expansion of in Fourier s series may be readily 
effected, the coefficients of the various terms being, as might 
be anticipated, simply the BesseFs functions of corresponding 
orders. [Thus, as in (12) § 272 a, 

^ikrcose ^ J^(^]cr) + 2^ Ji (/t ?•) cos 0 + ... + %^^J^{lcr) cos nd + ., ..] 

But, as we confine ourselves here to the case where c the radius of 
the cylinder is small, we will at once expand in powers of r. 

Thus, when r = c, if be omitted, 

^ = 1 — ike. 00^6+ (2), 

^ + i/j . cos ^ + (3). 

The amount and even the law of the disturbance depends upon 
the character of the obstacle. We will begin by supposing the 
material of the cylinder to be a gas of density a and compressi- 
bility m ! ; the solution of the problem for a rigid obstacle may 
finally be derived by suitable suppositions with respect to a\ m\ 
If k' be the internal value of h, we have inside the cylinder by the 
condition that the axis is not a source (§ 339), 

i/r _ ^ „ j 1 - + 2 — r|l - 2 _ ^ + - . . .| cos 0 ; 

SO that, when r = c, 

(inside) = Ao(l— jk'-c^) + AiC (1 — -^k'-c ") . cos (9 . . .(4), 

^ (inside) = 4- -4i(l —§k'-c") cos 0 (5). 

Outside the cylinder, when r = c, we have by (19), (21) § 341, 

D . -Si cos (9 


^ = ^ 0(^74 log 

__ i?o Bi cos 6 
dr c kc^ 


( 7 ). 
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The conditions to be sjitisfied at- l.lu- surt'aec of separation 
are thus 

-AfcV=-/.:V-' + 2/A (8), 

~ ^.{1 - JiV) - 1 - + ft. (7 + I-k’';' j (! 1 ). 

00,. 

-‘7) £ "*>■ 

from which by eliminating -4,,, Ai wt‘ approximately 

J5„ = ?, ( I - f.;. ) = i /.sc^ (12), 

\ krerj m 

/<, = r7.:^c-^~'^ (13). 

cr + CT 

Thus at a distanca* from th(* c^yllncicr wi* havi* by (18) and 

(20) § 341, 

(zD* ^ 

.. -I.,. / fm' — cr' — cr 

\Z‘itr/ \ Z7fi <r +<7 ) 

= _ !ZLl5y eo.s el . . .(14). 

[ 2m <r + cr ) 

Hence, corresponding to the primary wave* 

9 _r 

<^ = COS {(tt-^ir) 

A. 


the scattered wave is approximately 
cr' — <r 




27r . TTC^ 


m — m 
2m' 


cr -f <T ) 


Ztt 

COH — - (at' 

A 


.r-5iX)....(]6). 


The fact that yfr varies inveraely as might have been 
anticipated by the method of dimensions, jw in the corresponding 
problem for the sphere (§ 296). As in that case, the symmetrical 
part of the divergent wave depends upon the variation of com- 
pressibility, and would disappear in the application to an actual 
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gas; and the term of the first order depeiKls upon the v^ariation of 
density. 

By supposing <t' and /)i' to become infinite, in such a manner 
that their ratio remains finite, we obtain the solution corresponding 
to a rigid and immoveable obstacle, 

t = ^ (k -h COS 0) COS ^ (at - r - 1 X.) ( 17). 

The exceeding smallrie.ss of tlie obstruction offercul by iiiu^ 
w.res or hbros to th(i ];)ass<‘ige of sound is sti-ikingly illiistratod 
in some of ryiidaH’s (‘xpcrinuaits. A })icc(i of ntiff felt half an 
inch in tliicknes.s allows niiudi more sound to pass than a wetted 
p)cket-han(lkerchief, which in oonsefjuouco of the oloHing of 
ils pores behaves rather as a thin lamina. For th(^ same reason 
fdgs, and e\'cn rain and snow, iiihadere but litTlile with the freu^ 
]>ropagation of soiuuls of inodorati/ wav(.vhuigth. In the caH<3 
.')f a hiss, or other \'ery ncut(‘ sound, the offeob would perhaps 
be apparent. 

[The partial n*{ie(d.ions from slusds of inusliu may be iifcili;5tMl 
to illustrate an important principle *. If a pure tom* of high 
(inaiidibhi) p)itch be ref1(;(‘hal from a singU‘. sh(tet so as t() im|)ing(^ 
upon a sensitive Harne, tln^ intiuisity will ])robal)ly ha insuffi(nont 
to pro(luc!(.‘ a visil)!* offect. If, howevau-, a modenvato* number of 
such. sluMets ])(* placed pandlel to oiui anotlnu’ and at Hindi (npial 
distances apart tdiat the partial n*fI(‘ctionH agn*{^ in phase*, then 
the flame may bo j)ow(M'rtilly aflec‘.ted. ''ITu' paralhdism and 
equidistance of tlu! slu'(d,s nuqy be. maintained i run; hanica.lly by 
a lazy-tongs arrangcmieiit, which iievortbcless allows the common 
distance to btj varied. It is tlnoi to trace* the (hipoiidencui of 
the action upon the uecomuiodation of the inte^rval to the wavo^ 
length of tluj sound. ITius, if tlu* incidence wen^ p(.jrpf.mdicular, 
the flame would be* most powerfully influenced when the interval 
between adjacent sh(M*ts was eciual to the h(fJf wave lengtli ; 
and although the (*xigenci(*.s cjf ex})oriment make it nec<‘SHary 
to introduce ohlhputy, allcavanct? for this is readily niade*.] 

^ IridcKcent CryHtalH, Fror. Uni/.fnHt, A.i)ril IHSl). JHeo also Fkil. il/fff/. vol. tmv. 
j). 145, 1887 ; vol xrvi. p. *258, IHHH, 


CHAPTER XIX. 


FRICTION AND HEAT CONDUCTION. 


344 . Tee equations of Chapter xi. and the consequences tint 
we have deduced from them are based upon the assumption (§ 236), 
that the mutual action between any two portions of fluid separate! 
by an imaginary surface is normal to that surface. Actual fluics 
however do not come up to this ideal; in many phenomena tht 
defect of fluidity, usually called viscosity or fluid friction, plays ar. 
important and even a preponderating part. It will therefore be 
proper to inquire whether the laws of aerial vibrations are sensibly 
influenced by the viscosity of air, and if so in what manner. 


In order to understand clearly the nature of viscosity, let us 
conceive a fluid divided into parallel strata in such a manner that 
while each stratum moves in its own plane with uniform velocity, 
a change of velocity occurs in passing from one stratum to another. 
The simplest supposition which we can make is that the velocities 
of all the strata are in the same direction, but increase uniformly 
in magnitude as we pass along a line perpendicular to the planes 
of stratification. Tinder these circumstances a tangential force 
between contiguous strata is called into play, in the direction of 
the relative motion, and of magnitude proportional to the rate at 
which the velocity changes, and to a coefficient of viscosity, com- 
monly denoted by the letter fi. Thus, if the strata be parallel to 
xy and the direction of their motion be parallel to y, the tangential 
force, reckoned (like a pressure) per unit of area, is 


dv 


( 1 ). 


The dimensions of fju are 


The examination of the origin of the tangential force belongs 
to molecular science. It has been explained by Maxwell in ac- 


TLUID I’BICTION’. 


313 


344 ] 

cordance with the kinetic theory of gases as resulting from inter- 
change of inolecales betwreen the strata, giving rise to diffusion of 
momentnin. Both hy theory and experiment the remarkable 
conclusion has been established that within wide limits the force 
is independent of the density of the gas. For air at 9^ Centigrade 
Maxwell^ found 

-ODOlSrS (1 -0036619) (2), 

the centimetre, gramme, and second being units. 

345 . The investigation of the equations of fluid motion in 
which regard is paid to viscous forces can scarcely be considered 
to belong to the subject of this work, but it may be of service 
to some readers to point out its close connection with the more 
generally known theory of solid elasticity. 

The potential energy of unit of volume of uniformly strained 
isotropic matter may be expressed ^ 

V = -JmS- J- (e^ -f/- -k f - 2/^ - 2(/e - 2^/+ a- fr 6- + c-) 

= ^ fcS- -+^71 (2e“ + 2f - -p 2g^ — -f a- 4* 5- 4* c*) (1 ), 

in which 3 (=6 4- / + 9) is the dilatation, e,/, g, a, &, o are the six 
components of strain, connected with the actual displacements 
a, /3, 7 by the equations 


II 

^~dy’ 

II 


(2), 

dj3 dy 
dz'^dy’ 

dx ^ dz ’ 

doc 



( 3 ), 


and 711 , n, tc are constants of elasticity, connected by the equation 
fC= 711— I'll (4), 

of which n measures the iHgidity, or resistance to Bhea7'i7ig, and k 
measures the resistance to change of volume. The components of 
stress F, Q, M, S, T, U. corresponding respectively to e,f,g, a, b, c, 
are found from V by simple differentiation with respect to those 


quantities ; thus 

P = AcS -h - p), &c (5), 

S = nu, &c (6). 


^ On the Viscosity or Internal Priction of Air and other Gases. jPhil. Tram. 
vol. 156, p. 249, 1866. 

- TliomsonL and 'Tait’s Natural Philosophy. A-ppendix C. 
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If X, Y, Zhe the couipoueuts of the a])pli«‘d fom* n^ckoiHHl pt‘r 
unit of volume, the cquatioius of e(iuilil>i*ium are (4’ th<* form 


rfp dir 

dx dy 


dT 


-f- A = 0, hz(*. 


.(Tk 


from which the, ec) nations of motion are innm^diattdy obtainable 
by means of D’Alembert’s principb^. In terms of tlie. displace- 
ments a, /3, 7 , these e( [nations be<‘-oni<‘ 




df^ T-*<» 

n , -p n V -a -p A 
dx 


0. 


.(H), 


where 8 = ( ! » ). 

dx di/ as 

In the ordinary theory of flin<l fn(‘tion no forces of restitution 
are included, but on the other hand W(‘ havi* to ('onsichu' vise,f>us 
forces whose relation to the velocities of tin* fluid (dtnnents 

is of precisely the same character as that of the* fbr<res of r(*stituti<ai 
to the displacements (a, y) of an isotropi(‘. solid, '’finis if 8' be 
the velocity of dilatation, so that 


_^dii (In dw 
dx ^ dy dz 


dlO), 


the force parallel to x diu* to viscosity is, as in (H), 
dh' 

(lx ■ ' 


dh' , rZ8' 
fc T , + n a , -p v\“U, 


.(II). 


So far K and //. are arbitrary constants ; but it has benm argued 
with great force by Prof. Stokes, that there is in» rcasou why a 
motion of dilatation uniform in all diri^ctions should give! risf! to 
viscous force, or cause the prcs.sur<i to differ from tin* statical pre^s- 
sure corresponding to the actual density. In acrcordanee with this 
argument wo are to put /c = 0 ; and, as appears from (())> ccdncidcs 
with the quantity [ireviously denot(‘d by / 4 . Tlu* frictional tanm 
are therefore 






d fdn dv dw\) . 
dx iefe dy dz )\ ’ ^ 


and (§ 237) thc^ equations of motion take the form 


Du 

W 


X -P 


dp d ((hi dx dni 


.( 12 ); 
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or, if there bu no npplied forces and the s<piarc of the motion be 
neglected, 


dn dp 
clt 




d f(ln (h dw\ 
dx[d^.^ ddu^ dz)^^ 


Vc muy observ’d that the dissipatiive forces hero considered 
correspond to <i dissipataoii function, whose fonn is the same with 
respect to ii,r,w as that of V witli respect to a, >3, 7 , in the theory 
of isotropic solids. Thus putting k = 0, w<‘ have from (] ) 



in agreeaieiit with Prof. Stokes’ (‘.al<;ulation The theory of friction 
for the case of a coin] )n‘ssi hie fluid was first givini by Ihiisson-. 


346. We will new apjily th(‘ diffcrent.ial eijiiations to tlui iii- 
vestigation of plaiKi \vav(\s of hoiuhL SupjXhsing t/hat v and ?./; are 
zero and that ii, p, Scr. an^ functions of . 7 * only, \Vi^ obtain from 
(13) § :145 

r///, dj) 4fiL(l'hi 

">■ 


The equation of aaitinuity (*]) § 23H is in this case* 

(Is dii 

.a + 


.12), 


and the relation hc^twcnui tint variable part of the prussun^ and 
the condensation iv is as usual (§ 244 ) 


== a"p„.v 

Thus, eliininatriiig Sp and a between (I), (2), (-1), w<‘ obtain 

r 

(Pi I „d"u 4fjL ^ 

fit" W./;- f jp,, d*r" dt 


(3) . 

(4) , 


which is the equation given by »StokeH“, 

Let us iHiw in{j;uire how a train of harmonic waves of wave- 
length X, which are maintainesl at die origin (. 7 ; ==: 0), fade away 


^ Camhridijc 'f'mumrtiofiHr vol. xx. ^ 49, IkHI, 

- Journal dr I'bkolr Vattjtffkntqui^j t, xilt, cxih. ^20, p. 1,B9- 
ikimhriihje Tm nmielium, voL vui*. p. 2H7, 1S45. 
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as .7; increases. Assuiiiiiig that n varies as we find as in 

§ 

y = Ae~'^ c.i)s(nt — (5), 


where — a- = 


nr((r . ^ 4/x//'’ 

= - 2a/3= , • • - 

lha-a* , l(>a'/r 

3p,r '>p.r 


(G). 


In the application to air at ordinary ])ressures 
sidered to be a very small ([uantity arid its 
neglected. Thus 

/9 = ^ 

a. 4 p,^<r 


yu, may be con- 
sqnare may be 


(7). 


It appears that to this <)i'd<*r of approximation the vafiocity of 
sound is unafifcctcd by fluid friction. If W(‘ i’eplac(‘ // by 27rnX“"\ 
the expression for the coefficient of decay hecoim's 


8 TT-yx 
•^X*” Pi) (f> 


f<S), 


shewing that the inflnence of viscosity is gn.sat.est on the wav(*s of 
short wave-length. The amplitude*, is diminished in tin* ratio 
e : 1, when x=^ar^. In s. m(*asure w(‘ may takii 


Po = -OOLI, fjL = -OCX) H), a = 33200 ; 


whence 


.^• = 88()0X* 


( 9 ). 


Thus the amplitude of wav(‘.H of nm* f‘,(‘nt.inictre wave-length is 
diminished in the ratio e : 1 uftca- travelling a distance of 88 
metres. A wave-length of 10 e.entiiiu‘.tres would correspond nearly 
to y"'' \ for this case ;7; = 8800 mc^tres. It apfxjars therefore that at 
atmospheric pressures the influence of friction is not likely to be 
sensible to ordinary ob.sctrvat ion, (txcept near the* upper limit of the 
musical scale. The mellowing of sounds by distance, as observed in 
mountainous countries, is perhaps to be attributed to friction, by 
the operation of which the highc^r and harsher com})onents are 
gradually eliminated. It must often havt* been noticed that the 
sound 6* is scarcely, if at all, returned by tjcfiios, and I have found ^ 
that at a distance of 200 metres a powerful hiss loses its character, 
even when there i.s no reflection. Probably this effect also is due 
to viscosity. 


^ Acoustical Observations, rhil, Macf, vol. in, i>* 450, 1877. 
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Ill highly rnr(‘fi(‘(l nir tlu? value of a as given in (H) is much 
increased, Ix'iug (constant. Sounds oveu of grave pifcch may tluui 
be affected witliiii inodorati^ distances. 

From th(^ ol,>.S(*r vat ions of ( -olladon in (die lak<* of (haieva it 
would ai>])car that in water grave souiuls ar<‘. more ra])idly damped 
tliaii acute sounds. At a niedcra-b^ (listan<'-(,^ from a Ixill, struck 
under waUu*, he found tin? sound short and sharp, without inusictal 
chariieter. 


347. Thi^ effee.t of vis<‘()sity in modifying th(‘ motion oF air in 
contact with vibrating .solids will he b(‘st undcTstood from the solu- 
tion of th(i problf‘111 for a vuuy siinjile cascigivcm hyStokci.s, Lotus 
suppose, that an iidinite. phiiu‘. (ip) (‘.x<HMites liannonic vibraldons in 
a dinuition (fj) paralhd to itself. motion being in [larallcl 

strata, u and •//; vanish, and the vunnabh.* ([uantitios ai'o^ funcs 
tioiis of .r only. Tin* fi rst of o( juations (irl) ^34;“) shews that the 
pressure i.s oonsLaiit. ; c()it< ‘ sponding (‘(piation in v takes the 
form 


(I V fJL /' 

if t p dJ' 


( 1 ), 


similar to th«‘ eqnafion for tlu*. linonr eondiud-ion of heat. If we 
now suppoHi* that is proportional to tint resulting e(| nation 
in :n is 


dr\i .np 
(h- p 

and its geni‘ra,l solution 




r = /lc' 


(M), 


where 



d i) 


( 4 ), 


If the gas 1)0 on t in* pc^.dtive Bide of the vibrating plane the nmtion 
is to vanish wlnui .r^-gx. Hence //=(>, and tlie value of tr 
becomes on roji'ulion of thee imaginary part 

/' = A e ' r.m |w< - 

corresponding to the motion 


V = /I cos iit. (6) 

at ^=0. Hdic* vcdcicitj of the fluid in contact with the plane is 
usually asHumed t«> l>c^ the. satne an that of th(^ plane itself on the 
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- / WviJi'PMM ‘ + ,if j. 


//.Y 
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dt 
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IX XAUIiOW TIJHKS. 


1 V 

dC^ i ^ X \/ ( 2,>pJ ( X V 1 / ,//. ' "■ ,/.,,:• • ■ •■ < J 

The velocity of souikI is a|)[>n>xiinat<‘Iy 

"{'-^■.n/<'i'J' 

or in the case of a (u'n^ular t-iilx* of radius /*. 

“{'-VGr,-'' 

The result expressed in (I2 )w;ih first, uhiaiii.-d l,v 

348'. In tluj iiivcsli,i(;iti<.n of Kindili.ifr , t.i vvlu,-h u.- ir.w 
proceed, uccoiu it i.s taken not- milv <4 visenNitv imf. nf t)ii. eipiallv 
important edects arisine from iii.. oenerat ion ,,f hrat and if'., 
communication by .•ondumion to and from the .solid wall.i of a 
narrow tube. 

The sipiare of the motion hein-f neyleefod. the ■■ ,.,n,a.t nm of 
continuity (d) § 2*^7 is 

f/// f//' if 

ilf. (l,r (I If ^ // j t I I , 

so that the dynamical .•.pmf ions ( Id, J; .-M,:, nan !»■ untt.-u m ,1,.. 

form 

I <!p f. 

dt ■ p„d.t: p, " ■ :\p,_d.r,lf 

thermal ,,uestio„s invoiv.-d Imv- air-ady ho.m eoamdered 
in § 247. by eijiiatioii ( 4, 

dO ^ ,Ih 

dt ^ dt ' " 

where . i.s a cm.stant r..pres,.n,in^. d.e rhermo,,.- trie e,.ndn. „v,t v 
By (3) § 247 

p p. iP i I 4 I 

m which 6 denote.s .VewtonV v.dtie of the Veh.ellv of ,ou„d vm 
^/{h,P,). If we denote Lajdaee's value for the velooity |.v ' 

"7'- 7 - !+«/:/ ' 

so that /J. Ill-,, ■ 

ti- hf-h-itPa 

■ - • - H ft jf. 

The 8r8t edition clofted with f .f/7'th 7"' 'T" ” 

similarity. *" ef 

^ l^ogg. Ann. vol vxxxiv., p, 177^ 


,,.^0 K.IO-I.I.OKI-’S ,NV^:s•rl.^^Tl,.s. • 

* '£* nitrotlHt'** iH*w svnibol 6 in 

lt,willsiu#fyth.M-qua.i.,ns I u 

,t- 0. cuun..U-a Nva,h .t, l.v tin- ^ 

(T), 

ilf <lt 


and the iypical <-<iuatinu ( 2 ) may !.<■ \witt. n 



fit d.r 

, . ' n.nn",.-nt,s a s.-rmnl .•..ustaiit , Nvlnw 

where is e<Hiiil to ^^p„. M 1 ^ 

I„ .-ff.O. .1 ..r , 1 .- 

of iiia-'nit.uile. 

We will now followiuu Kirehlmtr .-he-ly. „.! nainee tin- supiKe 
W,. will >w, . H ti.ms ot tin- time <m 

Sitluii that, the /, a eonstam to be after- 

aeeount, only of n m ^ iou- with n-sj.eet to t un- 



fln:<Ir + <I>-<lildd,r,h^l<s (K'K 

I 

liii! — pi’V-'/e -- - • d 1‘ f/-’ ) 

/'.-tfr d ~ 0-'- 



ByfUM, if.vbeelhnmate.i.(Pi.an.l{l()lbeeo„n- 

l> ..or + - lOd + I'H-" ( <+)• 

d" ^ ^ dw ^ (ir>). 

.y ,ti, II .'f' 

will. wW'i"" “*'■ ' 

eiaiation in 

_ lo;^ + 1, {p! + / + v)y‘& + ;; ■^+ /' 




wWi'i-' J 
lit 

1 - S.|»|r 


Si 

<^C | 4 i 
the *1 


1 ,. ol.Uiuo'l in Uu-, li.nu 

^solution 


.( 17 ). 

..( 1 »). 


Q Q aiv fuiu-ii'>"« sntisiyuiK >* ^l’ ^ J 

where Q.. , X.Qp ^ 

, •1 1 - 1 , (h-not'- •'-vliil'-n} ...u-ticular «<ilul.i‘>nH ol 

n;::::..- ;;-;t::X»:'-'- 

'''‘'■.;!m:u 

wiu. .'-i”;',;, (i5,. ..m.* 

so that by ( , h , It, ... (•' - 1) 

Uan.»n,'.»MiU""‘ 


v< 


sir 


3\ii 


h , V^'/e' = 

h , V"i' < ■'’• t*' 

v..,/= -"• 

r 


Thus i 1 (22), 

I 

,,,.v»o 

'»““'t;;'‘ 

it. avi)C‘ars iUat 


(hi' 4.'''" 

,lr 'hi 


(ill 


,. . KtlT.hhnff to 

'I'h.- n-snlVH ar.. iir.st i,n»ite space u> 

349. ,.,i til it** i I -I , ■»' 

of plane waves. ,/ ,ui<l »> that, u also 

the direction 'd ^ follows Iroui (-’i) ^ 

iTidepcndeut ot .'/ ^ ,md Q, an* 

vanishes. 'Iheeipia =a>v,Q« 
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so that 'we may take 

( 2 ), 


where the signs of the square roots arc to be so chosen that the 
real parts are positive. Accordingly 

'll = £j-acVA, ^ 

(4), 

in which the constants may be regardcrl as detennined by 

the values of ii and 9' when 0. 

The solution, as expressed hy (3), (4), is too general for our 
present pnr[>ose, providing as it does for arbitrary cf)mTnuni{!ation 
of heat at a;= 0. From the quadratic in \ (H)) § 94H, w<t sec that 
if V be regarded as small quantities, one of the values of \ 

say is approximately equal to h?/a?, while thet othcii* in very 
great. The solution which we require is that eorresjjoiuling to \ 
simply. The second approximation to Xj is by (If)) § 348 

_ i^)] vlrlr^ 

^ ~ cv^+hifi / +'/' + J/) fuj? " aO ^ J ’ 

so that + = “ - 2(j3 + *' (1 - {•'')• 

If wc aow write in- for h, we bcc that tlic typical .solution is 


n= e-'"'® ((;j, 

where -h " (l - j 0 )■ 


In (6) an arbitrary multiplier and an arbitrary a<l(]ition to t 
may, as usual, be introduced; and, if desired, the sohitiori may be 
realized by omitting the imaginary part, 

These results are in harmony with those already obtained for 
particular cases. Thus, if r = 0, (7) gives 

in agreement with (7) § 34*6, where 

Ii," = 

On the other hand if viscosity be left out of account, so that 
fjf = = 0, we fall back upon (18) § 247. It is uuneeeHsixry to arid 

anything to the discussions already given. 
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In the Ciise of spherical waves, i)ropagafcc;(l in the? direction of 
+ r, Kirchhoff finds in like manner as the expression for the radial 
velocity 

d e-’”-''' . „ , 

a>. r (h), 

where m' ha.s the same value (7) as befoise 


350. We will now jiass on to the more important, problem .and 
suppose that the air is contained in a cylinrli-ical tube of circular 
section, and that the motion is .symmetrical with re.sjiect to tln^ 
axis of X. If y- + z'^ = and 


v-q.ylr, m-q.zjr, 

v' = (■/'. y/r, ■III' (j. zjr, 

then tt, u', q, q’ , Q,, Q.^ are to be n‘;(arded :ts fiinction.s of m and n 
We suppose furtluM- that .as fiinction.s of the.se (luantities are 
proportional to where in. i.s a complex constant to be (leter- 
mined. The c<|uations (bS) § 34, H for Q,, Q, be<-,ome 



I dQ, 

r fly 


-■ (X, - III?) Q, 


dr" 


+ 


1 dq,, 

r dr 


(X, 


m?) Q, 


( 1 ). 

( 2 ). 


For it', q' equations (2 1 ), {2.‘1) give 

d‘u 1 dll' { k \ 

dr^-^rdr (y ""‘V ''' (-U 

d-i/' 1 dq q' (h \ 

di- r dr ~ I- I 

/ (If/ (/ 

m,H 4 - 0 .. 

These three erjuations an- Hatinfied if n* he h^ 

means of the first, attd <y' In cdubson so that 

lij^d-ni-dr 

a relation obtainetl by subtracting from f4) the result of differmi- 
tiatang (.5) with re.Hpect to n The .solution of (.3) may b,- written 
^-AQ, in which A is a con.stant, and Q a function of /• satisfying 

dr()ldQ /k 

r O). 
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CIIU'I'UM: Tl'i'.!.. 


'I’hvis, by (-0). <--) ^ 




^■ 1 , III 


U, 


■ >'} <A 


fli 


,, II 


|:i50. 


. fS). 


• /I 


?//- 


.'V 


.1 


ill > 

V ; 

a r 


li'u,' — III 1^1' 



()„ the ^vall^ ..1- th.- lul..- </. 

1 1 .1 til'll iIhT'- i- 11' iili- r lu’in'iu "t iln- 

It, will h(tn-l.csui.i...sf<i Ill'll ! 1 “ > 1 1 i!„.. .'.nnl t.i 

iH.r cliHiiL'i' of liMiiiiovatuiv; tlwt ' ■ ' I 

IIOI i.ii.u.f, t a- 'l'!,.. .'Ml,. mI whK'h w,' 

thi- radius ..ftbi- I ,} ,h...i.'i..nai 
h. s.-an-h is tlu.> i-M'n-.-d by tln' -van. -Mh. 4. ni.i 

nant, <.f(.S), (!»).(!')). vi/. : 

/i;V-arU'xJ '^1 / 

/ h f/ H ^ fi 1 I I 

' X * ' 

Thu threi. luiwuous V.,. winrh a.v r-.u-'* ^ yy;;;';;;: 

whun ;•=(), aiv llfSM-rs !u!ic!i..ns ..f -ud. i r. !■• « • 

limy write in the usual imtatiou 

0 7' \ 'l ’ ^ ’ 

Q, b-v'lm' X.) 

b' 7'"' ■ 

i„ ini 111" -V' " 

b,.i„n.i.,.,,.n,m....u..viwi5:ii''- '''V'!'''''''''''”;:,;;;,!,, .1,, 

1 * 1 * * ,/* *t iiriV III* r<*‘'*'»ir 4 * i ^ * 

normal coiidit Kins ' 

approximately ^ ^ ^ < Kt,. 

A secimcl approxiiimlion to tho value ot A, hax .iIi-.kK b ii 

t( 5 ,§'m r,..- -I-'-' 

of viscous oiTocts of the pitch m .iU.'SiK-i., vi/, -y > 

small cumimrod with that of Honuil. s.. that -r, or h, i . ■ ^ 

small nuantity. 

In iutorproUuK ibo solution tlu iv an- tw ' ^ j 

worthy of special notic. Tim y; I:;;; 

small, so small that the layer of kuh umm-dmt.dy 
walls of the tube is but an mHif,mi<teanI tnmtmn of 
contentK. When Y &(•- vanish, we have 


SK A^/ct" 
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so that — is here to be regarded as small. On the other 

hand rV(w“ — A.) are large. 


The value of when 5 is small, is given by the ascending 

series (5) § 200 ; from whicih it follows at once that 

d log Jo {^)ldz = — 


When -s: is very large and such that its imaginaiy part is positive, 
(10) § 200 gives 

d log Jo {z)jdz = “ tan {z — ^tt) = — 


Thus, if we retain only the terms of highest order, 



d log Ql dr = ^ 



d log Q,ld7- -^r(X,-7iir) 1 

..(14). 


d log Q./ dx = ^(h(trlv¥) ] 


Using these in 
(13), we find 

(11) with the approximate vahio.s of X], 

0 

B 

-^r^h) 

■ (15X 

where 

y = fd/jb 4- (d/b — b/a) sjv 

••(16), 

and the sign of 

^jk is to be 80 chosen that the real part is 

positive. 


We now write 

k = m (17), 


so that the frequency is ?i/27r. Thus 

V/.=:V(in).(l+'0 (18); 

and m — ± (m' -f ini') (19), 

where by (15) 


7/1 


V// . 7 ' 

sJ2.(ir^ 




^/7l . y 


n 

- 4- 

a ^2.ar 


.( 20 ). 


If we restore the hitherto supprcjssed factors dependent upon x 
and t, we have 


'll = 7 = 0' = 

where B is an arbitrary constant, and R, R\ R" are certain 
functions of ?*, which vanish when r is equated to the radius of 
the tube, and which for points lying at a finite distance from the 
walls assume the values 


ii = l, 


R = 0, ii" = -l/a. 


^ ’3 V« 


-f t 

j ^1 ^i' 

■U';: 

'’‘ A»j "f 


.; : : 


»i k % 5 


i-r ■ 
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The realized solution for //, appHeahlo at points which lie at a 
finite distance from the walls, may be wriltjui 

u = sin (nt + m'a: + 8^) + sin OU - fn"at + &,). , .(21 ), 

where 6\, (7^, 8i, 8., denotes four real ai’bitrary constants. Ac- 
cordingly m' determines the attenuation \vhi(*h the wavc-s Hviffer 
in their progress, and iit' detennines the celocuty of propagation. 
This velocity is 

1-2). 

in harmony with (12) § 347. 

The diimnutioii of tin; velocity of sound in nanvnv tubes, as 
indicated by the wave-hmgth (>f stationary vibrations, was observed 
by Kundt (§ 2(>{)), and has \nim specially invf‘st,igat(‘d by Hchnee- 
beli^ and A. Hectbeck". From tinur (experinumts it app(?ars that 
the diminution of Vi.^locity varies as r h in accordancte with (22), 
but that, when n varies, it is proj>ortimial ratlnu’ to // « than to 
n-^K Since is in<l(.*pendent of the dmisity (p), the ethu^.t. would 
be increased in randicid air. 

We will now turn to the conHifhtration of another extreme case 
of equation (11). This arises when the tube is such that the 
layer immediately affected by the friction, instead of merely 
forming a thin coating to tln^ walls, (-xbrnds itself over the whole 
section, as must imwitably happem if tln^ diamiitm* be sufficiently 
i*educcd. Under these circvnuHtanct's h f^jfx^ is a small, and not, as 
in the case treated by Kirchhoff, a largft qtiantity, ,and tlu‘ argu- 
ments of all the thnr(t functions in (12) are to be? rctgarded as 
small 

One result of the investigation may be forescum. Whem the 
diameter of the tube is very much redutu^d, the conductiem of heat 
from the centre to the circumference of the* column of air becomes 
more and more free. In the limit the temperature of the solid 
walls controls that of the included gas, and the expansions and 
rarefactions take place iso thermally. Under these circumstances 
there is no dissipation due to conduction, and everything is the 
same as if no heat were developed at all. Consequently the 
coefficient of heat-conduction will not appear in the result, which 


ftr 

iiitriKit’i 
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‘ Pogff, Arm, vuL cxxxvi. p. 296, IS69. 
- Pogg, Ann, vol. cxxxtx- p. X04, 1B70. 
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will involve, moreover, the New'tonian value (b) of the velocity of 
sound, and not that of Laplace (a). 

When -s is small, 

SO that approximately 

d log J, {z)ldz ^^\z{l+lz^) (23). 

When the results of the application of (23) to Q, are 

introduced into (11), the eciuation may be divided by and the 
left-hand member will then consist of two parts, of which the first 
is independent of r and the second is proportional to r-. The first 
part reduces itself without further approximations to v — W 
For the second part the leading terms only need be retained. 
Thus with use of (13) 

(Jbh'“ 

‘“IT 


(Xo - Xi) • 


h- {((r — 6 -) 

fjb 


1 - 0 , 


whence 




8 fili 
= ■ 


hrijf{ar - 
vb'*‘ 


■¥) 


The ratio of the second term to the first is of the order hr"/v, by 
supposition a small quantity, so that we are to take simply 




Sfjb'h 

h‘^T- 


Hi/ub'n 

¥F 


(24), 


as the solution applicable under the supposed conditions. 

Before leaving this question it may be worth while to consider 
briefly the corresponding problem in two dimensions, although it 
is of less importance than that of the circular tube treated by 
Kirchhoff. The analysis is a little simpler; but, as it follows 
practically the same course, we may content ourselves with a mere 
indication of the necessary changes. The motion is supposed to 
be independent of ^ and to take place between parallel walls at 

2/ = ±!/i- 

The equations (1) to (11) of the preceding investigation may 
be regarded as still applicable in the present problem, if we write 
V for q and y for ?*, with omission of the terms where r occurs in 
the denominator. The general solution of the equations corre- 
sponding to (1), (2), (7) contains two functions whose form is that 
of sines and cosines of multiples of y. But from (8), (9), (10) it 
is evident that the conditions of the problem at y = 0 require the 
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absence of the sine function, so that in (12) we ui-e simply to 
replace the fanction /„ by th(‘ cosine*. 

In the case where fi' &c. arc rcLjanh^d as infiiut{*ly small we 
have as in (14), when ?y = y,, 

dhgQ/ily ^ 

(I — ^J(hf^" ’ldr) [ ’ 


hilt in place of the second of CMjiiaticus ( 14) 


(I lof( Qijdi/ •■= //i (X, - m- ) (2(i ). 


When these values are suhstitute.d in (1 1 ), t lio resnltinj,^ cijuatioii 
is unchanged, except that r is rejdacinl In* "J'/fi- The snuH*. substi- 
tution is to be made in (15), (20), (22). 'rin* latter glve.s for the 
velocity of sound 


a 



1 V 

2y, v/( 2// 


1 


(27). 


It is worth notice that (27) i.s what (II) § -147 Intcomes for 
this case when we i'eplac(j l:)y y' ; and \v(* may {){,‘r]iap.s infer 
that the same change is snffic.ient to r<!ii<h*r that ofpiation ap- 
plicable to a section of any ton n when tlieruial ^dlrcts are to be 
taken, into account. 


In the second extreme case wlnre tin* distauro hotwetui the 
walls (2yi) is so small that hyi^jv is to ho nogloctiMl, \vc, have in. 
place of (23) 

d log cos zfdz = I 4- Iz-) (28). 


The equations following are thus adapted to 
purpose if we replace Jr- by ly;\ The unah^giH^ 
cordingly 


wi- 




onr [)resent 
of (24) is ac- 


(29). 


351. The results of § 350 hav(.i an important bearing upon 
the explanation of the behaviour of porou.s bcKlios in relation to 
sound. Tyndall has shown that in many (^ascs Htnuid penetrates 
such bodies more freely than would have bee.n c.x{H'.ct(;(l, although 
it is reflected from thin layers of cjontiimoiiK solid matter. Ou 
the other hand a hay-stack seems to form a very perfect obstacle. 
It is probable that porous walls g*ive a diminished reflection, so 
that within a building so boundcnl re.sfonancti is less prolonged 
than if the walls were formed of continiiouB matter. 
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When we iiKjuire into the mechanical (juestion, it is evident 
that sound is not destroyed hy obstacles as such. In the absence 
of dissipative forces, what is not transmitted must be reflected. 
Destruction depends upon viscosity and upon conduction of heat ; 
but the influence of these agencies is enormously augmented by 
the contact of solid matter exposing a large surflice. At such a 
surface the tangential as well as the normal motion is hindered, 
and a passage of heat to and fro takes place, as the neighbouring 
air is heated and cooled during its condensations and rarefactions. 
With such rapidity of alternation as we arc concerned with in the 
case of audible sounds, these influences extend to only a very thin 
layer of the air and of the solid, and are thus greatly favoured by 
a fine state of division. 

Let us conceive an otherwise continuous wall, presenting a 
flat face, to bo perforated by a great number of similar narrow 
channels, uniformly distributed, and bounded by surfaces every- 
where perpendicular to thc^ face of the wall. If the channels be 
sufficiently numerous, th(3 transition, when sound impinges, from 
simple plane waves on thci outside to the state on the inside of 
aerial vibration corresponding to the interior of a channel of 
unlimited length, occupies a spacer which is small relatively to 
the wave-length of the vil)rati()n, and th<m the connection between 
the condition of tilings insidie and outside admits of simple ex- 
pression. 

Considering first the interior of one of the channels, and 
taking the axis of//; paralhd to the axis of the channel, we suppose 
that as functions of //; the velocity coinjxineuts u, v, w and the 
condensation h are pro[)ortiorial to while as functions of t 
everything is proportional to n being real. The relationship 
between k and n depends upon the nature of the gas and upon 
the size and form of th(3 channel, and has been determined for 
certain important cases in ^ ‘150, ik being there denoted by m. 
Supposing it to be known, we will go on to show how the problem 
of reflection is to be <l(.talt with. 

Foi’ this purpose consi<ler the equation of continuity as 
integrated over thu cross-section <r of the channel. Since the 
walls of th(j chaniud arc impenetrable, 

n Jfsdcr -f k Jfnda = 0 (1). 


so that 


330 of scm*xi> [ 3 :> 1 , 

Thiw cremation is uppln^hl^* al |M>iiit> dislaijl {n»iji ihr (*|h*u i-ikI 
UK ax* tf ian Kr^vau’al <liaiiu‘t »‘i's f»f lh«* rhauia^l 

Talc iu|^ now tin* orit^iii of o’ ai thr fif I li** wail, vvf Ijavo h.» 
fonu oorri‘S|K>iKlintf (*X|»r*«'ssiun.s {ur th<‘ wavi"^ out : aiul wr 
may ilurt' iho oiViM-ts of visro-ity “i' « ‘tuotuoiioii uf houi. 

If a I)(‘ t.lu* V(‘Iooify i»r souufl in flio ojM'u, .aiul - a n, \vv iaa\ 
wriL«‘. fur \vav(‘s iinuiiont ami roflrotiol jH-ipran li^'ularly 


A* (r’^' ^ a fit' 


n (I {' 


so i.hal, iuriflrnt w;tv«' i- 


or, on throwing away tin* imaginary |>arf 

.V oosf at i I j' I 


c^K|)rcssi(#ns m'«* a[>|»lioal»!«* .r ox^'roijM a iitMilMrafi* 

tnultiplu of tin* dislaurt' hot wr**u tho rhanui l^, C’h*^r up t»> lh‘* 
(nw tin* niofitui will ho moiv fiuaplioatod ; hut havo lai mnMl 
tn iuvoHiigato it in ih*tail. Tin* rat Im of tt and -v at a plac-** iioar 
the wall in given witli suiri«*irni aootuarv hy - a in (2) 

and (3), 

// I 

/; M 

We now Hhsiun*' tluil a Hpiu'*-, dotiai’d Uy |tarallol pliiio's oiii' 
on (titiHU* sido <tf {)^ |„< i.ihru thiia rolafivoly to the 

wnve-lougtii tJuit ilio iiioau ai’o tlio Huin*’ nt tin* 

two honiidarios, and tliai tlu' IImw ifio npiu^o at rote hotiudarv 
i.H senHibljM *{|nnl to f.)n» flow out ot tin* at flu. la h rr hoti nr Inrv, 

andyei hnuid enmigli ndativi^ly hf th»’ tranHV*«rH» • iiiiiir’iiwi,,iiH of the 
(‘hatiiH*lH t{r allow tint a|»jiIiefUioii *4 fhjal one hotimtiiig irlam^ ainl 
of (1 ) at the frthor lannirling plum*. Tin* rpiiality of flow does not 
imply an nf|imlity of mean vehndtioH Hineo the arexH eoneennsd are 
fliflfiir(‘nh The tneuu voloeit-ioH will he iuv*n’HeIy jm»|Hrrti(riiiil to 
the com»H|HnKling areiiH— that in in the ratio <t : ^ 4- it ^ denote 
the arriiaf the iiriiH.ndUratt'd parinf tda* wall etjri*f?Hpi aiding toi-^acli 
chaniH*!. liy (!) and (h) tin* eiainectioii In-tweeii tin* inside and 
oiitskle inoiion in €x:proHHf*il by 

u af/f— I k 

- } n . ^ 4 ''^ I 
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ir. 


We will (leuote the ratio of thi‘ unporforatod to (Ju* [HTforated 
parts* of the wall by //, so that y - • 'Phns 

\^H ^ k, 

1 Hh /> /«■ ( I -f- (j) 

If ^ = 0, /j — Zi'y, that is, if Iht^ wall lx* aholisluxl, ov if it be 
reduced to infinitely thin partitions lH*t\ve(‘n the (•haiimiH wliile at 
the same time tlu^ <li.ssip;itiv(‘ <*tVee,ts are ne.jL^leetixl, tiieri* is no 
reflection. If there are no jxuibrations (// x ), tln*n Hi, 
signifying total reflection, ( lerierally in place, of ( 7 ) we may wriU^ 

/r(I 

Hi 1 4 - pj i H, 

which is the sf>hiti<m of the problmu proposed. It is umhu'.stotid 
that wave.s which havf* once entered the wall d(> not retnrm 
When disHipativ(‘ forces ;u!t, this conditioii may always be satisfied 
by supposing tln‘ liianmis tit be hmg enough. The ne<>eMsary 
lengtli of channel. f»r thickness of wall, will depend upoyi the 
properties of the gas and upon the si/.o and shape of the (-hannels. 
Even in the absems* of dis-ipative forees there must be reflretion, 
except in the extreme cutse // 0. Putting k /*;, in (H), wu* 

have 

tj 

s n ' 


.(Hh 


H 


Cff). 




I , s< I 

if ’ 


If r/ = 'l, thjtfc is if half the iv;ill 1m- rut. j! 

tliEt thr rcflrctiiiii is hut. siu.-tll. li fhi- rlnuuu-ls lir rinuiliir uikI 

tin-EIl^CsI ill SfjUarr nr^lrl* :is (rinse jts |M(SSll)le to (*tl(* UUftt.lier, 

fj==(4,-Tr)!-7r, whence /( 'l-JI, fP - tn:,, iiendv sill the tiiotioii 

being tran.siiiitted. 

If th(! rhiiiuiels he eirrul.-tr in ■.edion nnd so sm.-ill thfit tir n 
may be neglt-cted, wi- have, l2e S 


■ l.^■‘ 


HtfJLii 


jury: 


so that (21) the wavt* proiiagatf-d into a cbamiel is proport it^nal ti? 

f fn*j: o, 1 1 p 

where 


7n 


hr ur 




7 being the ratio of Hpecifie beatH | 2 m, 
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'Fu taki‘ a nunuTical «*xatii|»l«% rh-it ih.- Iiilr'ii is 2af; 

.MO I, hut, h — 'Ittx 253. Tho vahu- air i'- '13 that 

of p is •2o(), If w{‘ iaki* r - ^,3,, (oo., wr had /^r Sv r‘.|ual f,, ahuin 
iiw(r W r Won* t(‘n tirni's as groat, tfi^* ap[»ro%dia.ii imu in (If)) 
would |)(*rha|)s siil! sufHciont. 

h'roiii (12), if // 27 r x 253, 

VI — VI ' ‘001 1 5 r f Id i; 

.so tliai, if r = I rail., in I’lo. fii thi^ ra>o tlo' .'iiu|»!it udo is 
r(*.(luc(Ml in tint ratii/ (? ; 1 in passing i#vi r tho di l.Uio* 1 vi\ fhaf 
aLout one* (•(aiiiinottv. Th<^ distanr-o pm.dratrd i jaMp.^rf iunal to 
fho radius of Ida* r.luiniud. 

Th(‘ iunplitudo, of tho ndloftocl wavo is hv fS) 

// _ d* //} f I /) 

vi i 1 f //) f I 0 4 k .. ' 

or, tis wo may write it, 

M I 

"“j/n ,.i; "*'■ 

wlX'l’*- ,1/: (I ), 7, /»’/.■ II. a. 

li 1 1)« thc! intensitj ai the refleeteii v.muiiI, tluit ..f the inciileiit 
Hound hoirit^ unitv, 

. __ -- 2.1/ t 1 

■“ 2.1/- i- 2.1/ i I ■■ ***’ >■ 

Thc intensity efthe intn.iiiitted suund is ^.iven f,v 

1 _ / - 

2.1/ •■ ( 2,1/ -f I ...07). 

By02),(l'»j 

'>'0 ,,.s,. 

If w<. .supjioHi V — eni., !in<l 1, we sh;tll inivi- a wall 

of pretty chwe te.xtnre. In t-hi.H rase ly OH). .1/ -^7-4 and 

-•0412. A lo.ss itf 4 per rent, may m.t appear tu l.e im- 
portant; hut we must rememher that in prohm^er! resonams^ 
\\m are ooncemed with the aeeumnJaled Oreet of a !ar-e numher 
of reffectioiiH, so that a oomparjitivtdv .small loss in a siuide re- 
flection may well be material. Tin- thirkm-.SH ef tlm porous lav.-r 
nece,s.sary to produce this effer.t is leas than one <-en( inn-tre. ' 

Aj,oun,Hupposer= ,/„.cm.,//=l. We (in(L1/«4-74. I -/ •=-;542; 
and the necessary thi(;km;.ss would be lf,ss than 10 eentimelre-s. 
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If r b(‘. inu(*li greul(‘r Uiaii ,,\,y cm., tlui exchange of heat 
between the air and tin* sides of the channel is no longer suffi- 
ciently free to allow of f.iie use of (24) ^ 350. When the diameter 
is so great that the tliermal an<l viscous tOifects extend through 
only a small fraction ol it-, w<‘ havnj tin* case discuss(sl by Kirehholf' 
(15) § 350. Hen* 


(f 


ji + 


7 ( I i)] 
r V(2//) j 


( 10 ), 


which value is to in* 
^ = 0, we find 


suhsiituterl in (S). If for simplicity we put 


li 


7 ( 1 - t) 

2r V(2//) 


/ 7''e4/’^// 


(20), 

( 21 ). 


The Hupposit ion t hat // - () is, how(‘v<‘r, inconsistent with the 
circular section ; and it is tlntrefore pndVu-ahhi to use tln^ solution 
corresponding to (27) § 350, appli(‘;d)h^ wh(?n tln^ channels assume 
the form of narrow civuas.ses^ W<‘ have merely to riiplacic r in 
(19), (20;, (21) by 2//,, 2;/i being tin; width of a (;revass(;. The 
incident .sound is ah.s(»rl)ed imu'e and inon* comphdely as tin*, width 
of the channels iintn^uses: hut at tin; same tinn* a grtiihn* hmgth 
of channel, or thi<*kness of wall, l>e(;{mn*.s necessary in onhn* to 
prevent a return from the further si<le. If r/:r::(), there is uo 
theond/ical limit t:o tin* absorption ; and, as W(* hav<‘ scon, a 
moderate valin* of // <l()(*s not of itself <mtail mon; than a com- 
paratively small reflection. A loosely coni pact<*d hay-stack woidd 
seem to be iis effecd.ivc art absorbent of sound as anything likely to 
be rmd with. 


In Iarg<; spa(‘eH lioumled by rnm-porous walls, roof, and floor, 
and with few wiinlows, a prolonged r<*Honainn* seems inevitable. 
Th(; mitigating influom'e of thick (*arp<;tH iri such caK(*H is well 
known. Tin; applif'ation of similar mat<;na,l to the walls and to 
the roof appears to offer the best chanct; of furtln;!’ improve,- 
ment. 


362. One (d‘ tin* nnjst curious coiis(;c}ue.nces of viscosity is tlie 
generation in ceidain cases of regular vortie.fjs. Of this aii example, 
discovered by DvoiYik, has .already he(‘n mimtioned in § 2G0, In 

^ It may be reniiirked that evun in the two-jIimenKional problem the sap. 
position involven ari iulhiite capacity fcir heat iu the material compoBlng 
the partitions. 
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a theoretically inviscid fluid no such (iflbct could occur, § 240 ; and, 
even when viscosity enters, the phouomenou is one of the .second 
order, dependent, that is, upon the s</uare of the motion. Three 
problems of this kind have been treated by the author' on a 
former occasion, bxit hero we must limit ourstdves to Dvorak’s 
phenomenon, further simplifying the nuestinii by taking the case 
of two dimensions and l)y neglecting the tenri.s (hipendent upon 
the development and conduc-.tion of hc^it. 

If we .suppose that p — itrp, and write s for log(/D/p„), the 
fundamental equations (12) §34.5 arc 


Li- 


ds 


da (In 




(I /(la dv 


i /da 
'x \dx 


■^dy, )-('>’ 


du 

dx (it 

with a corresponding efjuatiou for the ec jiiaition of oontinuitj 

§ 238 

fi'H. /itl fin /•/cr //V 

-( 2 ). 


dll dv (h dn ds ,, 

dr-^Lly'^ 


Whatever may be the actual vulm« of a and », m-. may write 


in which 

Y^<f> 

From (1), (2) 




d \ (Is ^ 
clt) (lx 




r (1 \ (Is 


(It) dij 
Again, from (5), (6), 


o , / ^ I ff d 

dt, 


4- 

it 

11 

-.(3), 

da dv 

"(Ise'^dy’ 

1! 

... (4). 

du 



1 

I 

„ (1 1 ds ds\ 

....(5), 

flu , ^Tn.. 



dv dv 

% y—V . 

dx dy 

„ (1 1 ds (ls\ 

dyV dy)" 

....(6). 




(Ira __ d 
(W di 


\ f (Is (Ih\ 

iVLU^\iyJ 




(I I du 


dy 

du' 

dfj. 


(I 

'dy 


*(' 

y\ 


dv . dv 
di ** dy. 

(7). 


^ On tlae Circula.tion of Air observed in Kundt'^ Tabes, and on some allied 
Acoustical Problems. FkiL TmuM. vol. 175, p. 1, 188B. 
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For the first approximation the terms of the second order in 
u, V, s are to be omitted. If we a.s.snme that as functions of t all 
the periodic qriantitics arc proportional to e*‘‘, and write q for 
a^ + iniM (7) becomes 

qV'^s + w't? = 0 (8). 

Now by (2), (4) = — im = i (qlu) V“.s, 

so that 


and 


„ - iiJ * 4. 

n dx d,y ' 


_iq djH 
^-ndy- 


dyfr 

dx 


■(9)h 

.( 10 ). 


Substituting in (5), (0), with omi,ssion of the terms of the 
second order, we get in view of (8), 


(/V=-m) 


d-\}r 

di/' 


0 . 




whence — in) '\{r=0 (11). 

If we eliminate s directly from eciuations (1), we get 


\ d 1 

f dv 

dv\ 

I dx^ 

u • 
dx 

rfy) 




/dn dv 
\dx d/tf. 




-f y ^ ^ + v j 

dx dy 


.( 12 ). 


If we now asHurne that as functions of x the (juantities ,9, &c. 

are proportional to e(|uati()ns (8), (11) may be written 

= 0 ( 13 ), 

where k"- = 

(d^ldy-//^^)ir:=0 ( 14 ), 

where 4* inlijf. 

If the origin for y b<5 in the middle between the two parallel 
bounding planes, h must be an even function of y, and must be 
an odd function. Thus wo may wiute 

8-=^ A cosh k"y . sinh k'y . - .(1^)> 

u = ( — kqln . A (^osh k'y 4 k'B cosh ley) 

V = {iqk"[n . A sinh k!^y - ikB sinh k'y) 


...( 16 ). 


^ It is imnecessary to add a complomontary function </>' satisfying for 

the motion corresponding thereto may be regarded as covered by yp* 




336 . MOTION BETWEEN PABALLEL WALLS. [ 352 , 

If the fixed walls are situated at y = ±yi, u and v must vanish 
for these values of y. Eliminating from (16) the ratio of A to J5, 
we get as the equation for determining A-, 

tanh k'y^ = k'k" tanh (17), 

where k\ k" are the functions of k above defined. Equation (17) 
may be regarded as a modified and simplified form of (11) § 350, 
modified on account of the change from symmetry about an axis 
to two dimensions, and simplified by the omission of the thermal 
terms represented by v. The comparison is readily made. Since 
X. = 00 , the third term in (11), involving Q.>, disappears altogether, 
and then divides out. In (11), (12) ?• is to be replaced by y, 
and Jq by cosine, as has already been explained. Further, 

m- = — ■ /•-, h = in. 

We now introduce further approximations dependent upon the 
assumption that the direct influence of viscosity extends through 
a layer whose thickness is a small fraction only of y^. In this case 
^•2 = nearly, so that k"yi is a small quantity and is a large 
quantity, and we may take 

tanh k'yi = ± 1, tanh k^y^ = ± I/'j/i . 

Equation (17) then becomes 

y = Uk"% (18), 




III fill., «'■ 


I ii 

'i 

|ti 


or, if we introduce the values of Ic, k" from (13), (14), 
k- = y^ (k^ ~ ?i2/g) + inl/ji')-. 

Thus approximately 

7_,n\ l~^ ] 

-aU +2y:V(2w//)| 


in agreement with the result already indicated in § 350. 

In taking approximate forms for (16) we must specify which 
half of the symmetrical motion we contemplate. If we choose 
that for which y is negative, we replace cosh k'y and sinh k'y by 
For coshF'y we may write unity, and for sinh k"y simply 
k"y. If we change the arbitrary multiplier so that the maximum 
value of u is and for the present take equal to unity, we have 

= (— 1 + { 2 /+ 2 / 1 )) Qlnt 

V = ik/k ' . (y/yi -f e““^<y+2/.)) 

in which, of course, u and v vanish when y = — 
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If in (20) we change k into - k and then take the mean, we 
obtain 

zi = (— 1 -f g-”^'(?y+?/i)) cos kx ] 

t; = — k/k ' . (y/iji + sin kx 6'”'^ ] 

Although k is not absolutely a real quantity, we may consider it 
to be so with sufficient a 2 >proxiTnation for our purpose. We may 
also take in (14) 

Z;' = VCW/^0 = y8(l + 2) (22), 

if ;8 = Using this approximation in (21), we get in terms 

of real quantities, 

u = cos kx [- cos nt + cos [nt — ^{y + yi)}] \ 

h sin kx) V u , ^ . 

p..(23). 

-f cos {nt — ^TT — /9 (y + y{)] 

J 

It will shorten the exjax^ssions with which we have to deal if 
we measure y from the wall (on the negative side) instead of, as 
hitherto, from the plane of symmetry, for which purpose we must 
write y for y + y^. Thus 


Ui = cos kx [— cos 'nt + cos (nt — ^y)] 


ksinlcx fyi — y 


cos ('tit — Tt)— cos (ilt — I TT — ySy) 


the subscripts indicating the onler of the terms. 


•••(24), 


These are the values of the v(ilocities when the square of the 
motion is neglected. In proceeding to a second approximation we 
require to form expressions ff)r the right-hand members of (7) and 
(12), which for the purposes of the first approximation were 
neglected altogether. The additional terms dependent upon the 
square of the motion are partly independent of the time and 
partly of double frequency involving 2nt The latter are not of 
much interest, so that we shall confine ourselves to the non- 
periodic part. Further simplifications are admissible in virtue 
of the small thickness of the retarded layer in proportion to the 
width of the channel (2yj) and still more in proportion to the 
wave-length (X). Thus k/0 is a small quantity and may usually 
be neglected. 

R. 11. 22 


mm 









338 


MOTION BETWEEN TARALLEL WALLS 


[352. 


From (24) 

V--fi = /3 • C 0 .S It e~^’' .sill (/)^ — — fSi/) (2.5), 

chif(b;+dv,fdy = tain to; ko.s 7it (26), 

Ui ^ ^ (~ cos /3y + i;~^’') 

doo ct*u 

+ terms in 2nt (27), 

-h =~ 2ko /3y +- cos jSij) 

-j- terms in (28). 

Thus for the non-periodic part of yjr of the sccoml order, m* 
have from (12) 

V‘^\(r, == — sin 2Aw {sii i /8y -f *] cos /?// - 2e"”^'/{ . . . ( 29 ). 

In this wc identify V** Avith {djdjjf^ ho that 

ir,, = /Sy -f ..-.(50), 

to which may be added a complenientaiy funetiou, satisfying 
V‘‘'^._, = 0, of the form 

'f '2 (A ainli2t (//i - ;//) -h B (y^ - y) cosh 2t(//, -?/)]...(:)!), 

or, as vve may take it appi-oximately, if i/i be small compared 
with X, 

(=^2> 

Ecjuations (30), (^52) give the non-periodic part of i/r of the second 
order. 


The value of s to a second approximation would have to be 
investig-ated by means of (7). It will be composed of two parts, 
the first independent of t, the second a harmonic function of 2nt 
In calculating the part of d^jdx indepiuident of t from 

V^(f) z= — cb/dt — udsIcLt) — v dHjdtj, 

we shall obtain nothing from dsjdt In the remaining terms on 
the right-hand side it will be Bufficient to employ the values ii, v, 8 
of the first approximation. From 

dsjdt = — dnjthc — dvjiif, 
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ill coiijiiiictidii H'itii we <'<•1 

■V = - . sill Hill 111 ^-, 

ffheuce d-cp, 'd ( /;?// )• = . «,s” hr, sin 

From this it. is .-asily s,-,-.. that th,- i,u-(, „F nisuibiii^. funn 
dcpfih m Ci) IS .if ,u-.l.T /.s ,:i‘ ,;.„ap;in.s</ii mt.li t,ho jart (.3:}) 

resulting- from an, I nmy b,- oniit.t,-,!. AeonrcJiagrly l>y (30) 
with intruductii.n of th,- vahn- „f nml ({„ onhir t„ restore 

homog<‘in‘itv) of 

hi n tk.r V 

"" “ s, , f -b - fit) + (3.S)^ 








isin rj/y+.n nos ;«.//+ ...(:}4); 


iLiid from (.1-1 


/f: Mia 2/r./' 


.A'4:i/r(yy,- ,/)-^j (3-)^ 


2 / 0 / a 'OS !2 /.v/‘ 

^ ~ .s,io ■ - y > + ('/. - :'//■'» -(.‘if)). 

ihiMsimjili'l.i. lit I Jii' fcrtiis <)( till, siinond Dnler in zt, -ii aro 

given by mhiiti.a. ,.f (.‘{.H,, m.,| „f (:) 4 ), f.-hj). The miristaiits 

til be <leti-rmitie,l by the ..onrlition that thaso valnos 
vanish AV'lifii >/ <). W.- fims Dhtain .-is the complete ,?.\j)ni.sHiou of 

the tcrni.s of'the sre.iml i,rii,.t- 




",:*.siti 2/r.r i 
.So 

2hi/.; il.-.r i 


>' "''(4 'ill j-iii ^-^i-os/dw -f -f- ij — S 

;'/r" j 
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+ 3'^ f.'/i - If) ~ iiS 1 .... (:iK). 
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From (30) w«* hoc* that n., rhaii|^rs w»* ]ki-s- tV**iii the* 

boiuKlary ;?/= 0 to th(‘ plane* (»f syinmt'fry // //;. f la- f*rifi‘*a! value 

of y being yi(l — \/.0» *423//j. 

The vaJue of v/j from (24) (‘.orn*sjioii<ling 1 m i-lih i 

//j := — f'us /\/* ro-v ///. J 41 

so that the Io(»ps eorn*s|»on(l to Lr 0, tt, 'Jtt. aiai i li»* iiMft's 
correspond to /i\7;= ^tt, :j7r, .... 

I'he steady mot inn n*prosrn(.*d }»y {3fM. ( 40 > i-. >4 a v< rv 
eharae.t(‘r. It <*<>nsists of a srrios nf vortioi ^ jn-n'»dif uiih 
to,/; in the* elistane** From (40) it apprarv t|,;e r j., pM^itivj. 

at the* node's anel negative* at th»* loops, vaiji-lme^ of ronro- in rae*!] 
case* both at the* wall // — 0 ami at tin* plan** of '-unna l r\ // - “ 


O Att Tf 'rr gin 

In the Hgure; AH re*pn*se*ntH the* wall, r/; tho plam* of synmii-iry, 
and the* elir<*ctions of me/tiem in the- an* iii<iie*ate*el hy 

arreavH. It is e*HpeciaIly tee he* re-mitrkoei that flio \»'!oe'iry of the; 
vortical motion is iu(l«‘pe*mle‘nt <4 /x', see t liaf I bin f 4h r*i ||t>t to he 
ed>viate*d l)y taking the* visoosity iritinife*ly small. In that way 
the* te‘ndi*n<;y la ge*ne*ra.te* the* vorficos may imh'e-el h** dimiiiishe'd, 
but in the; same* pr<e[H»rf ie>n ih** maintonann* *4’ t!ii> Curtice'S is 
facilitate*(l, so that \vhe*n the* imition has roaohod a final htafo the; 
veirticees are; as important wifh a sieml! as wifh a iargr viscosity. 
The; fact that whe'ii visea>sity is ingh-cfod fn-tm tho tirnt no .such 
vortiee;.s make; the*ir appe»araiu*i* in tin* Molmion vln-u’s wliat extreme 
can; is ref|uirf*d in elouling with prohloms n^lating l.r^ the* be- 
haviour f>f slightly viseamn iiuiel in coiitimf with solif! hndipff. 

In estimating the; irnean imetion ie» fin* soi'oiiil eaxler tht*re.* in 
another point to be; e!e»riHi(ier<*cI whic^h has not vot bs*i*ii trnichecl 
upon. The valnes eef e/j and a, in (24| an*, it is ntrictly 
pericKlic, bat the wune; pr<t|K;rty do«*H not attimh to tlio inotiems 
the.;reby elc*firied of the* piirticlen of the fluid. In oiir ne/ifitif/n a is 
not the velocity of any in<Iiviflual pirticle id* thr fliiiei, liiit of the 
particle^ whichever it may be, that at the inomiuit tinder coaside- 
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ration occupie.s the position x, y, (§ 237). If x + ^, y + y define 
the actual po.sition at time t of the particle whose mean position 
during several vibrations is (;/;, y), then the actual velocitie.s of the 
particle at time t are, not ){,, but 


(III, ^ (III, 


. dvi ^ dvi 


and thus the mean velocity parallel to w is not necessarily zero, 
but is equal to the niean value of 


^ dUijdx 4- r) dujdi/ 


(42), 


in which again 

^==:fu,dt, v==Iwit (43). 

In the present case the mean value of (42) is 

— . sin 2h:r, (e'^Py — cos /3y) (44), 


which is to be regarded as an addition to (37), However, at a 
short distance from tlui wall (44) may be negl<.icted, so that (39) 
rerncains adequate. 

We have seen that the width of the direct current along the 
wall v/==0 is ’423 //i, and that of the return current, measured up 
to the plane of symmetry, is *o77;yi. TIuj ratio of these widths is 
not altered by the inclusion of the second half of the channel 
lying beyond thii ])laue of symmetry; so that the direct current is 
distinctly luirrower than thi^ return current. This disproportion 
will be increased in the case of a tube of circular section. The. 
point under consid<‘ration d<q)ends in fact only upon a comple- 
mentary function analogous to (32), and is so simple that it may 
be worth while brii^fly to indicat(j tin; steps of the calculation. 

The e(iuatioxi fu* is* 

w- 

but, if we suj>pose that the radius of the tube is small in compari- 
son with X., k' may bis omitted. The genciral solution is 

= [ /I 4" Hr" + B'r^ log + CV } sin 2kx (4G), 

80 that 

= dy\r.Jrdr = (27/ 4- H (2 log ?* 4- 1) 4- sin 2kx . . . (47), 

^ StokeB, Tram. Cmnb. Phil Hoc,, vol. ix. 1850; Basset’g UydrodtjnamicHf 
§ 485 . 
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whence B = 0, by the condition at r = 0. Again, 

~ (I's^.Jrdx = — 2k [Ar~~'^ + Br -f (Jt^\ cos 2kx . . .(48), 

whence A = 0. 

We may therefore take 

lu = [2B -f 40?*“} sin ) 

= - 2k {Br + Ct^} cos 2& j 

If, as in (40), = 0, when r = iJ, B + CBr = 0, and 

11 ^ = 2C (2?*- — ii-) sin 2kx (50). 

Thus 'lu vanishes, when 

r = J2/V2 = -707 iJ, R - r = •2mR. 

The direct current is thus limited U) an annulus of thickness 
•293i?, the return current occupying the whole interior and having 
therefore a diameter of 2 x *707^2, or T414i2. 


(IHAPTEIl XX. 


(!APiLLAitrry. 


353. The subjects of the ehapttir is the bcliaviour of 

inviscid iiicoinpressiblc fluid vibratiu)^ under tluj action of gravity 
and capillary force, mer<i especially thci latter. In virtue of the 
first condition W(j may assinru^ tin* (existence of a velocity-potential 
{(j)), which by the second condition must satisfy (§ 241) the 
equation 

( 1 ), 

throughout the inbuior (jf the llui<l In terms of the e(|uation 
for tlic pnissurti is (| 244) 

Sp'p ^ li-- (lj>ldt ( 2 ), 

if we assume that the motion is ho small that its s(juarc may be 
neglected. only impressc'd forcci, a(*ting upon the interior of 

the fluid, which we havf^ occasion to consider is that duo to gravity ; 
so that, if . 2 ? be nieasun*d verthuilly downwards, R=^gz, and (2) 
becomes 

hpjp = (jz — d(f)ldt (3). 

Let ns now (consider the propagation of waves upon the hori- 
zontal surface (s — 0) of water, or other lif[uid, of uniform depth Z, 
limiting onr attcmtioti to the? case of two dimermions, where the 
motion is confinetd to the; plains zj:. The geiuiral solution of (1) 
under this conditii/n, and that the motion is proportional to 
^ikx^ is 

or, with regard to th(j condition that the vertical velocity must 
vanish at the bottom where z = I, 

= (J cosh k (z — l), 


( 4 ). 
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If the motion be proportional also to and we throw away the 
imaginary part in (4), we get as the expression for waves propa- 
gated in the negative direction 

= (7 cosh k (z — 1) cos {nt 4- kx) (5), 

in which it remains to find the connection between oi and k. 

If h denote the elevation of the water surface at the point x, 
and T the constant tension, the pressure at the surface due to 
capillarity is ~ Td'^hldx-, and (3) becomes 

Td^h j dcf> 

or, if we differentiate with respect to t and remember that 
dh/dt = - d<j>ldz, 

T d}^4> 

p doirdz ^ dz cte- ^ 

Applying this equation to (5) where z — 0, we got for the velocity 
of propagation 

T^ = ii^lk^^{(jlk + Tklp) tanh/ci (7)^ 

where, as usual, 

k^lTrjX (8). 

In many cases the depth of liquid is sufficient to allow us to 
take tanh Id = 1 ; and then 



gives the relation between V and X. When X is great, the waves 
move mainly under gravity and with velocity approximately equal 
to On the other hand, when X is small, the influence 

of capillarity becomes predominant and the expression for the 
velocity assumes the form 

F=V(27r2ypX) (10). 

Since X = Ft, the relation between wave-length and periodic 
time corresponding to (10) is 

xyT^=2wTlp (11). 

Except as regards the numerical factor, the relations (10), (11) 
can be deduced by considerations of dimensions from the. fact that 
the dimensions of T are those of a force divided by a line. 

1 A more general formula for the velocity of propagation {7ilk) at the interface 
between two liquids is given in (7) § 3f>5. 

2 Kelvin, Phil. Mag. vol. xm. p. 375, 1871. 
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If we inquire wliat valm‘s of X correspond to a given value of 
F, we obtain from the (juadratic (f)) 

\ = -rrV-jrj ± Tr/^r . V( - ‘^Tf/lp) (12), 

which shews that for no wave-length eau V he less than F,,, 
where 

F. = (4T^/p)l (13). 

The values of X and (»f r corresponding to the miniininn 
velocity are given by 

X, = Stt (T/f/p)K T„ = 27r(Tl4ffpy (14). 

If we take in measure 7 = 0 ^ 1 , and for water p = l, 

T=76, we have F, = 2 :M, X„r=I-7!, 

The accortipanying tal)!(^ giv(!S a hnv corresponding values of 
wave-length, velocity, and fre{[ueuc,y in thi^ neighbourhood of the 
critical point 


Wave-length 

•5 

I'O 

1 1-7 : 2-f5 

3-0 

5-0 

Velocity 

:ihr> 

21-7 

1 2:m 2:M) 

24-y 

29-5 

Freq\iency 


21-7 

1 O'C) 

H-.3 

5 '9 


A comparison of Kelvin’s formula (9) with observation has 
been effected l>y Matthi(‘sseid, the ripples being g( 5 nerated l)y 
touching the surface of tin; various Inpiids with dippers attaclnni 
to vibrating forks of known pitch. Among th (5 licpiids tried were 
water, mercury, alcohol, (ftlna*, bisulphide of carbon ; and tlu3 
agreement was found t(i be satisfactory. The observations include 
frequencies as high as IH32, and wavc-h;ngths as sniall as 
*04 cm. 

Bomewhat similar e*xperiments have* been carried out by the 
author^ with tin; view d(;tt*nuining T by a nuithod independent 
of any assumption respes-ting angl(‘H of contact between fluid and 
solid, and admitting of application to surfaces purifled to the 
utmost from greas(». In order to see the waves well, th(; liglit 
was made intermittent in a piu’iod equal to that of the waves 
(I 42), and Foucault s optical metluKl was employed for rendering 
visible small (lepartur(‘S from truth in plane or spherical reflecting 

^ Wied. Ann. vol. xxxvni. p. IIH, IHBD. 

^ On the TeiiHion of Water Hiirfacen, clean and contaminated. Phil Mufj, 
voL XXX p. mn, iBOf). 
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surfaces. From the measured values of r and X, T may be deter- 
mined by (11), corrected, if necessary, for any small effect of 
gravity. The values thus found were for clean water 74*0 C.G.s., 
for a surface greasy to the point whcu-e camphor motions nearly 
cease 53*0, for a surface saturated with olive-oil 41*{), and for one 
saturated with oleate of soda 25*0. It should hit remetnbcred that 
the tension of contaminated surfaces is liabl(.‘ to variations depen- 
dent upon the extension which has takiui i)lacti, or is taking 
place; but it is not necessary for the purposes of this work to 
enter further upon the question of '‘superficial viscosity.” 

354 . Another way of generating cai)illary waves, or crispa- 
tions as they were termed by Faraday, dep(‘nds up(ni the principle 
discussed in § 6Hb. If a glass platc^, ludd horizontally and made 
to vibrato as for the production of Chladni’s figures, be covered 
with a thin layer of water or othea* mobile li([uid, the phenomena 
in question may be readily observe{r. Over those parts of the 
plate which vibrate sensibly the surface is ruffli'd by minute waves, 
the degree of fineness increasing with the fre([uen(iy of vibration. 
The same crispations arc observed upon tlu^ surfaett of liipiid in a 
large wine-glass or finger-glass which is caus(id to vibrato in the 
usual manner by canying the moist<;ne<l finger round the circum- 
ference (§ 234). All that is (i.ss(‘ntial to the production of 
crispations is that a body of li(piid with a free surface be 
constrained to execute a vertical vibration. It is indifferent 
whether the origin of the motion be at the bottom, as in the 
first case, or, as in the second, be due to the alternate advance 
and retreat of a lateral boundary, to accommodate itself to which 
the neighbouring surface must rise and fall. 

More than sixty years ago the nature.* of these vibrations was 
examined by Faraday" with great ingenuity and success. The 
conditions are simplest when the motion of the vibrating horizontal 
plate on which the liquid is spnjad is a simple up and down 
motion without rotation. To secure this Faraday attached the 
plate to the centre of a stiip of glass or lath of deal, supported 
at the nodes, and caused to vibrate by friction. Still more con- 
venient is a large iron bar, maintained in vibration electiically, to 
which the plate may be attached by cement. 

^ On the Crispations of Fluid resting upon a Vibrating Support. Phil, Mag. 
vol. XVI. p. 50, 1883. 

2 Phil Tram, 1831, p. 299. 
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The vibratiu|( li([ui(l staudiuj^ upon the plate presents appear- 
ances which at firsts am rather (HfHcnlt to interpret, and which 
vary a gaod deal Avitli the nature of the liejuid in lespect of 
transparency and opacity, and with the incidence of the light. 

The vibrations are loo ([ui(‘.k to beibllowed by the eye ; and thus 
the etfect ohs{*rv(‘d is an average^, due to th(^ superposition of an 
indefinite nuinber of elenieiitary impressions <*.orrcs[)on(ling to the 
various phas(*K. 

If the plate In* nudangnlar, tJu; motion of tin; Ii(|uicl consists of 
two sets of stationary vil)i*aiions KUp(‘rpos<!(l, the ridges and furrows 
of the two sets b(dng pcTpeudicular to one another and usiially J 

parallel to the e<lg(*s of t.he plate, ( /oufining our attention for the | 

moment to om* s(*t ni stationary waves, hft us (jonsider what I 

appearance* it might ht* (‘Xpected to pres(*.nt. At om^ moment |- 

the ridges form a set of parallel and (‘.<[ui<listant lines, thci interval I 

being X. Midway lH‘tw<*fm t ln-se are tin* lines whioli repmsent at f 

that moment the position of tin*, furrows. Afhu* th(*: lapse of a ^ 
period thf^ suidjuu* is liat: after another \ pfudod thcj ridges and 
furrows are again at tlndr maximum dev<*lopem<‘.iit, hut the 
positions are exchanged, Xow, sine^i* only an av(*rage (dlect can 
be perceived, it. is eloar t hat m> distinction is r(!(!ogni7.abl(^ between 
the ridges and the furrows, an<l that tJie observ(*<l (*ff(*c;t must be 
periodic within a di.Htane^e (njual to IX. If th<i Ibpud on the ])latc 
bf;renden*d ino<lcrat<*ly opa.<jue by addition of aniline blrui, and bo 
seen by diffiisefl transmit tod light, the lines of ridge and furrow 
will apjoear bright in oomparison with the iiit.ermodiatKi nodal 
lines \vlu‘re the iituunal depth is preserved throughout the vi- 
bration. The gain of light when the thickness is small will, in 
accordance with the law of absorption, (»ut weigh thet loss of light 
which occurn half a peri(Hi !at('r when the furrow is replaced by a 
ridge. 

The actual phenomenon is more eonijilieated in consecpience of 
the C(K*xiHtence. of tin* two s(*ts fif ridges and furrows in perpundi- 
cular directions (;c, //). In tfu; adjfutiing figure (Fig. (if)) the thick 
lines reprcjsent the ridgo^s, and the thin the furrows, of the 

two systems at a Mmiiicnt of maxiiimin excursion. One {|uarter 
period later the snrfaca* is fhit, and oiut half period later the ridges 
and furrows are irjterchangetl The plae<ts of tnaxirnum elevation 
and depresBion are t he interseetionB of the thick liueB with one 
another and of the thin Vmm with one another, placets not distin- 
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guishable by ordinary vision. They appeal* like holes in the sheet 
of colour. The nodal lines where the iionnal depth of colour is 
preserved throughcjut the vibration are shewn dotted ; th».,*y are 
inclined at 45\ and pass through the intersections of the,*, thin 
lines with the thick lines. The pattern is recurrent in the 





directions both of x and y, and in each case with mi interval 
equal to the? real wave-length (X.). The distance between tin.* 
bright spots measured parallel to r/; or y is thus X; hut the 
shortest distance between these sj>ot8 is in directions inclined at 
45'', and is ecpial to X///2. 

As in all similar cases, these stationary waves may be resolved 
into their progressive couipoiumts by a suitable motion of the eye. 
Consider, for example, the simple set of waves rejjresented by 

2 cos h: cos 7it = cos (lit •+ koo) 4- cos (nt'-- kx). 

This is with reference to an (.origin fixed in sp)ace. But let us 
refer the phenomenon to an origin moving forward with the velocity 
(ihlJc) of the waves, so as to obtain the impression that would be 
produced upon the eye, or in a photographic camera, can'ied 
forward in this manner. Writing ho(i-\-ni for hx, we get 

CDS (kx' ■+■ %it) -f CDS ka!. 
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Now the average effect of the first benn is independent of a!, so 
that what is scjen is simply that set of progressive waves which 
moves with the eye. 

In order to s(;e the progressive waves it is not necessary to 
move the head an a wIkjIo*, l)ut only to turn the eye as when vve 
follow the motion of a real object. To do this without assistance 
is not very easy at first, (^six^taally if the area of the plate be 
somewhat small. By moving a poiritiir at various s])eeds nutil the 
right one is found, the ciyo. may be gnichid to do what is required 
of it; and after a few .Hiuun,‘.ssi'.s repetition boeoniCH easy. 

Faraday's assertion that thfj waves have a period double that of 
the support has Ixieii disputed, but it may be verified in various 
ways. Observation f)y slrobo.sc( )pic uuithods is perhaps the most 
satisfactory. Thi; viobojci^ of the vihrations and the small depth 
of the licpiid iuterfbn; with aii accuratcs calculation of frequency on 
the basis of th<t ob.scu’vi'd wavc-hmgth. The theory of vibrations 
in the sub-octav(* has ali-oady l)(*en consi<lerod (§ (hS h). 

355. Tyfucal stationary waves ar<i formed by the superposi- 
tion of equal positiv(‘ and m'gativ<^ progressive} wavcjs of like 
frecpiency. If tint one set h*. d(*rive(l from the obluir by redoction, 
the equality (d‘ free lucnrios i.s secured automatically; hut if the two 
sets of waves originate; in <liffer<;nt sources, the uniwiu is a matter 
of adjustment, an<l a (jU(‘Sti()n ariH(;s as to the; (‘ffect of a slight 
error. Wi; may take* as tin; (*xpressim)L for the two sots of 
progrcBsivo wav(*H <d' equal amplitude, and of n{>proximatcly equal 
frc(|ucncy 

rj}s(L\v •-’td) <;oH (/cx-y n't), 
or, which is the saim*, 

2 cos 1 1 {Ic 4- U) n; -f i ( n - //.) t] x cos j| (// — k) r, 4* ^ (n' ■+ %) t] 

0 ). 

If %' = n, y — k, the.; waves are ab.Hfilutely stationary ; but we 
have now to intarjnTt, (I j when (//,' — n), (fc - b) are merely .small. 

The ’position at niiy time t of the; crests and liollows of the 
nearly stationary wavc.s repreHonted by (1) is given by 

^ ( A 4- fc ) it: 4- ^ (n/ — a) = 7\m (2), 

where m is an integer. The; vcdcKuty of displacement U is 
accordingly 


U -(n- ii )l{k + Ic'X 
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OT approKimately 

V = in-n')l2k (:3)', 


from vvhicli it a^^peai^s that in every case the shifting- takes place 
in the direction of waves of higher pitch, or towards the sonrce of 
graver pitch. If V be the velocity (n/Zj) of propagation of the 
progressive waves, (3) may be written 

^7/F=0^ -70/27/- (4). 

The slow travel under these circnnistaiices of the places where 
the maximum displaceineiits occur is a general phenomenon, not 
dependent upon the peculiarities of any particular kind of waves ; 
but the most striking example is that afforded by capillary waves 
and described hy Lissajous^ In his experiment two nearly 
unisonant forks touch the surface of water so as to form approxi- 
mately stationary waves in the region between the points of 
contact. Since the crests and troughs cannot be distinguished, 
the pattern seen has an apparent wave-length half that of the real 
waves, and it travels slowly towards the graver fork. A frequency 
of about 50 will be found suitable for couvetiieut observation. 

If the waves be aerial, there is no difference of velocity; but 
(4) still holds good, and gives the rate at wliich the ear must 
travel in order to remain continually in a loop (jr in a node, 

356 . One of the best opportunities for the examination of capil- 
lary waves occurs when they are reduced to rest by a contrary 
movement of the water. Waves of this kind are k( jinetimes described 
as standing waves, and they may usually be observed when the 
uniform motion of a stream is disturbed by obstacles. Thus when 
the surface is touched by a small rod, or by a fishing-line, or is 
displaced by the impact of a gentle stream of air from a small 
nozzle, a beautiful pattern is often displayed, .stationary with 
respect to the obstacle. This was desexibed and figured by Scott 
EusselP, who remarked that the purity of the water had much to 
do with the extent and range of the phenomenon. On the 
up-stream side of the obstacle the wave-length is short, and, as 
was first clearly shewn by Kelvin, the force governing the vibra- 

^ PMl. Maff. vol. XVI. p. 57, 1883. 

- Comjit. Mend, toI. lxvii. p. 1187, 1866. 

^ JBrit. Ms. Rep. 1844, p. 375, Plate 57. See also Ponceleb, Amu d* Chinu 
^ol. XLvr. p. 5, 1831. 


ON KUNNING WATER. 


351 


357.] 

tions is principally cohesion. On the down-stream side the waves 
are longer and are governed principally by gravity. Both sets of 
waves move with the same velocity relatively to the water (| 353) ; 
namely, that required in order that they may maintain a fixed 
position relatively to the obstacle. The same condition governs 
the velocity and therefore the wave-lengths of those parts of the 
pattern where the fronts are oblique to the direction of motion. 
If the angle between this direction and the normal to the wave- 
front be called 6, the velocity of propagation must be equal to 
cos 6, where Vq represents the velocity of the water. 

If V() be less than 23 cm. j^er sec., no wave-pattern is possible, 
for no waves can then move over the surface so slowly as to 
maintain a stationary position with respect to the obstacle. When 
exceeds 23 cm. per sec., a pattern is formed ; but the angle 6 has 
a limit defined by 'y,, cos 0 == 23, and the curved wave-front has a 
corresponding asymptote. 

It would lead us too far to go further into the matter here, hxit 
it may be mentioned that the problem in two dimensions admits 
of analytical treatmenth and that the solution explains satis- 
factorily one of the peculiar features of the case, namely, the 
limitation of the smaller capillary waves to the up-stream side, 
and of the larger (gravity) waves to the down-stream side of the 
obstacle. 

357. A large class of phenomena, interesting not only in 
themselves but also as throwing light upon others yet more 
obscure, depend for their explanation upon the transformatiouKS 
undergone by a cylindrical body of liquid when slightly displaced 
from its ecpiilibrium configuration and then left to itself. Such a 
cylinder is fonned when licjuid issues under pressure through a 
circular orifice, at least when gravity may be neglected ; and the 
behaviour of the jet, as studied experimentally by Savart, Magnus, 
Plateau and othens, is substantially independent of the forward 
motion common to all its parts. It will save repetition and be 
more in accoitlancc with the general character of this work if we 
commence our investigation with the theory of an infinite cylindei- 
of liquid, considered as a system in equilibrium under the action 

^ On the form of Standing Waves on the Surface of Bunning Water. Proc, 
Lond. Math. Soc. vol. xv. p. 69, 1883. 
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of the capillary force. With a sohitioa of this mechanical problem 
most of the experimental results will easily be connected. 

Taking cylindrical coordinates r, <^, the e(iuatiou of the 
slightly disturbed surface may be written 

r=^/o+/(()5>, z) (1), 

in which/ z) is always a small quantity. 'Ey Fourier’s theorem 
the arbitrary function / may be expanded in a series of terms of 
the t 3 ^pe cos cos ; and, as we shall see in the course of the 
investigation, each of the.se terms may be considered independently 
of the others. Either co.sine may be replaced by a sine ; and the 
summation extends to all positive values of k and to all positive 
integral values of n, zero included. 


During the motion the quantity does not I'einain absolutely 
constant; its value must be determined by the condition that the 
enclosed volwm is invariable. Now fbi’ the surface 


we find 


r = a„ 4" cos n<j> conkz (2), 

Volume = h^jr-d^dz = £? (Ta„- 4 ; 


so that, if a denote the radius of the section of the undisturbed 
cylinder, 

a- = a,r4*:|:a,r, 

whence approximately 

a« = a(l - la,clur) (3). 

This holds good when n = l, 2, 3.... If n = 0, (2) gives in place 
of (3) 

ck=a(l ~ (4). 

The potential energy of the .system in any configuration, due to 
the capillary force, is proportional simply to the surface. Now 
in (2) 

®“r®“''-//{l +(I/ + (X)T 

= .a {2'7rao 4- 4- i7r?i-a//a} ; 

so that by (3), if cr denote the surface corresponding upon the 
average to unit of length, 

(T = SttCD 4- Jtt -f — 1) OLn^Jd (5). 
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The potential energy due ^ to capillarity, estimated per unit 
length and from the configuration of equilibrium, is accordingly 

P = + V - - 1) eXnVa (6)^. 

T denoting, as usual, the superficial tension. 


In (6) it is supposcid that h and n are not zero. If k be zero, 
(6) requires to be doul)Ied in ordcu' to give the potential energy 
corresponding to 


r = ((u-hCH.nCOH7l(j> 

( 7 ); 

and again, if ?ibe zero, w(* arc; to take 


P — lirTik'^fr — 1) a^:^ja 

(8), 

corresponding to 

7 ' = + a^^ (JOS kz 

( 9 ). 

From (0) it appears that wh(.*.n n is unity 

or any greater 


integer, thc^ viiUie of P is positive, shewing that for all displace- 
ments of th(:*se kinds tli(‘ original cejuilibrium is stable. For the 
case of displacctmcmis symmetrical about the axis (n = 0), we see 
from (8) that thci <‘.(|uilibrium is stable or unstable according as ka 
is greater or less than unity, i.c;, according as the wave-length 
{^'rrjk) of thc^ symm(‘trical deformation is less or greater than the 
circiimfcrenci^ of the cylimlcn’, a proposition first established by 
Plateau. 

If the (^xpr<*ssion for r in (2) involve a number of terms with 
various value's of and /*, and with arbitrary substitution of 
sines for cosines, thci c.orrchsponding expression for P is found by 
simple addition of thcj exprc.'ssions relating to the component 
terms, and it contains the. scpiares only (and not the products) of 
the quantities a. 

We have now t,o considcu’ the kinetic energy of the motion. 
Since the fluid is supposc‘d to be inviscid, there is a velocity- 
potential and this iu virtue of the incompressibility satisfies 
Laplace’s (K[uation. Thus, (4) § 241, 

d-yjr I df 1 d^ f ^ = 0 

dr" r dr ^ r’^ d(f>" o!/'* 

or, if in order to correspond with (2) we assume that the variable 
part is proportional to VAmkz, 

( 10 ). 

df^ r dr \r^ J . 

II. II. 23 
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The solution of (10) under the condition that there is no 
introduction or abstraction of fluid along the axis of symmetry 
is § 200 

= /3nJ^n (ifcr) COS n<j) cos kz (11). 

The constant is to be found from the condition that the 
radial velocity when r = a coincides with that implied in (2). 
Thus 

ik^nJn (ika) = doinidt ( 12 ). 

If p be the density, the kinetic energy of the motion is by 
Green’s theorem (2) § 242 

ip ^d^dz = lirpz.ika.Jn (ika) Jn{ika ).^^^ ; 

so that by (12), if K denote the kinetic energy per unit of length, 

(13). 

When n = 0, we must take in place of (13) 

<»)■ 

The most general value of K is to be found by simple summa- 

tion from the particular values expressed in (13), (14). Since the 
expressions for P and K involve the squares only, and not the 
products, of the quantities a, daldt, and the coiTesponding quanti- 
ties in which cosines are replaced by sines, it follows that the 
motions represented by (2) take place in perfect independence of 
one another, so long as the whole displacement is small. 

For ^ the free motion we get by Lagrange’s method from 
(6), (13) 

ikOj .Jn {ikci^ . 2 I ^ a /I k\ 

+ K -MiO,' < -!)»»-» (15). 

which applies without change to the case n = 0. Thus, if On varies 
as cos (pt — e), 

W' 

giving the frequency of vibration in the cases of stability. 

If n = 0, and ka<l, the solution changes its form. If we 
suppose that ao varies as 

^ pa» J„(*(X) ^ ^ 

^ Proc. Roy. Soc. vol. xxix. p. 94, 1879. 
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When n is greater than unity, the circumstances are usually 
such that the motion is approximately in two dimensions only. 
We may then advantageously introduce into (16) the supposition 
that ka is small. In this way we get, (5) § 200, 


T r 

2 )^ = n {n- - 1 - 4 - Ic^a^) - - 1 + 
pcv^ 


h^o} 


^^(2?n-2)J 


or, if ha be neglected altogether, 

F 


T 

p(F 


.(18), 

( 19 ), 


the two-dimensional formula. When « = 1 , there is no force of resti- 
tution for a displacement purely in two dimensions. If X denote 
the wave-length measured round the circumference, X = 2wa/n. 
Thus in (19), if n and a are infinite, 


If 


T /^Y 
p \ X j 


( 20 ), 


in agreement with the theory of capillary waves upon a plane 
surface. Compare (7) § 353. A similar conclusion may be reached 
by the consideration of waves whose length is measured axially. 
Thus, if X = 2'7r/ky and a = oo , = 0, (16) reduces to (20) in virtue 

of the relation, §§ 302, 350, 


Limit^==oo = 1- 


358. Many years ago Bidone investigated by experiment the 
behaviour of jets of water issuing horizontally under considerable 
pressure from orifices in thin plates. If the orifice be circular, the 
section of the jet, though diminished in area, retains the circular 
form. But if the orifice be not circular, curious transformations 
ensue. The peculiarities of the orifice are exaggerated in the jet, 
but in an inverted manner. Thus in the case of an elliptical 
aperture, with major axis horizontal, the sections of the jet taken 
at increasing distances gradually lose their ellipticity until at a 
certain distance the section is circular. Further out the section 
again assumes ellipticity, but now with major axis vertical, and 
(in the circumstances of Eidone’s experiments) the ellipticity 
increases until the jet is reduced to a flat sheet in the vertical 
plane, very broad and thin. This sheet preserves its continuity to 
a considerable distance (e.g. six feet) from the orifice, where finally 
it is penetrated by air. If the orifice be in the form of an equi- 

23—2 
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lateral triangle, the jet rcsolve.s into thre(‘ sheets disposed 

symmetrically round the axis, th(j plaints of the sheets being 
perpendicular to the sides of the orifict*; and in like‘ manner if 
the aperture be a regular polygon of any numhcn* of sides, there 
are developed a corresponding number of sh(^ets inu'pendicular to 
the sides of the polygon. 

Bidone explains the formation of th<‘S(‘. shc‘e,ts by reference to 
simpler cases of meeting streams. Thus (Mpial jets, moving in the 
same straight line with equal and op]>osit(‘ v(‘Iocities, flatten thena- 
selves into a disc situated in the perpemditndar plane. If the axes 
of the jets intersect obli([U(dy, a sh(M,‘t is formed symmetrically in 
the plane perpendicular to that of tin* impinging j(d,s. Those 
portions of a jet whicdi |)roce(ul from tin* outlying parts of a single 
unsyin metrical orifice are regarded as Ixdiaving in some degree 
like independent meeting streams. 

In many cases, espiieially wlnm the. orifi(t(*s aiMj small and the 
pressures low, the extension of the. slnxds r<‘a(dn*s a limit. Sections 
taken at still gretater di.stan(X‘H from th<* orifice* slu^w a gradual 
gathering together of the Hh(*etH, until a c(>mj)aet form is regained 
similar to that at the first contraction. Ik^youd this ])oint, if the 
jet retains its coherenccj, slKMits ar(‘ gradually thrown out again, 
but in directions bise.cting tin? anghts Ixitvveuui tlu? directions of 
the former sheets. Thiisc*. shetots may in t heir turn reach a limit 
of devclopernent, again contract, and so on. I'he forms assumed 
in the case of orifices of various shapcis including the I'cctangle, 
the equilateral triangle, and th(^ s<|uan.‘, have* heeti carefully 
investigated and figured by Magmis. Phenomena of this kind 
are of every day occurrenc<^, and may gtmm-ally be observed 
whenever liqtiid falls from the lip of a moderately elevated 
vessel. 

As was first suggested by Magnus^ and Buff ", the cause of the 
contraction of the sheets after their first devclopernent is to be 
found in the capillary force, in virtue of which the fluid behaves 
as if enclosed in an envelope of constjint tension ; and the re- 
current form of the jet is due to vibrationB of the fluid column 
about the circular figure of ecpiilibrium, superposed upon the 
general progressive motion. Since the phase of the vibration, 
initiated during passage through the aperture, depends upon the 

1 Hydraulische Untersucliungen, Pofjif. Ann. voL xcv, p. 1, 1855. 

^ Fo(ig. Ann. vol. c, p. 168, 1857- 
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time elapsed, it is always tho same at the same point in space, 
and thus the motion is stead}/ in tho hydrodynamical sense, and the 
boundary of the jet is a fixed surface. Kelatively to the water the 
waves hero concerned are progre.ssive, such as maybe compounded 
of two stationaiy systems, and they move up stream with a velocity 
equal to that of th(i water so as to maintain a fixed position rela- 
tively to external objcicts, § iloG. 

If the departure froiri the circular form he small, the vibrations 
are those considered hi § ‘h57, of which the frequency is determined 
by equations (IG), (1<S), (15). The distance between consecutive 
corresponding points of the recurrent figure, or, as it may be called, 
the wave-length of the*, figure, is the space travelled over by the 
stream during one vibration. I'hence results a relation between 
wave-length and ])eri<)(l. If tho circumference of the jet be small 
in comparison with the wav<‘.-l(‘.ngtli, so that (19) §35/ is appli- 
cable, the periodic tiiiui is indeperide.nb of the wave-length; and 
then the wave-length is <lircctly proportional to the velocity of 
the jet, or to the*, square root of tho pressure. The elongation of 
wave-length with iuereasiiig pressure was remarked by Bidone and 
by Magnus, but no clefiiiitt'. law was arrived at. 

In the e.xperinie.nt.s of th(‘ author^ upon cdliptical, triangular, 
and squai'c apcrttires, tlui j(ds were caused to issue horizontally in 
order to avoid tho complications diui to gravity ; and, if the pressure 
were not too high, the law above stated was found to be verified. 
At higher prcssur(‘s the observcid wave-lengths had a marked 
tendency to incnuise inoni rapidly than the velocity of the jet. 
This result points tf) a ch^parture from the law of isochronous 
vibration. Strict Lsochrouism is only to be expected when vibra- 
tions are infinitely small, that is when the section of the jet never 
deviatcB more thati iufiuitcisiinally from tho circular form. Under 
the high pressun^s in <[U(?.stion the departures from circularity were 
very considerahh^, and there is no reason for expecting that such 
vibrations will be executed in precisely the same time as vibrations 
of infinitely small amplitudfj. 

The increase of amplitude under high pressure is easily ex- 
plained, iruismtich as the lateral velocities to which the vibrations 
are mainly due vary in <hrect |>r<)portion to the longitudinal 
velocity of the jet. Consequently the amplitude varies approxi- 


^ Troc. Moy. Soe, vol xxix, p. 71, 187^). 
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mately as the square root of the pressure, or as the wave-length. 
In general, the periodic time of a vibration is an even function of 
amplitude (§ 67); and thus, if h represent the head of liquid, the 
wave-length may be expected to be a function of h of the form 
{M q- Nh) a/Ii, where M and are constants for a given aperture. 
It appears from experiment, and might perhaps have been ex- 
pected, that N is here positive. 

For a comparison with theory it is necessary to keep within the 
range of the law of isochronism ; and it is convenient to employ in 
the calculations the area of the section of the jet in place of the 
mean radius. Thus, if A = ttu-, (19) § 357 may be written 

p = TT^T^p-^-^A-* sj{n^ — li) ( 1 ), 

in which A is to be determined by experiments upon the rate of 
total discharge. For the case of water (§ 353) we may take in 
C.G.s. measure T=74, p=l; so that for the frequency of the 
gravest vibration {n = 2) we get from (1) 

p/27r = 7-91il-^^ (2). 

For a sectional area of one square centimetre there are thus 
about 8 vibrations per second. A pitch of 256 would correspond 
to a diameter of about one millimetre. 


For the general value of n, we have 


p/27r = 3*23 A-* (3). 


If h be the head of water to which the velocity of the jet is due 
and \ the wave-length, 


^ ^{2gh).A^ 
3*23V(^‘‘^~^^) 


( 4 ). 


In one experiment with an elliptical aperture (n = 2) the 
observed value of X was 3*95 while the value calculated from 
(4) is 3*93. In the case of a triangular aperture (?2 = 3) the 
observed value of X was 2*3 and the calculated was 2*1. Again, 
the observed value for a square aperture (n = 4) was 1*85 and the 
calculated 1*78. The excess of the observed over the calculated 
values in the last two cases may perhaps have been due to exces- 
sive departure from the circular figure. 

The general theory, unrestricted to small amplitudes, would 
doubtless involve great complications ; but some information 
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respecting it may be obtained with facility by the method of 
dimensions. If thci shape of the orifice be given, A may be re- 
garded as a function of p, A, and II the pressure under which 
the jet escapes. Of th(‘S(t T is a force divided by a line, so that its 
dimensions are 1 in mass, 0 in length, and —2 in time; pis of 
dimensions 1 in mass, — 3 in length, 0 in time; is of dimensions 

0 in mass, 2 in length, 0 in tinu^ ; and finally II is of dimensions 

1 in mass, — 1 in length, and — 2 in time. If we assume 

A x 

then //• + y 4- u = 0, — ‘1// u = 1 , — 2a) - 2u = 0, 

whence u = — a\ // — 0, | ( 1 — .•/*) ; 

so that Ax AUTA-UI-^f, 

The expf)netit <r is hen* und(;t(‘rmiii(ul ; and, since any number 
of terras with difler(‘nt valu(‘s of a; may occur simultaneously, all 
that we can infer is tluit A is of the form 

or, if we pndtir it, 

(5), 

where /and F iint arbit.rary fune.tional .symbols. Thus for a given 
licpiid and .shape of orifice ilnu’e is c<ompl(jte dynamical similarity 
if the pn*ssuni la* taken in vna'stdy proportional to the linear 
diTiiension. '^fhe simple case* pi'iwicmsly considered whore the 
ckipartuniH from cinmlarity are small, and the vi])rations take place 
approximatcjly in two dimensions, corresponds to constant 

The imdiiod of d«‘t.ermining T by observations upon A is 
scarcely delicate^ enougli to compete with others that may be 
employed for the same purpos(‘ wh(*n th(^ tension is constant. 
But th(5 possibility (d‘ thus itxperirmmting upon surfaces which 
have bec*n formeui but a frac.tion of a H(*.cond earlier is of consi- 
derable ititcu-est. In this way it may bo proved with great ease 
that th(* temsion of a soapy solution iimnediatcly after the forma- 
tion of a free* surfacj^ eliff(;r.s com para tiv(ily little from that of pure 
water, whereas whcui a few Hece)nd.s have elapsed the difference 
becomes v(‘ry great h 

^ On tbo TonBion of Recently Formed Liquid Surfaces, Froc, Hoy. Hoc. vol. 
XLvn, p. 2B1, IBOO. 
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Hitherto it has hec.oi for tin* sak<* of simplieity that 

the jet after its issue from the nozzle is withdrawn fnan the action 
of gravity. If the din^ction of projeetion he vani ically <l{)wnwards, 
as is often convenient, th(‘ v(‘loeitv of flow (v) c‘oniiniially increases, 
while at the sanu*. time. tln‘ ar(‘a of th(‘ s<'e(ioii diminislujs, the 
relation being —constant, iiut, so far as n*gards A., the dis- 
turbance wliich tlms (‘iisu(*s is htss than might have been expected, 
for the changes in v and A compransate one anothm* to a con- 
siderable extent. By (I) 

X y: vjp A x //\ 

if h denoki the whole diffenme.e of level hetwt‘en tin? surface of 
liquid in the resco'voir and tin* phuie where X is ineastired. 

359. In § 358 th(^ motion of th(^ litjuid is n*garded as steady, 
every portion as in turn it passes the (jrifif*(* being similarly 
affected. Und(‘.r th(iH(‘ cir(‘.umstamu‘.s no kaun corn*sponding to 
a = () can appear in the matluunaiic.al ex])n»Hsi(ms ; hut it unist 
not be forgotten that for cutrtain (listurhane(*s of this iy])e the 
cylindrical form is unstable and that tlu*rejore. t he jet cannot long 
preserve its integrity. The minuk* dist.urhanc(*s refpun^il to bring 
the instability int(i play are such as act diilerently at different 
moments of time, and have their origin in eddying motions of the 
fluid due to friction, and especnally in vibration c*ommunic.ated to 
the nozzle and of stich a characktra.s to rernlcr tint rate of discharge 
subject to a slight ])erio(Hc variati<m. If v Ixt tin* v«d(idty of the 
jet and r the period of th(t vibration, the cylindrn^al ('oluinn issuing 
from a circular orifice is launched suhj(‘ct to a disturbance of 
wave-length (X) equal to vt. If this wave-length ctxceed the 
circumference of the jet (^tto.), the disturbance grows exponentially, 
until finally the column of liquid is divides 1 into (hstacbed masses 
separated by the common intetrval X, and passing a fixed point 
with velocity v and frefjuency l/r. Kv(*n though no regular 
vibration has access to th(i nozzle, the in.st,al>ility cannot fail to 
assert itself, and casual disturbances of a complex character will 
bring about disintegration. It will be conveniemt to diBCUBS in 
the first place somewhat in detail the theory of the emse of n-0 
in (16), (17) I 357, and then to consider its application to the 
beautiful phenomena described by Bavart and to a large extent 
explained by Plateau. 
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If ]m = z, and we irifreduec t,h(^ notation of § 221 a, (lY) | 357 
becomes 


T 2l,(z) 


''■“K 

111 this e(] nation I^iz) and /o(^) an*, both positive, so that as 5 : 
decreases (or as X in(‘n*ases) q first be<*.omes real when At 

this point instabiliiy <‘oimn(‘ne.os, and at first the degree of in- 
stability is infinitely small. Also vvh(*n z is very small, or X is 

T 

very gr(‘at, <r - ^^,3 2 

ultimately, so that (( is again small. For some value of 5 
between 0 and 1,7 is a maximum, and the, investigation of this 
value is a matter of’ importaiie.i*, b(‘cauH<‘., as has already been 
shewn <S 7 , tin* unsiabh^ equilibrium will give way by preference 
in the mode so cliaraetcriKecl. 

The function t<» lx* madi* a maximum is 

( 2 ), 

or, expanded in powers (d* 

21.' .s” 2‘.3'' 2“'^ 2". 3. 5^ ■■■/■ 

Hcncn, to find tbo lauxiniuni, wo obtain on differentiation 
4 “ *^ 2 *“ 2 ‘'' “ ^ 2 '‘..‘b ^ 

If the last t(‘nns lx* neglected, the (piad ratio gives ^' = ‘4914. If 
this value be substitutefi in the small tctmis, the equation becomes 
•UHim -- = 

whence z — i>7i)K 

The values of oxpressioii (2), or of its stjuare root, to which q 
is proportional, Tuay be calculated from tables of lo und Jj, § 221 a. 
We have 




4' 

i(2);5 

0*0 

•0000 ; 0-G 

Od 

•0703 ■; o-? 

0'2 

• 1 3K2 i, 0-H 

0-:^ 

■2012 j! 0-1) 

0*4 

•2.5r.7 i' 1-0 

0*5 

; -3015 ! 





If :l ,5 


’ On thft TnKtatility »f I'riic. Und. Math. Soc. vol. x, p. 7, 1878. 
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From these values we find for the maximum by Lagrange s 
interpolation formula 5 = *696, corresponding to 

X = 27 ra/>sr = 4*51 x 2a (3). 


Hence the maximum instability occurs when the wave-length 
of disturbance is about half as great again as that at which 
instability first commences. 

Taking for water in c.G.S. units 2^ = 73, p = 1, we get for the 
case of maximum instability 


^ 7:3*.25x-343 


= -120(2a)3 


(4). 


This is the time in which the disturbance is multiplied in the 
ratio e : 1. Thus in the case of a diameter of one centimetre the 
disturbance is multiplied 2*7 times in about second. If the 
disturbance be multiplied 1000 fold in time t, qt = 3 logg 10 = 6*9, 
so that t = *828 (2a)l For example, if the diameter be one milli- 
metre, the disturbance is multiplied 1000 fold in about second. 
In view of these estimates the rapid disintegration of a jet of water 
will not cause surprise. 

The above theory of the instability of a cylindrical surface 
separating liquid from gas may be extended to meet the case 
where the liquid is outside and the gas, whose inertia is neglected, 
is inside the surface. This represents a jet of gas discharged 
under liquid; and it appears that the degree of maximum in- 
stability is even higher than before, and that it occurs when 
X = 6*48x2a\ But it is scarcely necessary for our purpose to 
pursue this part of the subject further. 


360 . The application of our mathematical results to actual 
jets presents no great difficulty. The disturbances, by which 
equilibrium is upset, are impressed upon the fluid as it leaves 
the aperture, and the continuous portion of the jet represents the 
distance travelled over during the time necessary to produce 
disintegration. Thus the length of the continuous portion neces- 
sarily depends upon the character of the disturbances in respect of 
amplitude and wave-length. It may be increased considerably, as 
Savart shewed^, by a suitable isolation of the reservoir from 

1 On the Instability of Cylindrical Fluid Surfaces, Phil. Mag. vol. xxxiv, p. 177, 
1892. 

- Ann. de Chimie, liii, p. 387, 1833. 
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tremors, whether due to external source.s or to the impact of the 
jet itself in the vensel placed to receive it. Ncvortholess it does 
not appear possible? to carry tlio j)r(>l(>rigMtioTi very far. Wheth( 3 r 
the residual disturbanci's arc of (external origin, or are duo to 
friction, or to soiikj p(?ouliarity of tho fluid motion within the 
reservoir, han not boon satishud'iorily diitc.rniincMl. On this point 
Plateau's explanations ar<'. not v<vry clear, and he sometimes 
expresses himself as if tin? time of di.sink;gration dep(inded 
only upon the capillary U'usion without niference to initial dis- 
turbances at all. 

Two lavv.s wen* ferniulatecl by Sav'art with respect to the length 
of the continuous portion of a j(.‘t, and have been to n certain 
extent explained l)y Plateau \ For a given fluid and a given 
orifice the length i.s a])]>roxiinat<!ly pn)portional to the 8([uarc root 
of the head. This follows at oncic. from theory, if it can be as.suined 
that tho di.sturl)anc.(*s nunain .ahvay.s of the sam<‘ character, so that 
the time of disintc^gration is fu>iis(.ant. When the head is given, 
Savart found the Icngtii to h(? j)ro|)orti(»ruil to the dianuiter of the 
orifice. hVom (4)§ 351) it appears that tin? tirrn? in which a small 
disturbance is niultipli(Ml in a given ratio varies not asr/., but as (db 
Again, whfiu tho fluid is <diaiig<'d, tln^ tirm? varies as p^T^'K But 
it may widl lx? doubted whether tin? hmgth of the ccmtiuuous 
portion obeys any very simple Inw.s, evmi when exbu’nal disturb- 
ances are avoi<led as far as poasibb;. 

When a jet falls vertically downwards, tlui circumstances upon 
which its stability or instability (h!p(?iid an? continually changing, 
more especially if tin* init ial v<'loc.it,y l)e very sinalL The kind of 
disturbance* to which tin* j<'t is most .sensitive a.s it loaves the 
mzzhm om,; which irupresHf‘.s upon it undulatirms of lengdh equal 
to about times tin* initijil <liam<*t(‘r. But as the jet falls, its 
velocity incr{*as(!.s, witli (‘.onscfpuuit hmgtheuing of the undulations, 
and its dianuiter diniinishe.s, .so that the de,grc 3 e of instability soon 
becomes much nxlnccsl. On the (hduir hand, the kind of disturb- 
ance which will bi* (dfeetive in a laku* .stagcMS altogether ineffective 
in the earlier stages, change of conditions during fall has 

thus a protective influcmco, an<l tin? contiiaioiis part tends to 
hecome longer than would lx? tin* case were the velocity constant, 
the initial (listurbanec‘s being unaltered, 

^ Statif|uc csperimentale efe tli»Wir{U« to Liquides soumis aux senlofl forces 
inol6calatrcR, Paris , 1873* 
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When the circiiiinstaiioc^s arc. such that th<^ reservoir is 
iuflncDced by the shocks (iu(‘ to the, iui])act of the jet, the 
disintegration often assiimcs a oomph dc* ivgiilaiity and is attended 
by a musical note (8avart). The irnpjutt of the n-gular series of 
drops, ■which at any taoTruuit strike* th<t nfcciviug V(!ss(*l, determines 
the rupture into similar drop.s of th(i portion of the jet at the same 
moment passing the orifice. Tho pitcli of the note, though not 
definite, cannot difi'er greatly from that which corresponds to the 
division of the column into wave-lengths of maximum instability; 
and in fact Savart found that the. Iretjueiuy was directly as the 
square root of thee head, inv(*rs(dy as the diaimdnr of the orifice, 
and indcpcnd(mt of the nature, of the fluid— laws wliich follow 
immediately from [dat<‘au’K fk(‘ory. 

From the observe ])itch of the note dm* to a j<it of given 
diameter, and issuing uinler agivc.u lu'ud, the wave-length of the 
nascent divisions can he. at oiica* dt*du(:(‘d. Hcuisoning from .some 
observations of Savart, Plahuiu found in this wny 4’SiS as the ratio 
of the length of a division to tiui (lianudnu* of tin*, jet. N*ow that 
the length of a division cum lx* <‘stiniatc,*d a priurl, it is preferable 
to reverse Plateau’s r.alculatiou and to exhibit the fre{|uency of 
vibration in terms of the other data of th(^ ]>roblem. Thus 

^n'<l"‘-"<'y==4Trx 2u 

and in many cases, where the jcd. is not. too fine,?; nuiy be replaced 
by with sufficient aceiuucy. 

But the most certain m(‘th(Kl of attaining e.oiuplete regularity 
of resolution is to bring the rc'servoir unclor the infiiience of an 
external vibrator, whose? pitcdi is approximately the same as that 
proper to the jet. Magnus^ muployed a Xeef ’s hauimer, attached 
to the frame which supporkul the*. r(*.S(»rv(*ir, Perhaf>H an electrically 
maintained tuning-fork is still better. Magnus shewed that the 
most important part cd' the cjffect is due to the forced vibration of 
that side of the vciH.seI which contains the orifice, and that hut little 
of it is propagated through the air. With respect to the limits of 
pitch, Savart found that th <3 note might be a fifth above, and more 
than an octave below, that pi-opor k) the jet. According to theory 
there is no well defincid lower limit; while, on the other side the 
external vibration cannot be efficient if it tends to produce divisions 
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whose length is less than the circuniference of the jet. This gives, 
for the interval defining the upper limit tt : 4*51, or about a fifth. 
In the case of Plateau’s numbers (tt : 4’38) the discrepancy is a 
little gi-eater. 

361. The ([uestioii of tlui influence of vibrations of low 
frequency is difficult to treat experimentally in consequence of 
the complications which arise from the almost universal presence 
of harmonic overtones. It is (wident that the octave, for example, 
of the principal tone, though present in a very subordinate degree,, 
may nevertheless b(.i the more important agent of the two in 
determining the behavi<;ur of the j(‘t, if its pitch happen to lie 
in the neighbourhood of that of maximum instability. In my own 
experiments^ tuning-forks W(‘r(i employed as sources of vibration, 
and in every case the behaviour of the jet on its horizontal course 
was examined not only by din^ct inspection, but also by the 
method of intc,‘rnutt(?nt illumination (§ 42) so arranged that 
there was one vic'w for (tac,h comi)leto period of the phenomenon 
to be observed. Excu'pt wlusi it wa,s important to eliminate the 
octave as far as possible, the vibration was communicated to the 
reservoir tlirougli the table on which it stood. The forks were 
either screwed to tin; tabhj and vibinted by a bow, or maintained 
electrically, tln^ formcn- m<,‘thod btdng adecpiate when only one fork 
was required at a time. Th(‘ (‘ircumstauces of the jet wei'e such 
that the pitcdi of maximum semsitiveness, as determined by calcu- 
lation, was 259, and that forming tlu^ transition between stability 
and instability 372. 

With pitch(!s varying downwards from 370 to about 180, the 
observed phenonnma agn*(*.d peilectly with the unambiguous pre- 
dictions of tluiory. From th(i point—decidedly below 370 — at 
which a regular i.4f(*ct was first observed, there was always one 
drop for each complete.^ vibration of the fork, and a single stream, 
each drop bn^aking away under i)reciscly the same conditions as 
its predecessor. Aftca- passing 180 it becomes a question whether 
the octave of thc^ fork’s note may not produce an effect as well as 
the prime. If this effijct be sufficient, the number of drops is 
doubled, and when th(i prime is very subordinate indeed, there is- 
a d(juble stream, alternate drops breaking away under different 
conditions and (under the action of gravity) taking sensibly 


1 Pwc. Iloy. Soc, vol. 3CXX1V, p. 1B3, 1882. 
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different courses. In theses (.‘X])i?riin(‘nts thci influence of the 
prime was usually sufficient to detcu-niiiu^ tin; number of drops, 
even in the neighbourhood of ]>itcli 1 28. Sonudimes, however, 
the octave became jnedominant and doubh^d tin*, number of drops. 
When the octave is not strong (‘iiough actually to double the 
drops, it often producers an <‘.ffect which is v(‘,ry ap]>arent to an 
observer examining the transformation through the revolving 
holes. On one occasion a vigorous bowing of the fork, which 
favours the octave, gave at first a doiibh* stn^am, but this after 
a few seconds passc^d into a singl(‘. om*. Near the point of 
resolution those c(>ns(^(intiv(‘, (lro])s which ultimately coalesce as 
the fork dies down mv. c(>nne(‘<t(,‘(l by a ligament. If the octave 
is strong enough, this liganumt subscupiently I)reaks, and the 
drops are separated ; otlunavist* the liganuait draws the half-formed 
drops together, and the stream l)(‘eom<'S single. The transition 
from the one state of things to thv, other could be watched with 
facility. 

In order to get rid entindy of tln^ iuflmmce of the octave a 
different arrangement was iuiC(jssary. It was found that the 
desired result could b(j arrivcsl at l)y holding a 128 fork in the 
hand over a resonator of the samcj pitch resting upon the table. 
The transformation was now (piiti^ similar in appearance to that 
effected by a fork of frcfpiency 256, tlic only differemces being that 
the drops wepe bigger and twice as widely spaced, and that the 
spherule, which results from th(‘ gatluu'ing together of the liga- 
ment, was much larger. We may <‘,oncludt.‘ that the cause of the 
doubling of a jet by the suh-octave of the ru/tet natural to it is to be 
found in the presence of the scicond coTuponent from which hardly 
any musical notes are free. 

When two forks ofp)itches 128 and 256 were sounded together, 
the single or double stream could be obtained at j)leasure by 
varying the relative intensities. Any imperfection in the tuning 
is rendered very evident by the Ixthaviour of the jet, which per- 
forms evolutions synchronous with the audible beats. This 
observation, which does not require the aid of the stroboscopic 
disc, suggests that the effect depends in some degree upon the 
relative phases of the two tones, as might be expected a priori. 
In some cases the influence of the sub-octave is shewn more in 
making the alternate drops unequal in magnitude than in pro- 
jecting them into very different paths. 
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Eeturning now to the case (^f a single fork screwed to the table, 
it was found that as the pitch was lowei'cd below 128, the double 
stream was regularly established. The action of the twelfth (85-^) 
below the priuci[)al note, demands special attention. At this pitch 
we might expect the first thrt.ui components of a compound note to 
influence the r(.‘siilt. If th(‘ third (lomponent were pretty strong, 
it would determine tlui numbeu- of drops, and the result would be 
a three-fold stream. In th<i (;as(i of a fork .screwed to the table the 
third component of thci note must Ixi exti'omely weak if not alfco- 
gether missing; but tint second (octave) component is fairly strong, 
and in flict determimxl th(‘. number of drops (H)0§). At the same 
time the influencti of th<^ prinuj (85/j) is sufficient to cause the 
alternate (:lr(.)ps to pursiui diff(u-<uit ))aths, so that a double stream 
is observed. 

By the addition of a 2oG fork thtuxi was no difficulty in 
obtaining a triple stix^am ; but it was of more intcircst to examine 
whether it wcuh; possiblt*. to r(‘<luc(; the double stream to a single 
one with only 85,^ drops ])(;r s(*(*.on(l. In order to secure as strong 
and as pure a fuudanuuital tom* as possible, and to cause it h) act 
upon the jet in tlui most favourabht manner, tin* air space in the 
reservoir (an aspirator bottlcO al)oV(‘ the water was tuncjd to the 
note of the fork by sliding a plahi of glass over the neck so as 
partially to cK)V(‘r it. (§ 305). When the fork was h(dd over the 
resonator thus formc'd, tln^ {u'c^ssure which cixpels the jet was 
rendered variable witli a fr<‘({U(*.ncy of 85 /j, and overtones were 
excluded as far as po.ssibh*. To tho iinaid(ul (^ye, howev(3r, the jc3t 
still appeared doubh*, though on more, attentivci examination one 
set of drops was s(!(‘n to he d(‘ci(le(Uy smalhu* than the other. 
With th(‘ revolving disc, giving about 85 views per second, the 
real state of the Cfise was made ckiar. The smaller drops wore the 
spheridesy and the stream was single in the same sense as the 
streams given by purcj tones of fnHiucmcies 128 and 256. The 
increased sizci of thc^ splnu’nh^ is of (course to be attributed to the 
greater length of the ligannuit, th(i principal drops being now three 
times as widely spaced as when the jet is under the influence of 
the 256 fork. 

With still graver forks Hcrcwcjd to the table the number of 
drops continued to correspond to the second component of the 
note. The double octave of thej principal note (64) gave 128 drops 
per second, and the influetice of the prime was so feeble that the 


368 


BKLL8 EXPEJIIMENTS. 



368 beliAs expejuments. [361. 

duplicity of the stream was only just recognisable. lielow 64 the 
observations were not carried, and even at this pitcih attempts to 
attain a single stream of drops were iiiistKxu'SsfuL 

362 , Savart's experiments upon this subjtx^t have Ixicn further 
developed by Mr C. A. Bell, who shciwcxl that a j(*t may be made to 
play the part of a telephonic nxxuver^ The external vibrations 
may be conveyed to the nozzle through a string t(*Iephon(.‘ (§ 156 a). 
An india rubber mernbrami, stretclKul ovuu* th(^ uj)per end of a 
metal tube, receives the jet and coinmunicat(is the vibration due 
to the varying impact to th(.^ cavity Ixihind, with which the ear 
may be connected. The diamet(u* and velocity of thci jet require 
to be accommodated to the? gc.meral charactm* as to pitch of the 
sounds to be dealt with. “ Wlum tin* nuunbrane is held close 
under the jet orifice, no sound will Ix^audibh? in the ear-piece; but 
as the receiving tube is gradually withdrawn along the jet path, a 
sound will be heard corr(iS])onding in pitch and (juality to the dis- 
turbing sound — provided, of cours(t, that tln^ j(tt is at such pressure 
as to be capable of responding to all th(‘ higher tones to which the 
disturbing sound may owe its timbnx ''Phe intensity of this sound 
grows as the distance between j(‘t orific.e and membrane is in- 
creased. Finally, while the jet is still continuous above the 
membrane, a point of maximum intensity and j)urity of tone will 
be reached; and if the membrarxi be; carricxl Ixiyond this point the 
sound heard will at first ineniast; in loudness, becoming harsh in 
character at the same time,^ and at a still lower point will de- 
generate into an unrnu.sical roar. In the lattt.T case the jet will be 
seen to break above* the membrane.'' 

From the fact that small jets travelling at high speeds respond 
equally to sounds whose pitch varies over a wide range Mr Bell 
argues that Plateau's theory is inadequate, and hc^ looks rather to 
vortex motion, dependent upon unequal velocity at the centre and 
at the exteiior of the column, as the rixil cause of the phenomena 
presented by these jets. 

As an example of a jet self-excited, the interrupter of § 235 t 
may be referred to. In this cjise the machinery by which the 
effect is carried back to the nozzle is electric. But ordinary 
mechanical devices answer the purpose e(|ually well The intro- 
duction of a resonator, such as the fork of § 235 r, or the telephone 

1 PMZ. Trails. voL 177, p. S8S, 1886. 
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plate which may ho made to take its place, if the telephone be 
brought in contact witli the noz'Ao, giv(‘s greater regularity to the 
process, and usually allows also of a greater latitude in respect of 
pitch. It should iK)t be forgotten that in all these cases of self- 
excitation a certain cNUidition as to phase needs to be satisfied. 
If for instance in tho iriterruptei- of § 230 ?*, supposed to be working 
well, the platinum pcjiiits htj displaced through half the interval 
between consecutive dro[>s, it, is evident that the action will cease 
until some fresh accommodation is brought about. 

363. When a small j(d is projected upwards in a nearly 
vertical direction, then^ arc complications dependent upon the 
collisions of tlu^ drops witli one another. Such collisions are 
inevitable in c()nse(iuence of the different vidocities accpiired by 
the drops as they break away irregidarly from the continuous 
portion of the c<dumn. Even when th<i resolution is regularized 
by the action of (*xt<‘rual vibrations of suitable frequency, the 
drops must still conn^ into conta(*,b Ixffore they reach the summit 
of their parabolic. i)ath. In tin*, oano of a continuous jot the 
“equation of (continuity'' slnnvs that as the j(‘,t loses velocity in 
ascending, it must incrccase in sec.tion. When the stream consists 
of drops following the same path in single file, no stich increase 
of section is ]K)ssibl(}; and tlnm tlie constancy of tho total stream 
demands a gra<lual approxiina-tion of the drops, which in the case 
of a nearly vcjrticcal directiem of motion cannot stop short of actual 
contact. Regular vibration has, howtwor, the effect of postponing 
the collisions and ctmsfcfpumt scatUcring of the drops, and in the 
case of a din^ction of motion hess nearly vortical may prevent them 
altogether. 

The behaviour of a nccarly vertical fountain is influenced in an 
extraordinary maamn' by the lunghlmurhocjd of an electrified body. 
The experiment may be triced with a jet from a nozzle of 1 mm. 
diameter rising about o() cemtims. In its manual state the jet resolves 
itself into drops, which even bcffc^re passing the summit, and still 
more after passing it, are semttered through a considerable width. 
When a feebly (d(*,ctri tied body is presented to it, tho jet undergoes 
a rernarkahlci transfornnition, and appears to become coherent; 
but under rnorcj powerful electrical action the scattering becomes 
even greater than at first. The second effect is readily attributed 
to the mutual repulsion of the electrified drops, but the action of 
11. ii. 24 
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feeble electricity in pnxlneinp^ apparent (tuhenaicc; (lej)cn(ls upon a 
different j)riiiciple. 

It has been shewn by l]»M‘t>z^ tha.t the ct)lu*rence is apparent 
only, and that the placx* wlierf* the j(*t bi’eaks into drops is not 
perceptibly shifted hy the «de<*tri('ity. IJy sereonine- various parts 
with metallic plat(‘s connectial fo earth, ih'etz fur!,hf‘r proved that 
contrary to the o|>inion of t‘ai'{i(‘r obsca’vers, tJu* Si»at of sensitive- 
ness is not at the root of th(‘ jet when* it leaves the orifice but at 
the place of resolution into (ln»ps. As in Lord K(‘]vin’s water- 
dropping apparatus for atanospherifr cdef^tricity, thr^ dn^ps carry 
away with thorn an el(‘ct.rif‘ cliarge, whicli may b(* cnlhctcd by 
receiving them in an insulatod ve.sseL 

It may be provixl by instantaneous illumination that the 
normal scattering is dm* to the rebound of tin* drops when they 
come into colli.siom Under moderate eleetiL'al inlluencc there is 
no material change in the ^^soIution into drops nor in the subse- 
(juent motion of the drops up to the moment of (collision. The 
diifererice begins here. Instead of ndnomding after collision, as 
the uncleetrified drops of cl(‘an water generally do, tin; electrified 
drops coalesce, and thus the jt‘t is nn longer scatterexl abouft An 
elaborate discussion of thi.s subjcx’t would bet out of place here. 
It must suffices to say that the efiec,t (h*pends upoii a diffe7'eNM of 
potential between the drops at the monnuit of collision, and that 
when this difference is too small t(» cause* (n)ah‘sc(»-nce there is 
complete electrical insulation betw<*en the contiguous masses. 

When the Jet is projecttxl upwards at a nK>derat(i oblicpiity, 
the scattering is confined to the* verticiil plamv Under these 
circumstances there are few or no c<dli.sions, ns the drops have 
room to clear one an<Rher, an<l moderate chmtrical influence is 
without effect. At a higher (>bli<|uity the drops begin to be 
scattered out of the vertical j>lan(^, which is a sign that collisions 
are taking place. Moderate (dectrical influence will reduce the 
scattering to the vertical plane by causing coalescence of drops 
which come into contact. 

If, as in Savart's beautiful (experiments, the resolution into 
drops is regularized by external vibrations of suitable frequency, 

^ Pogg. Ann, vol. cxLiv. p. 443, 1B72. 

The influence of Electricity on Collicling Water Props, /Vac. Rog. Soc. vol. 
xxvm. p. 406, 1879. 
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the principal drops follow the same course^ and unless the 
projection is neanljr vertical there are no collisions between them. 
But it sometimes happens that the spherules are thrown out 
laterally in a distinct stream, making’ a considerable angle with 
the main stream. This is the result of collisions between the 
spherules and the principal drops. It may even happen that the 
former are reflected backwards and forwards several times until at 
last they escape laterally. In all cases the behaviour under 
feeble electrical influence is a criterion of the occurrence of 
collisions. 

In an experiment, due to Magnus^, the spherules are diverted 
from the main stream without collisions by electrical attraction. 
Advantage may be taken of this to obtain a regular procession 
of drops finer than would otherwise be possible. 

364. The detached masses of liquid into which a jet is 
resolved do not at once assume and retain a spherical figure, but 
execute a series of vibrations, being alternately compressed and 
elongated in the direction of the axis of symmetry. When the 
resolution is effected in a perfectly periodic manner, each drop is 
in the same phase of its vibration as it passes through a given 
point of space; and thence arises the remarkable appearance of 
alternate swellings and contractions described by Savart. The 
interval from one swelling to the next is the space described by 
the drop during one complete vibration about its figure of equi- 
librium, and is therefore, as Plateau shewed, proportional cceteris 
paribios to the square root of the head. 

The time of vibration is of course itself a function of the 
nature of the fluid (T, p) and of the size of the drop, to the 
calculation of which we now proceed. It may be remarked that 
the argument from dimensions is sufficient to shew that the 
time (t) of an infinitely small vibration of any type is proportional 
to where F is the volume of the drop. 

In the mathematical investigation of the small vibrations of a 
liquid mass about its spherical figure of equilibrium, we will 
confine ourselves to modes of vibration symmetrical about an axis, 
which suffice for the problem in hand. These modes require for 
their expression only Legendre’s functions P^; the more general 

1 Pogg. Ann. vol. on. p. 27, 1859. 

24—2 


MATHEMATICAL THEORY' OK 










372 


^304. 


probleixij involving Laplace’s functions, may bo troatf.Hl in the 
same way and leads to the same results. 

The radius r of the surface bounding ihct liquid may he 
expanded at any time t in the series (§ •VM>) 

T Q/q "jr diJPi (/a) 4" • » • 4* n ip*} 4" .»•*...».».» { 1 )i 

where chy are small quantities relativtdy to r/«, and /x repre- 
sents, as usual, the cosine of the colatitude (0). 

For the volume (Fj included within the surfac;e (1) we have 

F=|^j'^Vd(U = |^a„»[l + 3:£ {2n + 1 )-' ....(2), 

the summation commencing at n = 1. Thus, if a be the rmliiis of 
the sphere of equilibrium, 

a = tto [1 + 2 (2/1 4- 1 ( 3 ), 

The potential energy of capillarity is the protliiet «f the 
tension T and of the surface 8. To calculate H we have 

8 = 27r Jr sin 6 |r'^ + (g) dd = 27r J|/- + i ( ] 

For the first part 
r+i 

j r’^dix = 2ao“ 4- 22 (2n 4- 1 T* o,/. 


sin 9(16, 


For the second part 


r /dv\^ f 


2 a 


df\' 

'* dM, 


i 


The value of the quantity on the right may be found with fcha 
aid of the formula 


Thito 


- '*•> ^ '*'* - ” (* + ‘ -«/*■ 

in which m is an integer equal to or different fn»Ki n, 33 

= ^2n (n+ l)an’‘j ^ Pn^d/x = Sji (n + 1 ) ( 2« + 1 )~' 
Accordingly 

S = 4Trao® + 27r 2 (2» +■ l)-‘ («= 4 . « q. g) a^s 


by (3). 


= 4wa^ + 27r 2 (n - 1) (« + 2) (2n + l)-‘ (4) 
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Thus, if T be the cohesive tension, the potential energy (P) 
corresponding’ thereto may he taken to be 

P = 27rT. S (r^ - 1) (71 + 2) (2n + 1)-^ (5). 

We have novr to calculate the kinetic energy of the motion. 
The velocity-potential may be expanded in the series 

^ = ySo + ArPi (/x) + . . . + + (6) ; 

and thus for the kinetic energy we get 

K=^p jfyjr d'yjr/dr . d<l> dpi. 

= 2xp . 2 (2n + 1)“^ 

But by comparison of the value of d^fr|dr from (6) with (1) we fi.nd 

n = t>a^l dt\ 

and thus 

K = 27rp(X^. 2(2# + 'n)'~'^{dajdty (7). 

Since the products of the quantities (X,i and danjdt do not occur 
in the expressions for P and K, the motions represented by the 
various terms take place independently of one another. The 
equation for is by Lagrange's method (§ 8*7) 

^ + «(n-l)(n. + 2)^3 0^=0 (8); 

SO that, if cin ^ cos (pt + e), 

=n(?i - 1) (?n- 2) ^ (9)^ 

The periodic time is equal to 27r/p, so that in terms of V (equal 
to Jtt#) 

T ~ V{3TpT7rj 

V['n{n-l)(ni-2)} 

or in the particular case of n equal to 2 

r = V{3Tp7/8r} (11). 

To find the radius of the sphere of water which vibrates 
seconds, we put in (9) p=^2nr, P=74, p=.l, 7Z = 2. Thus 
a = 2*47 centims., or a little less than one inch. 

An attempt to compare (11) with the phenomena observed in 
a jet did not bring out a good agreement. A stream of 19*7 cub. 

^ JBrcc, Boy. Soe. vol xxix. p. $7, 187& ; “Webt, Mess, of Ma>th voL ix p. 177, 18S0. 
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cent, per second was broken up under the action of a fork making 
128 vibrations per second. Neglecting the mass of the small 
spherules, we may take for the volume of each principal drop 
19*7/128, or *154 cub. cent. Thence by (11), putting p = 1, 
3^=74, we have r = *0494 second. This is the calculated value. 
By observation of the vibrating jet the distance between the first 
and second swellings, corresponding to the maximum oblateness of 
the drops, was 16*5 centims. The level of the contraction midway 
between the two swellings was 36*8 centims. below the surface of 
the liquid in the reservoir, corresponding to a velocity of 269 
centims. per second. These data give for the time of vibration 

T = 16*5/269 == *0612 second. 


The discrepancy between the two values of t is probably attribu- 
table to excessive amplitude, entailing a departure from the 
law of isochronism. Observations upon the vibrations of drops 
delivered singly from pipettes have been made by Lenard\ 


The tendency of the capillary force is always towards the 
restoration of the spherical figure of equilibiium. By electrifying 
the drop we may introduce a force operative in the opposite direc- 
tion. It may be proved^ that if Q bo the charge of electricity in 
electrostatic measure, the formula corresponding to (9) is 




,( 12 ). 


If T> Q^jl^Tra^, the spherical form is stable for all displace- 
ments. When Q is great, the spherical form becomes unstable for 
all values of n below a certain limit, the maximum instability 
corresponding to a great, but still finite, value of n. Under th^e 
circumstances the liquid is thrown out in fine jets, whose fineness, 
however, has a limit. 


Observations upon the swellings and contractions of a regularly 
resolved jet may be made stroboscopically, one view corresponding 
to each complete period of the vibrator; or photographs may be 
taken by the instantaneous illumination furnished by a powerful 
electric spark ® 


1 TTied, Ann. vol. xxx. p. 209, 1887. 

2 Fhil. Mag. vol. xiv. p. 184, 1882. 

3 Some Applications of Photography, Proc. Roy. Boc. Imt. vol. xin. p. 261, 
1891 ; Mature, vol. xliv. p. 249, 1891. 
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In the mathematical investigations of this chapter no account 
has been taken of viscosity. Plateau held the opinion that the 
(lifiFerence between the wave-length of spontaneous division of a 
jet (4*5 X 2a) and the critical wave-length (tt x 2a) was an effect 
of viscosity ; but we have seen that it is sufficiently accounted for 
by inertia. The inclusion of viscosity considerably complicates 
the mathematical problem^ and it will not here be attempted. 
The result is to shew that, when viscosity is paramount, long 
threads do not tend to divide themselves into drops at mutual 
distances comparable wdth the diameter of the thread, but rather 
to give way by attenuation at few and distant places. This 
appears to be in agreement with the observed behaviour of highly 
viscous threads of glass, or treacle, when supported only at the 
terminals. A separation into numerous drops, or a varicosity 
|)Dinting to such a resolution, may thus be taken as evidence that 
the fluidity has been sufficient to bring inertia into play. 

A still more general investigation, in which the influence of 
electrification is considered, has been given by Bassets 

^ Phil. Mag. vol. xxxiv. p. 145, 1892. 

2 Avier. Journ. of Math. vol. xvi. No. 1. 
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VOETEX MOTION AND HKN8ITI VE JKTH. 

365 . A LARGE and important group of acoustieiil jihinKHiifum 
have their origin in the instability of certain fluiti niotiotn^ of tlie 
kind classified in hydrodynamics as steady. A mot ion, the mtm 
at all times, satisfies the dynamical conditions, an<I is thus in a 
sense possible; but the smallest departure from the idf*al 
defined tends spontaneously to increase, and usually with great 
rapidity according to the law of compound interest. Ksiitiiples of 
such instability are afforded by sensitive jets and fhunes, leolinri 
tones, and by the flute pipes of the organ. These plienoinima are 
still very imperfectly understood; but their importanee in such iis 
to demand all the consideration that we can give ihetii. 

So long as we regard the fluid as absolutely inviseid there is 
nothing to forbid a finite slip at the surface where two 
come into contact. At such a surface the vorticdtj {| 2.1B) ii 
infinite, and the surface may be called a vortim sheet. The 
existence of a vortex sheet is compatible vvith the* dynarriienl 
conditions for steady motion ; but, Jis was rtjmarkt^cl at ati early 
date by v. Helmholtz^ the steady motion is iinsfcabla The 
simplest case occurs when a plane vortc^x sheet Hepmitm two 
masses of fluid which move with different velocities, hut withiiiil 
internal relative motion— a problem considered by Lord Kelvin in 
his investigation of the influence of wind upon waves®. In the 
following discussion the method of Lord Kelvin is applied to 
determine the law of falling away from steady motion in noine of 
the simpler cases of a plane surface of separation. 

^ FMl. Mag. voL xxxvi. p, 887, 1868. 

2 Phil. Mag. voL xm. p. 868, 1871. See also Fmc. Math. 8m. ml t. p. 4, 
1878; Basset’s Hydrodynamics, § 891, 1888; Lamb^ Eydr^dymmim^ | 224, ISfi. 
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Let us suppose that below the plane i = 0 the fluid is of 
constant density p and moves parallel to x with velocity F, and 
that above that plane the density is p and the velocity V'. As 
in § 353, let z be measured downwards, and let there be rigid 
walls bounding the lower fluid z -I and the upper fluid at 
z= — l'. The disturbance is supposed to involve x and t only 
through the factors The velocity potential (F^ + cjE)) in 

the lower fluid satisfies Laplace’s equation, and thus 0 by the 


condition at 2 : = Z takes the form 

<f^=G cosh h (z-l). (1) j 

and a similar expression, 

<l>' = O' cosh + I ') . (2), 


applies to the lower fluid, if the whole velocity-potential be there 
( V'x + The connection between and the elevation (h) at 
the common surface is 


dz 


(^= 0 ): 


dh y.dh ^ 
dt dx^ 


m that, if A = (3), 

kC sinh kl = i (71 -h kV) H (4). 

In like manner, — kC' sinh kV = i (71 •+- kV') H (5). 


We have now to express the condition relating to pressures at 
z = 0. The general equation (2), § 244, gives for the lower fluid 



= gh — incf) — ikV^, 


squares of small quantities being neglected. In like manner for 
the upper fluid at z = 0 

^ — in(f> — ikV'<f)', 

If there be no capillary tension, 8p and Bp' are equal. If the 
capillary tension be T, the difference is 

Bp ^Bp' = -T d;%ld^ = 

so that 

(p — p') A 4* k^Th = ip' (n + kV') </>' — ip {n -f AF) (j) (6). 
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When ihc 4^* 1 1 i, <.l. 

(4), (5), the euntliti«»ii het'f»iii*'^ 

r4 ?i /cfruihkr^-tpi V’ i « 

Thin is th<‘ <M{uati*»n whirh tJi*' 

the roots of the. (|UH<inUir nr»* r«*a!, ar*^ jir^ Ui*? 

correspoiKliiig roal v«*!nrilio.H ; it «‘ii thf- «»tle'r }iai 4 «i fl#*' at-*’ 

imaginary, exponential funethni'^ uf ih- Uni.- *ail*'r ? 34 ti 4 
solution, iinlicating t-hal the >ir]i*ly niMfiMU tiiiH!alo«- Itn*' 
criterion of stahility is arrfinliiigly 

(p coth Id 4 p'roth W) !//(p — p i 4 71' 

^ Ipp ro! !i £7 rot. It W' I r F’ p > «' I . . . .. . .i: H I 

If ff and T both viuiish, iho motion is )iiiM!a}il!f,‘ Imi- ^*11 disinrli* 
ances, that is, \vhaievt*r may fa* t.h*-* valm- of k. If 7 tlii!! 

operation of gravity may bo to soeuro ^tfalnlify for rort^iiii 
of k, but it earmc4 rvmlvr the striniy iiiotion stafilo i«{i lii*’* m;tio|if,. 
For when k is infinitely grraf, that is, wbni ltir 

infinitely fnie, noth 77 E- noth W' • I.an4 t|i«' form 111 , 5 / «iiHj|p|K-iirf* 

from the* critcidom In spifo of tbo f^iivrs U* 

stability the* motion is noers.HHi‘tly iinsintib’ for wfivois r4 iiilini*- 
tesimal length; and this eonrliision may bo rxl«^fitlo«l lo i.''of|4»ic 
sheets of any fonn and fr* impr»'H.Hrd forros, of any 

If T be finite, tfam «m iho rontiary ihorr tn nf 
stability for waves of iiifinitesiiniil long! In iililmngh tlit*rr' iimy 
instability for waves of lirnlo !«iigt}o 

For further examination we may iitke llie «iiii|ilrr r^iieiitiotm 
which ariw? when I and t an* iiifitiife, Tliti erilermii *-#f ^taltiliiy 
then becomeH 


(p + P) [dip - p) 4- Tf^l - hp M ..... . I W|. 

and the critical case is cleiemiiiied by itf|iii»|.|iig tlie left dialed 
member to xero. This gives a fjtia«lnilte in l\ If i}io ros*!# *4 tlie 
quadratic are inmginiirj% tin* criterion III) m mtiisfiiil fi#i nil inlrr* 
mediate values of 4% m well m for ilie iiifiiiil«dy ^iiiall «fi4 iir 
finitely large values by which it is satislif^l in all mmm, |ir«%'i«lt4 
that p > p\ The condition of coinjilele stoliility li thus 


* 9 ip-p)'^ 


pyHV^rr 


..... (iiii 


CHAEACTER OE INSTABILITY. 


379 


365.J 

Let W denote the minimuDa velocity (§ 353) of waves "when 
r=0, F' = 0. rhcnhy(7) 

(p + py W^==4g(p-p') T ( 11 ). 

and (10) may he written 

( 12 )- 

(P+P? ^ ^ 

If {Y—Y^) do not exceed the yalue thus determined, the 
vSteady motion is stable for all disturbances ; otherwise there will 
be some finite wave-lengths for which disturbances increase ex- 
ponentially. 

If we now omit the terms in (7) dependent upon gravity and 
upon capillarity, the equation heconies 

p (n -f fe V)^ coth M i-p' (n + JcV'Y coth H = 0. . . . . -(13). 

When or when both these quantities are infinite, we 

have simply 

p {n-\- hY)‘^-\- p {n -f hY)^ = 0 (1^)> 

or ^ pr+p'V'±i^(pp').(v-r) 

k P + p' ^ ’ 

We see from (15) that, as was to be expected, a motion 
common to both parts of the liquid has no dynamical significance. 
An equal addition to V and V' is equivalent to a deduction of 
like amount from njh, Ifp=/o', (15) becomes 

^ J (F 4 F) ± ( r- 7') (16). 

The essential features of the case are brought out by the 
simple case where 7''= — F, so that the steady motions of the two 
masses of fluid are equal and opposite. We have then 


nlh=^i:iY 

(17); 

and for the elevation, 


h = cos (A;^ 4 e) 

(18), 

corresponding to h=^H cos (iix -he) 

initially. 

(19), 

If when t = 0, dkjdt = 0, 


h—H coshJeVt cos(ua: + e) 

(20), 


indicating that the waves upon the surface of separation are 
stationary, and increase in amplitude with the time according to 
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the law of the hyperbolic cosine. The rate of increase of the term 
with the positive exponent is extremely rapid. Since k = 27r/\, 
the amplitude is multiplied by or about 23, in the time 
occupied by either stream in passing over a distance 

If V' — V, the roots (16) are equal, but the general solution 
may be obtained by the usual method. Thus, if we put 

F==F(H-a), 

where a is ultimately to vanish, 

njk — —V± \mV ; 

and A = ^ 

where A, B are arbitrary constants. Passing now to the limit 
where a = 0, and taking new arbitrary constants, we get 

A = [G JDt], 

or in real quantities, 

A = {0 -h 2)^} cos Z? (ic ~ Ft -f e). 

If initially A = cos kx, dhjdt = 0, 

A = cosk(Vt — x) + kVtsmk (Vt — x) (21). 

The peculiarity of this case is that previous to the displacement 
there is no real surface of separation at all. 

The general solution involving I and V may be adapted to 
represent certain cases of disturbance of a two-dimensional jet of 
width 21 playing into stationary fluid. For if the disturbance be 
symmetrical^ so that the median plane is a plane of symmetry, the 
conditions are the same as if a fixed wall were there introduced. 
If the surrounding fluid be unlimited, r = oo, coth AZ'=1; and 
the equation determining n becomes, if V' = 0, p' = p, 

(^4-AF)2coth + = 0 (22), 

of which the solution is 


Thus 


where 


n _ — 1 ± ^V(tanh A?) 
kV 1 4- tanh kl 


(23). 


A = cos k \x 


Yt_\ 

1 + tanh kl 


__ \/(tanh kl) 

^ 1 4- tanh kl 


..(24), 

..(25). 
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This represents the progression of symmetrical disturbances in a 
jet of width % playing into a stationary environment of the 
same densitj. 

If U be very small, so that the wave-leng-th is large in com- 
parison vrith the thickness of the jet, 

A = k [oc - Vt] (26). 

The investigation of the asymmetrical distiiibance of a jet 
requires the solution of the prohlem pf a single Vortex sheet when 
the corjcJition to be satisfied at i: = i is <^ = 0, instead of as hitherto 
dcf)/iz = 0. The value of <j) is 


4^^i(n±IcV)H 


sinh h{jz -1) 
fccoshAiJ ^ 


from which, if as before dcp' jdz = 0 when z=^--l\ 

/3 (n + k V)^ tanh kl 'hp(n 4- k V')^ coth M — 0 ... (28). 
If ^'=00,/ = ^, F'==0, 


(% 4- kVy tanh hl-+oi^^0 (29). 

This is applicable to a jet of width 2J, moving with velocity V 
in still fluid and displaced in such a manner that the sinuosities 
of its two surfaces are parallel. 

When hi is small, we have approximately 

h = cos k {o} — hi. Vt) (SO). 

By a combination of the solutions represented by (26), (30), we 
may determine the consequences of any displacements in two 
dimensions of the two surfaces of a thin jet moving with velocity 
V in still fluid of its own density. 


366 . The investigations of § 365 may he considered to afford 
an adequate general explanation of the sensitiveness of jets. In 
the ideal case of abrupt transitions of velocity, constituting vortex 
sheets, in frictionless fluid, the motion is always unstable, and the 
degree of iustahility increases as thp wave-length of the disturb- 
ance diminishes. 

The direct application of this result to actual jets would lead 
us to the conclusion that their sensitiveness increases indefinitely 
with pitch. It is true that, in the case of certain flames, the 
pitch of the most eflScient sounds is very high, not far ftom the 
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upper limit of human hearing; but there arc other kinds of 
sensitive jets on which these high sounds are without effect, and 
which require for their excitation a moderate or even a grave 
pitch. 

A probable explanation of the discrepancy readily suggests 
itself. The calculations are founded upon the supposition that 
the changes of velocity are discontinuous — a supposition that 
cannot possibly agree with reality. In consequence of fluid 
friction a surface of discontinuity, even if it could ever be formed, 
would instantaneously disappear, the transition from the one 
velocity to the other becoming more and more gradual, until the 
layer of transition attained a sensible width. When this width is 
comparable with the wave-length of a sinuous disturbance, the 
solution for an abrupt transition ceases to be applicable, and we 
have no reason for supposing that the instability would increase 
for much shorter wave-lengths. 

A general idea of the influence of viscosity in broadening a 
jet may be obtained from Fourier s solution of the problem where 
the initial width is supposed to be infinitesimal. Thus, if in the 
general equations v and w vanish, while uisa. function of y only, 
the equation satisfied by u is (as in § 347) 

du ^fjb dhc 

dt~~pdy^ ^ 

The solution of this equation for the case where u is initially 
sensible only at y=0 is 


0—yVivt 

^ 2/d(7rvt) 


( 2 ), 


where v^fijpy and Ui denotes the initial value of judy. When 
~ 4i/t, the value of u is less than that to be found at the same 
time at y=0 in the ratio e : 1. For air i/ = *16 C.G.S., and thus 
after a time t the thickness (2y) of the jet is comparable in 
magnitude with for example, after one second it may be 

considered to be about cm. 


There is therefore ample foundation for the suspicion that the 
phenomena of sensitive jets may be greatly influenced by fluid 
friction, and deviate materially from the results of calculations 
based upon the supposition of discontinuous changes of velocity. 
Under these circumstances it becomes important to investigate 
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the character of the equilibrium of stratified motion in cases more 
nearly approaching what is met with in practice. A complete 
investigation which should take account of all the eifects of 
viscosity would encounter many formidable difficulties. For the 
present purpose we shall treat the fluid as frictionless and be 
content to obtain solutions for laws of stratification which are free 
from discontinuity. For the undisturbed motion the component 
velocities v, w .are zero, and u is a function of y only, which we 
will denote by !7. A curve in which TJ is ordinate and y is 
abscissa represents the law of stratification, and may be called for 
brevity the velocity curve. The vorticity Z (§ 239) of the steady 
motion is equal to ^dUjdy. 

If in the disturbed motion, assumed to be in two dimensions, 
the velocities be denoted by U v, and the vorticity by 
the general equation (4), § 239, takes the form 

in which dZ/dt = 0, dZjdx = 0. 

Thus, if the square of the disturbances be neglected, the 
equation may be written 



and the equation of continuity for an incompressible fluid gives 

( 4 ). 

dx dy ^ 

If the values of Z and f in terms of the velocities be sub- 
stituted in (3), 

(d d\(dib dv\ d"U . , . 

We now introduce the supposition that as functions of x and t, 
u and V are proportional to From (4) 

iku + dvjdy = 0 (6) ; 

and if this value of u be substituted in (5), we obtain 




^ Proc. Math. 8oe. vol. xi. p. 68, 1880. 
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In (7) k may be regarded as real, and in any particular 
problem that may be proposed the principal object is to determine 
the corresponding value of n, and especially whether it is real or 
imaginary. One general proposition of importance relates to the 
case where drUldy^ is of one sign, so that the velocity curve is 
wholly convex, or wholly concave, throughout the entire space 
between two fixed walls at which the condition -y = 0 is satisfied. 
Let njk = ^ + i?, 'y = a + ^*i3, where g, a, /3 are real. Substituting 
in (7) we get 




y. p^V-iq " 

dy- {p + TJy 4- q^_ 


(a + i^) — 0 ; 


or, on equating separately to zero the real and imaginary parts, 


(PcL _ (PU (p-hZr)a-^q/3 

sp ~ ^ (p + ir)iT f 

-qct+{p-^U)$ 

df~ df {p+Uf + q^ 

Multiplying (8) by /3, (9) by a, and subtracting, we get 


( 8 ), 

(9). 


Pol ^ __ d f 

dy'^ ^ dy^ dy \ dy 


d^\_d^U , 

dy)'^ dy^ (p+ 


At the limits v, and therefore both a and /9, are by hypothesis 
zero. Hence integrating (10) between the limits, we see that q 
must be zero, if d^U/dy^ is of one sign throughout the range of 
integration. Accordingly n is real, and the motion, if not abso- 
lutely stable, is at any rate not exponentially unstable. 


Another general conclusion worthy of notice can be deduced 
from (7). Writing it in the form 


dy^~r ^ U+njk 


X 


we see that, if n be real, v cannot pass from one zero value to 
another zero value, unless d^Uldy^ and (n^kU)he somewhere of 
contrary signs. Thus if we suppose that U is positive and 
c2^Z7/^^y2 negative throughout, and that V is the greatest value of 
Z7, we find that n-^kV must be positive. 


367 . A class of problems admitting of fairly simple solution 
is obtained by supposing the vorticity Z to be constant through- 
out layers of finite thickness and to change its value only in 
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passing a limited number of planes, for each of which y is constant. 
In such cases the velocity curve is composed of portions of straight 
lines which meet one another at finite angles. This state of things 
is supposed to be disturbed by bending the surfaces of transition. 

Throughout any layer of constant vorticity d^Uldy^ = 0, and 
thus by (7), § 366, wherever n-^hU is not equal to zero, 

W’ 

of which the solution is 

V = + Be~^y ( 2 ). 

If there are several layers in each of which Z is constant, the 
various solutions of the form (2) are to be fitted together, the 
arbitrary constants being so chosen as to satisfy certain boundary 
conditions. The first of these conditions is evidently the conti- 
nuity of V, or as it may be expressed, 

Av=0 (3). 

The other necessary condition may be obtained by integrating 
(7), § 366, across the surface of transition. Thus 



These are the conditions that the velocity shall be continuous 
at the places where dTJjdy changes its value. 

In the problems which we shall consider the fluid is either 
bounded by a fixed plane at which y is constant, or else extends 
to infinity. For the former the condition is simply 'y = 0. If 
there be a layer extending to infinity in the positive direction; A 
must vanish in the expression (2) applicable to this layer; if a 
layer extend to infinity in the negative direction, the correspond- 
ing B must vanish. 

Under the first head we will consider a problem of some 
generality, where the stratified steady motion 
takes place between fixed walls at y = 0 and at 

The vorticity is constant throughout each of 
the three layers bounded by y=0, y = 2/ = 6i, 

y = + y = 6i + 6', t/ = 6i + 6 '-i -62 (Fig. 67). 

There are thus two internal surfaces where the 
vorticity changes. The values of U at these 
surfaces may be denoted by f7i, Uj. 

R. IL 


Uj U2 




Fig. 67. 
25 
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In conformity witlti (3) and with the condition that v = 0 when 
2 / = 0, we may take in the first layer 

= sinh % (5); 

in the second layer 

v = v 2 = Vi + Ml sinh k{y--bi) (6) ; 

in the third layer 

v = Vs — V2-\-M2sinhk(y — bi--y) (7). 


The condition that v==0, when y—bi + b'-i b^, now gives 

0 = Ma sinh kb^ H- Mi sinh k (Ky + h') + sinh k (b^ H- 6' + &i). . .(8). 

We have still to express the other two conditions (4) at the 
surfaces of transition. At the first surface 

V = sinh kbu A (dvjdy) = kMi ; 

at the second surface 

V ='Mi sinh kV + sinh k {hi + b'\ A {dvjdy) = kM^. 

If we denote the values of A{dUldy) at the two surfaces 
respectively by Ai, Aa, our conditions become 

{n 4- k f/’i) Ml — Ai sinh kbi^O (9), 

{n 4- kU 2 ) Mi — Aj {Mj sinh kV 4- sinh k {bi 4- &')} = 0. . .(10). 
By (8), (9), (10) the values of Mi, Mi, n are determined. 

The equation for n is found by equating to zero the determi- 
nant of the three equations. It may be written 


An^ + Bn+G=0 ( 11 ), 

where 

A=8inhA(6a4-&' + Z>i) (12), 

B =^h{TJi+JI^ sinh k (bi 4- 6' 4- b() 


4- Ai sinh kbi sinh k (bi 4- V) -f- Ai sinh kbi sinh k (bi + 6')- • • 0-^)> 
TJiUi sinh k (bi + 6 ' + bi) 

4- k UiAi sinh kbi sinh k (bi 4 b') -\-kUiAi sinh kbi sinh k (bi 4- h') 

4* AjAa sinh kbi sinh kbi sinh kb' (14). 

To find the character of the roots we have to form the expression 
for — 4: AC. On reduction we get 

J52-4A(7={fc(f7,- Ui)smhk(bi + b'^bi) 

4 Ai sinh kbi sinh k (bi 4- 6') “ ^ sinh kbi sinh k (bi 4- 6')}^ 

4- 4 A 1 A 2 sinh^ kbi sinh^ kbi '(l^)* 
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Hence if Aj, Ag have the same sign, that is, if the velocity 
curve (§ 366) be of one curvature throughout, — 4-4 C is positive, 
and the two values of n are real. Under these circumstances the 
disturbed motion is stable. 


We will now suppose that the surfaces at which the vorticity 
changes are symmetrically situated, so that 

In this case we find 

A =sinhfc(26-f V) (16), 

B =fc(Z7i+ Z72)sinh7(;(2&+i')+(Ai-f A 2 )sinh/<;& sinh7«7(Z)-f 6')...(17), 

U 2 sinh k {2b + h') 4- /c ( tTiAg + Ug Aj) sinh kb sinh k{b + b') 

4- A 1 A 2 sinh^ sinh. kb' (18), 


— 44. (7 = 4AiA 2 sinh^ kb 

4-{A:(!7i— U2)siah/c(264-&')4(Ai— A2)sinhfc6 sinhX;(64 60}^*“C19). 


Under this head there are two sub-cases which may be 
especially noted. The first is that in which the 
values of U are the same on both sides of the 
median plane, so that the middle layer is a 
region of constant velocity without vorticity, 
and the velocity curve is that shewn in Fig. 68. 

We may suppose that U=F in the middle 
layer, and that i!7= 0 at the walls, without loss 
of generality, since any constant velocity {Uq) 
superposed upon this system merely alters n by 




1 

1 

1 


^ I ! ^ 

H 

1 


Pig. 68. 




the corresponding quantity —kUoy as is evident from (7), § 366. 


Thus i7,= i72 = 7, A 2 = Ai = A=~F/6; 

and — 44 (7 = 4 A^ sinh^ kb. 


Hence 


7i4/cF= 


F sinh kb sinh k(b + h') 4 sinh*^ kb 
b sinh k (26 4 b') 


( 20 ). 


As was to be expected, since the curvature of the velocity 
curve is of one sign, the values of ^ in (20) are real. It is easy 
from the symmetry to see that the two normal disturbances are 
such that the values of v at the surfaces of separation are either 
equal or opposite for a given value of oc. In the first case the 
surfaces are bent towards the same side, and (as may be found 
from the equations or inferred from the particular case presently 
to be mentioned) the corresponding value of n in (20) has the 


25—2 
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upper sign. In the second case the motion is symmetrical with 
respect to the median plane which behaves as a fixed wall. 


If the middle layer be absent (6' = 0), one value of n, that 
corresponding to the symmetrical motion, vanishes. The remain- 
ing value is given by 


kV = 


2 sinh^ kb 
sinh 2kb 


V tanh kb 
b 


( 21 ). 


The other case which we shall consider is that in which the 
velocities U on the two sides of the median plane are opposite to 
one another ; so that 


= = = (22). 

Here .B = 0, and 

0 = — F- sinh k (26 -f- b') ~ F^ sinh kb sinh k{b + V) 

— hb sinhi6'. 

For the sake of brevity we will write kb = yS, kV = /3' ; so that 
the equation for n becomes 


n? _ A;2sinh(2^-l-i60+2fcyL4,sinhy8 sinh(^-|-y8')-hya^8inh^^ sinh^ /9^ 

k^ sinh (2^ -h /S') 

_ sinh/3 sinh yS' + A; sinh (/3 + /3')p — k"^ sinh^yS 


.(23). 


k“ sinh sinh (2/3 -1- /S') 

Here the two values of n are equal and opposite ; and, since 
Ai, Aq are of opposite signs, the question is 
open as to whether n is real or imaginary. 

It is at once evident that n is real if ya be 
positive, that is, if A^ and F are of the same 
sign as in Fig. 69. 

Even when ya is negative, is necessarily 
positive for great values of k, that is, for small 
wave-lengths. For we have ultimately from 
(23) n = ±kV. 

We may now inquire for what values of may be negative 
when k is very small, that is, when the wave-length is very great. 
Equating the numerator of (23) to zero, and expanding the 
hyperbolic sines, we get as a quadratic in yu, 

fx^b^¥ -h 2fjLb (6 -f- ¥) -h 26 4- 6' = 0, 

whence fx^ljb, or — 1/6 — 2/6' (24). 
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Whei) ijl lies between these limits (and then only), is nega- 
tive, and the disturbance (of great wav^e-length) increases expo- 
nentially with the time. 

We may express these results by means of the velocity Vo at 
the wall where 0. We have 


V - 


+\h = v 


(b + ib' 
\ lb' 



The limiting values of Vo are therefore hVf^¥ and 0. The 
velocity curve corresponding to the first limit is shewn in Fig. 70 
hy the line QPOP'Q^, the point Q being found by drawing a line 
AQ parallel to OP to meet the wall in Q. If 6' = 26, QP is 
parallel to OA, or the velocity is constant in each of the extreme 
layers. 


At the second limit Fo=D, and the velocity curve is that 
shewn in Fig. 71. 




It is important to notice that motions represented by velocity 
curves intermediate between these limits are unstable in a manner 
not possible to motions in which the velocity curve, as in Fig. 68, 
is of one curvature throughout. 

According to the first approximation, the motion of Fig. 71 
is on the border-line between stability and instability for disturb- 
ances of great wave-length; hut, if we pursue the calculation, 
■vve find that it is really unstable. Taking in (23) 

we get, after reduction. 


indicating instability. 


^ = -1/6- 2/J', 


rv 


3 ' 


.(25), 
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From the second form of (23) we see that, whatever may he 
the value of k, it is possible so to determine fi that the disturb- 
ance shall be unstable. The condition is simply that must be 
between the limits 

sinh fc (6 4 h’) ± sink kh 
sinh kb sinh kb' 


or —k [coth kb + coth ^kb'], — k {coth kb - 1 - tanh ^kV ] . . . (26), 
of which the first corresponds to the superior limit to the numeri- 
cal value of fi. 

When k is very large, the limits are very great and very close. 
When k is small, they become 

— 1/6 — 2 / 6 ' and — 1 / 6 , 

as has already been proved. As k increases from 0 to oo , the 
numerical value of the upper limit increases continuously from 
1/6 + 2 / 6 ' to 00 , and in like manner that of the inferior limit from 
1/6 to 00 . The motion therefore cannot be stable for all values of 
k, if (being negative) exceed numerically 1 / 6 , The final condi- 
tion of complete stability is therefore that algebraically 

m 

In the transition case 


TT I 12 



( 2 ^); 


it is that represented in Fig. 70. If PQ be bent more downwards 
than is there shewn, as for example in Fig. 71, the steady motion 
is certainly unstable. 

Keverting to the general equations (11), (12), (13), (14), (15), 
let us suppose that Ajj = 0 , amounting to the abolition of the 
corresponding surface of discontinuity. We get 

B = k{Ui+ Uz) sinh k (62 + 6 ' -f 61 ) -f Aj sinh Jcbi sinh k (62 -h 6 '), 

^ - 4AC = {* - Uz ) sinh k{bz + 6 ' + 60 

•+• Aj sinh kbi sinh ^ (62 -f 6 ')}^ ; 

so that n^ — kUz (29), 

or (30). 

smhfc( 6 i + & ^ ' 

The latter is the general solution for two layers of constant 
vorticity of breadths bi and b' + b^. An equivalent result may be 
obtained by supposing in (11) &c. that 6' = 0, or that 6i = 0. 
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The occurrence of (29) suggests that any value of —kU is 
admissible as a value of and the meaning of this is apparent 
from the fundamental equation (7), § 366. For, at the place where 
+ (1) need not be satisfied, that is, the arbitrary con- 

stants in (2) may change their values. It is evident that, with 
the prescribed values of n and k, a solution may be found satisfy- 
ing the required conditions at the walls and at the surfaces where 
dUjdy changes value, as well as equation (3) at the plane where 

^27=0. In this motion an additional vorticity is supposed to 
be communicated to the fluid at the plane in question, and it 
moves with the fluid at velocity U. 

We may inquire what occurs at a second place in the fluid 
where the velocity happens to be the same as at the first place of 
added vorticity. The second place may be either within a layer of 
originally uniform vorticity, or upon a surface of transition. In 
the first case nothing very special presents itself. If there be no 
new vorticity at the second place, the value of v is definite as 
usual, save as to one arbitrary multiplyer. But, consistently with 
the given value of n, there may be new vorticity at the second as 
well as at the first place, and then the complete value of v for the 
given n may be regarded as composed of two parts, each propor- 
tional to one of the new vorticities and each affected by . an 
arbitrary multiplyer. 

If the second place lie upon a surface of transition, it follows 
from (4) that 'y=0, .since A{dUjdy) is finite. From this fact we 
might be tempted to infer that the surface in question behaves 
like a fixed wall, but a closer examination shews that the inference 
would be unwarranted. In order to understand this, it may be 
well to investigate the relation between v and the displacement of 
the surface, supposed also to be proportional to Thus, if 

the equation of the surface be 


F — y — = 0 

(31), 

the condition to be satisfied is^ 


dF^ dF . 

dt dx dy 

(32), 

so that — A27) + t; = 0 

(33) 


1 Lamb’s Eydrodymmcs^ § 10. 
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is the required relation. A finite h is thus consistent with an 
evanescent v. 


368. In the problems of § 367 the fluid is bounded by fixed 
walls ; in those to which we now proceed, it will be considered to 
be unlimited. As a first example, let us suppose that on the 
upper side of a layer of thickness h the undisturbed velocity U is 
equal to + V, and on the lower side to — F, while inside the layer 



Fig. 72. 


^ 

Fig. 73. Fig. 74. 


it changes uniformly, Fig. 72. The vorticity within the layer is 
F/6, and outside the layer it is zero. 

The most straightforward method of attacking this problem is 
perhaps on the lines of § 367. From y = — oo to y = 0, we should 
assume an expression of the form Vi = satisfying the necessary 
condition when y = — cc. Then from y = 0 to y = &, 

Vfi = Vi q-ilfisinh%; 
and from y = 6toy= + co, 

^3 = '^2 d- ^2 sinh k(y — b). 

But by the conditions at -h oo , % must be of the form so that 


The two other conditions may then be formed as in § 367, and the 
two constants Jfi, eliminated, giving finally an equation for n. 
But it will be more appropriate and instructive to follow a 
different course, suggested by vortex theory. 

If we write the fundamental equation 


in the form 




df 




( 1 ), 


drvjdy^'—k^v = F, 


( 2 ), 


we see that, if F = 0 from y = — oo toy = 4-oo, then v = 0. Any 
value that v may have may thus be regarded as dependent upon 
F, and further, in virtue of the linearity, as compounded by simple 
addition of the values corresponding to the partial values of F. 
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In the applications which we have in view Y vanishes, except at 
certain definite places — the surfaces of discontinuity — where alone 
drJJldy^ differs from zero. The complete value of d may thus be 
found by summation of partial values, each corresponding to a 
single surface of discontinuity. 

To find the partial value corresponding to a surface of dis- 
continuity situate at y = 3/i, we have to suppose in (2) that Y 
vanishes at all other places, while v vanishes at ± oo . Thus, 
when y>yi,v must be proportional to and when y<yi, 

V must be proportional to Moreover, since v itself must 

be continuous at y = yi, the coefficients of the exponentials must 
be equal, so that the value may be written 

(3), 

when C is some constant. 

In the particular problem above proposed there are two 
surfaces of discontinuity, at y = 0 and at y = 6 ; and accordingly 
the complete value of v may be written in the form 

(4). 

We have now to satisfy at each surface the equation of condi- 
tion (4), § S67. When y = 0, we have from (4) 

t/o = M A (dvldy)o == — 2kA, 

while t7=-F, A{dUldy)=: + 2rib; 
and when y = h, 

vi, = -H jB, a (dv/dy)i = — 2IcB, 

while U = -\-V, A{d IT/dy) = - 2F/6. 

The conditions to be satisfied hy B : A and n are thus 


A {n^ kV+ rib] 4- J5 {Ve-’^^/h} - 0 (5), 

A { ^JS{n^kr--r/b]^0 (6) ; 

from which by elimination of B : Ay 

n’‘ = ^{{kb-iy-e-^}.'. in 


When kb is small, that is, when the wave-length is great in 
comparison with b, the case approximates to that of a sudden 
transition from the velocity — F to the velocity 4- F. « Then 
from (7) 



#=:-fc2F2 


( 8 ), 
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in agreement with the value already found (IT), § 365. la this 
case the steady motion is unstable. On the other hand, when kh 
is great, we find from (T) 

(9); 

and, since the two values of % are real, the motion is stable. It 
appears, therefore, that so far from the instability increasing 
indefinitely with vanishing wave-length, as happens when the 
transition from — F to + F is sudden, a diminution of wave-length 
helow a certain value is accompanied by an instability which 
gradually decreases, and is finally exchanged for actual stability. 
The following table exhibits more in detail the progress of b‘^n^l 
as a function of kh : — 


kh 


kh 


•2 

-•03032 

1-0 

- -13534 

•4 

-•08933 

1*2 

- -05072 

•6 

-•14120 

1-3 

+ •01573 

•8 

-•16190 

2-0 

+ -98168 


We see that the instability is greatest when kh='8 nearly, 
that is, when X=8&; and that the passage from instability to 
stability takes place when kb= TS nearly, or \ = 5&. 

Corresponding with the two values of n, there are two ratios 
o{ JB A determined hy (5) or (6), each of which gives a normal 
mode of disturbance, and hy means of these normal modes arbi- 
trary initial circumstances may be represented. It will be seen 
that for the stable disturbances the ratio B : A is real, indicating 
that the sinuosities of the two surfaces are at every moment in 
the same phase. 

We may next take an example from a jet of thickness 26 
moving in still fluid, supposing that the velocity in the middle of 
the jet is F, and that it falls uniformly to zero on either side, 
(Fig. 73). Taking the origin of y in the middle line, we may wrrite 

F(l:py/6) (10), 

in which the — sign applies to the upper, and the + sign to the 
lower half of the jet (Fig. 73). There are now three surfaces 
2 / = — 6, y = 0, y = -p 6, at which the form of v suffers discontinuity. 
As in (4) we may take 


( 11 ); 
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so that, when 

[7=0, Md UIdy) = F/ J, 

D = A-^ Be~^^ -f- A {dvldy) = — 2k A ; 

when ^ = 0, 77 = F, A (c^[7/(^2/) == - 2F/&, 

'y = -h i? -h A (^dvjdy) = — 2kB ; 

when y = 2>, 77 = 0, A (dUfdy) = F/&, 

4- 4- £?, A (dvjdy) = - 27^:0. 

The introduction of these values into the equations of condition 


(4), § 367 gives 

mA + 7 jB + y-C =0 (12), 

yA+q--\m-kh)B^yG^Q (13), 

7 -ji + 7 jB “h wiC =0 ( 1 ^)> 

which are the equations determining A i B :C and n. 

By the symmetries of the case, or by inspection of (12), (13), 
(14), we see that one of the normal disturbances is defined by 

£=0, A -k 0=^0 (15), 

and that the corresponding value of ni is Thus for the 
symmetrical disturbance 

(16). 

indicating stability, so far as this mode is concerned. 


The general determinant of the system of three equations may 
be pat into the form 

(m ~ 7^) [mJ^ + (7^ 4 2Jcb — 3) w 4 7^ (1 4 2kb)} =0. . .(17), 

in which the first factor corresponds to the symmetrical disturb- 
ance already considered. The two remaining values of n are 
real;, if 

(72 4- 2kh - 3)2 ~ 4y (1 4 2kb) >0 (18), 

but not othervsrise. When kb is infinite, 7=0, and (18) is satis- 
fied ; so that the motion is stable when the wave-length of 
disturbance is small in comparison with the thickness (25) of the 
jet. On the other hand, as maybe proved without difliculty by 
expanding 7, or in (18), the motion is unstable, when the 
wave-length is great in comparison with the thickness of the jet. 
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The values of the left-hand member of (18) can be more easily- 
computed when it is thrown into the form 

(5 -f- m - - 16 (1 4- ^hh) (19). 


Some corresponding values of (19) and 2kh are tabulated below : — 


2kb 

( 19 ) 

211) 

( 19 ) 

•5 

-•054 

2*5 

-•975 

1-0 

-•279 

3-0 

-•794 

1-5 

-•599 

3*5 

- -263 

2-0 

-•876 

4*0 

+ -671 


The imaginary part of n, when such exists, is proportional to 
the square root of (19). The wave-length of maximum instability 
is thus determined approximately by 2^fc&=2*5, or \ = 2*.5x2&. 
The critical wave-length is given by = 3*5 nearly, or \ = 1*8 x 26, 
smaller wave-lengths than this leading to stability, and greater 
wave-lengths to instability. In these respects there is a fairly 
close analogy with cylindrical columns of liquid under capillary 
force (§ 357), although the nature of the equilibrium itself and the 
manner in which it is departed from are so entirely different. 

One more step in the direction of generality may be taken by 
supposing the maximum velocity V to extend through a layer of 
finite thickness h' in the middle of the jet (Fig. 74). In this layer 
accordingly there is no vorticity, while in the adjacent layers of 
thickness h the vorticity and velocity remain as before. 

Taking, as in (11), four constants B, G, JD to represent the 
discontinuities at the four surfaces considered in order, and 
writing 7 = y = we have at the first surface 

?7=0, A(d?7/(^2/) = -l-F/6, 

'y = .4. + yB + yy'G + y^y'JDf A (dvjdy^ = — ^kA. j 

at the second surface 

Cr=F, A((if7/dy) = -F/6, 

V = yA 4 jB 4 yC 4 77^-D, A {dvjdy) = — ^IkB ; 

at the third surface 

U=V, A(d?7/dy) = -F/6, 

V = 77'jl 4 y'B 4 C/ 4 yB, A {dvjdy) = — 2hO ; 
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at the fourth surface 

f7'=0, A ( dir / dy )=+ V / d , 

V = A r^yB + y (7 + 1) , A {dv / dy) = — 2A2). 

Using these values in (4) § 367; we get 

^ {1 + 2!)w/F] 4- 7B + 77%^ 4- y^yZ) = 0 (20), 

r^A^B[1^2h (&-fV^)l + /C^ + 77'^ = 0 (21). 

77' J. 4 - +G [1 — ib (Jc 4 - nj V)} 4- 7Z) = 0 (22), 

7 VJ. 4 - 77 -5+7(74-73 {1 + 2hn/r\ =0 (23). 


The elimination of the ratios A : B : C : D would give a bi- 
quadratic in n, which, however, may be split into two quadratics, 
one relating to symmetrical disturbances for which j. 4-5 = 0, 
5 + 0=0; and the other to disturbances for which J.— 5 = 0, 
5— (7=0. The resulting equation in n may be written 

k 

/2bnV , , / 0 , 07 j.\ 

^ yJ +(±7 f yr + 2^J) Y 

± 7 ' - 1 + 2kh + 7 " (1 q: 7 q: 2kl)y') = 0 (24). 

In (24) the upper signs of the ambiguities correspond to the 
symmetrical disturbances. The roots are real, and the correspond- 
ing disturbances are stable, if 

(±7 + 7V+ 27 iS)-~ 4 [± 7"- 1 +2^6 + 72(1 4: 7 4: 2/c6y)]...(2o), 

he positive. 

In what follows we will limit our attention to the 83 rmmetrical 
disturbances, that is, to the upper signs in (25), and to terms of 
orders not higher than the first in 6'. The expression (25) may 


then be reduced to 

(1 ry 2 - 2khf + 2kb' ( 1 + y) (1 - y2 - 2kh) (26). 

If A;6 be very small, this becomes 

(27). 


If V is zero (27) is positive, and the disturbance is stable, as we 
found before ; but, if h and V be of the same order of magnitude 
and both small compared with X, it follows from (27) that the 
disturbance is unstable, although it he symmetrical. 

If in (24) we suppose that &'= 0, we fall back upon the suppo- 
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sitions of the previous problem. For the symmetrical disturbances, 
putting 7' = 1 in (24), we get 


+ (1 - 7= + 2kh) + 2kh (1 - 7^) = 0, 

shewing that the values of 2bnlV are 7^—! and — 2/r6. The 
former agrees with (16), and the latter gives n-\- kV=^ 0. We 
have already seen that any value of — /c [T is a possible solution 
for n. 


If on the other hand we suppose that & = 0, we fall back upon 
the case of a jet of uniform velocity V and thickness 6' moving in 
still fluid. The equation for n becomes, after division by 6-, 

of + (1 ± 7') kV. -f -J- (1 + y) k“V^ = 0, 

or (n 4- ^ F)- ^ — 7 + 71^ _ Q /28). 

1 + 7 

In (28) == I - ^^7 = tanh ^ kb ' ; 

so that the result is in harmony with (22), (29), § 365, where I 
corresponds with ^b'. 

Another particular case of (24), comparable with previous 
results, is obtained by supposing b' to be infinite. 


369 . When dfUldy^ is finite, we must fall back upon the 
general equation § 366 



from which the cun^e representing 7; as a function of y can 
theoretically be constructed when n (being real) is known. In fact 
we may regard (1) as determining the curvature with which we 
are to proceed in tracing the curve through any point. At a 
place when n-{-kU vanishes, that is, where the stream-velocity is 
equal to the wave-velocity, the curvature becomes infinite, unless 
V vanishes. The character of the infinity at such a place (suppose 
y = 0) would be most satisfactorily investigated by means of the 
complete solution of some particular case. It is, however, sufficient 
to examine the form of solution in the neighbourhood of y = 0, and 
for this purpose the differential equation may be simplified. Thus, 
when y is small, n-{-kU maybe treated as proportional to y, and 
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d'Ufdy^SiS approximately constant. In comparison witk the large 
term, k-v- may he neglected, and it suffices to consider 

+y"^v = 0 (2), 

a known constant maltiplying y being omitted for the sake of 
brevity. This falls under the head of Ricati’s equation 

d-'vidy- = 0 (3), 

of which the solution is in general [m fractional)^ 

2 ; = Vy . (4), 

where m = 1 /(/x, -f 2), f = 2m (o). 

When, as in the present case,m is integi’al, (f) is to he replaced 
(§ 341) hy the function of the second kind (^). The general 
solution of (2) is accordingly 

v= 4 y. {AJi { 24 y) + JSFi (2\/y)} (6). 

In passing through zero y changes sign and with it the 
character of the functions. If we regard (6) as applicable on the 
positive side, then on the negative side we may write 

V -[OJiiUy) + 4)Xi(^^4y)] (0. 

the argument of the functions in (T) being pure imaginaries. 

From the known forms of the functions (§ 341) we may deduce, 
as applicable when y is small, 

v=^A{y-\y-] 

+-S li (1 - s/ + i /) - log (2V2') • Cy - +y-ly^] (8) ; 

SO that ultimately 

v^\B, '^^=A-\B\ogy,^, = -A-{By-^ (9), 

V remaining finite in any case. 

We will now shew that any value of — AZ7 is an admissible 
value of n in (1). The place where ti- -f fc 17 = 0 is taken as origin 
of y; and in the first instance we will suppose that n + kU 
vanishes nowhere else. In the immediate neighbourhood of y = 0 
the solutions applicable upon the two sides are (6), (T), and they are 
subject to the condition that v shall continuous. Hence by 


^ noiom^l, Studien Uher die JBesseVschen F^mictionen § 31, Leipzig, 18&8; Gkay 
and Matthews’ Bessel Functicm, p. 238, 1595. 
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( 9 )^ B = D, leaving three constants arbitrary. The manner in 
which the functions start from 3 / = 0 being thus ascertained, their 
further progress is subject to the original equation ( 1 ), which 
completely defines them when the three arbitraries are known. In 
the present case two relations are given by the conditions to be 
satisfied at the fixed walls or other boundaries of the fluid, and 
thus is determined the entire form of v, save as to a constant 
multiplyer. If B and D are finite, there is infinite vorticity at the 
origin. 

Any other places at which n-\-kU=0 may be treated in a 
similar manner, and the most general solution will contain as 
many arbitrary constants as there are places of infinite vorticity. 
But the vorticity need not be infinite merely because n^lcU=0\ 
and in fact a particular solution may be obtained with only one 
infinite vorticity. At any other of the critical places, such for 
example as we may now suppose the origin to be, B and D may 
vanish, so that v = 0, cPvjdy^ = A, or C. 

From this discussion it would seem that the infinities which 
present themselves when n -f /c [r= 0 do not seriously interfere with 
the application of the general theory, so long as the square of the 
disturbance from steady motion is neglected. 

A large part of the preceding paragraphs is taken from certain 
papers by the author\ The reader should also consult Lord 
Kelvin’s writings^ in which the effects of viscosity are dealt with. 

370 . It remains to describe the phenomena of sensitive 
flames and to indicate, so far as can be done, the application of 
theoretical principles. In a sense the combination of flame and 
resonator described in § 322 h may be called sensitive, but in this 
case it is rather the resonator to which the name attaches, the 
oflSce of the flame being to maintain by a periodic supply of heat 
the vibration of the resonator when once started. Following 
Tyndall, we may conveniently limit the term to naked flames and 
jets, where the origin of the sensitiveness is undoubtedly to be 
found in the instability which accompanies vortex motion. 

The earliest observation upon this subject was that of Prof. 

1 Eroc. Math. Soc., vol. xi. p. 57, 1880; vol. xix. p. 67, 1887. It is hoped shortly 
to communicate a supplement. 

2 Fhil. Mag, vol. xxiv. pp. 188, 272, 1887, 
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Leconte^, who noticed the jumping of the flame from an ordinary 
fishtail burner in response to certain notes of a violoncello. The 
sensitive condition demanded that in the absence of sound the 
flame should be on the point of flaring. When the pressure of 
gas was reduced, the sensitiveness was lost. 

An independent observation of the same nature drew the 
attention of Prof Barrett to sensitive flames ; and he investigated 
the kind of burner best suited to work with the ordinary pressure 
of the gas mains “ It is formed of glass tubing about | of an 
inch (1 cm.) in diameter, contracted to an orifice of an inch 
(T6 cm.) in diameter. It is very essential that this orifice should 
he slightly V-shaped.... Nothing is easier than to form such a 
burner ; it is only necessary to draw out a piece of glass tubing in 
a gas flame, and with a pair of scissors snip the contraction into 
the shape indicated.’’ 

But the most striking by far is the high-pressure flame 
employed by Tyndall. The gas is supplied from a special holder 
under a pressure of say 25 cm. of water to a pinhole steatite 
burner, and the flame rises to a height of about 40 cm. Under the 
influence of a sound of suitable (very high) pitch the flame roars, 
and drops down to perhaps half its original height^. Tyndall 
shewed that the seat of sensitiveness is at the root of the flame. 
Sound coming along a tube is ineffective when presented to the 
flame a little higher up, and also when caused to impinge upon 
the burner below the place of issue. 

It is to Tyndall that we owe also the demonstration that it is 
not to the flame as such that these extraordinary effects are to be 
ascribed. Phenomena substantially the same are obtained when 
a jet of unignited gas, of carbonic acid, hydrogen, or even air 
itself, issues from an orifice under proper pressure. They may be 
rendered visible in two ways. By association with smoke the 
whole course of the jet may be made apparent; and it is found 
that suitable smoke jets can surpass even flames in delicacy. 
‘'The notes here effective are of much lower pitch than those 
which are most efficient in the case of flames.” Another way of 
making the sensitiveness of an air-jet visible to the eye is to cause 

I ^ On the Influence of Musical Sounds on the Flame of a Jet of Coal-gas. PhlL 

I Maff, vol. XV. p. 235, 1858. 

- FhiL Mag. vol. xxxni. p. 216, 1867. 

^ Fhil. Mag. vol. xxxin. pp. 92, 375, 1867 ; Sounds 3rd ed. ch, vi. 

R. 11. 
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it to impinge upon a flame, such as a candle flame, which plays 
merely the part of an indicator. 

In the sensitive flame of Prof. Govi ^ and of Mr Barry - the gas 
is unignited at the burner, but catches fire on the further side of 
wire-gauze held at a suitable distance. On the same principle is 
an arrangement employed by the author ^ A jet of coal gas from 
a pinhole burner rises vertically in the interior of a cavity from 
which air is excluded. It then passes into a brass tube a few 
inches long, and on reaching the top burns in the open. The 
front wall of the cavity is formed of a flexible membrane of tissue- 
paper, through which external sounds can reach the burner. In 
these cases the sensitive agent is the unignited part of the jet. 
Used in this way a given burner requires a much less pressure of 
gas than is necessai^ when the flame is allowed to reach it, and 
the sounds which have the most influence are graver. 

Struck by the analogy between these phenomena and those 
of water-jets investigated by Savart and Plateau, the earlier ob- 
servers seem to have leaped to the conclusion that the manner of 
disintegration was also similar — symmetrical, that is, about the 
axis ; and Prof. Leconte went so far as to deduce the existence of 
a cohesive force in gases. A surface tension, however, requires a 
very abrupt transition between the properties of the matter on 
the two sides, such as could have only a momentary existence 
when there is a tendency to mix, so that it appears extremely 
unlikely that capillarity plays here any sensible part. 

The question of the manner of disintegration, whether it be by 
gradually increasing varicosity or by gradually increasing sinuosity, 
is of the greatest importance, and the answer is still, perhaps, in 
some cases open to doubt. But that the latter is predominant in 
general follows from a variety of arguments. The necessity, as 
remarked by Barrett, for an unsymmetrical orifice points strongly 
in this direction. The same conclusion is drawn by Ridout ^ from 
the results of some ingenious experiments. The latter observer 
found further that fishtail flames, formed by the union at a small 
angle of jets from two perfectly similar glass nozzles, shewed a 


^ Torino, Atti Acad. Sci. vol. v. p. 396, 1869. 
2 TyndalPs Sound, 3rd edition, p. 240. 

^ Carrib. Phil. Soc. Proc. vol. iv. p. 17, 1883. 

* Natwrc, vol. xvni. p. 604, 1878. 
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sensitiveness dependent upon the direction of the sound. If this 
direction lie in the plane of symmetry containing the flame (that 
perpendicular to the plane of the nozzles), there is no response. 

Even in the case of the tall high-pressure flame from a pin- 
hole burner, where to all appearance both the nozzle and the 
flame (when undisturbed) are perfectly symmetrical, there is 
reason to believe that the manner of disintegration is sinuous, or 
unsymmetrical. Perhaps the easiest road to this conclusion is by 
examining the behaviour of the flame when exposed to stationary 
sonorous waves, such as may be derived by superposing upon direct 
waves from a source giving a pure tone the waves reflected perpen- 
dicularly from a flat obstacle, e.g. a sheet of glass. According to 
the analogy with capillary jets, an analogy pushed further than it 
will bear by most writers upon this subject, the flame should be 
excited when the nozzle is situated at a node, where the pressure 
varies most, and remain unaffected at a loop where the pressure 
does not vary at all. There was no difficulty in proving experi- 
mentally ^ that the facts are precisely the opposite. The source 
of sound was a bird-call (§ 371), and the observations were made 
hy moving the burner to and fro in front of the reflector until 
the positions were found in which the flame was least disturbed. 
These positions were very well defined, and the measurements 
shewed distances from the reflector proportional to the series 
of numbers 1, 2, 3, &c., and therefore corresponding to nodes. 
If the positions had coincided with loop^, the distances would 
have formed a series proportional to the odd numbers 1, fS, 5, &c. 
The wave-length of the sound, determined by the doubled 
interval between consecutive minima, was 31*2 mm., corresponding 
to pitch 

A few observations were made at the same time on the 
positions of the silences as estimated by the ear listening through 
a tube. As was to be expected, they coincided with the loops, 
bisecting the intervals given by the flame. When the flame was 
in a position of minimum effect, and the free end of the tube was 
held close to the burner at an equal distance from the reflector, 
the sound heard was a maximum, and diminished when the 
end of the tube was displaced a little in either direction. It was 
thus established that the flame is affected where the ear would 
not be affected, and vice versd, 

1 Fhil Mag. vol. tii. p. 153, 1879. 

26—2 , 
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Flames from pinhole turners, which perform well in other 
respects, seem always to shew a marked difference according to 
the direction in which the sound ai-rives. If, while a bird-call is 
in operation, the burner be turned steadily round its axis, two 
positions differing by 180° are found, in which there is little or no 
response. This peculiarity may sometimes be turned to account 
in experiments Thus after such an adjustment has been made 
that the direct sound has no effect, vigorous flaring may yet 
result from the impact of sound from the same source after 
reflection from a small pane of glass, the pane being held so that 
the direction of arrival is at 90° to that of the direct sound, 
and this although the distance travelled hy the reflected sound is 
the greater. 

Tyndall^ lays it down as an essential condition of complete 
success in the more delicate experiments with these flames, that 
a free way should he open for the transmissiou of the vibrations 
from the flame, bdcfcwards, through the gaspipe which feeds it. 
The orifices of the stopcocks near the flame ought to be as wide 
as possible.” The recommendation is probably better justified 
than the reason given for it. Prof. Barrett^ attributes the evil 
effect of a partially opened stopcock to the irregular flow and 
consequent ricochetting of the current of gas from side to side of 
the pipe. In some experiments of my own * the introduction of a 
glass nozzle into the supply pipe, making the flow of gm in 
the highest degree irregular, did not interfere, nor did oth^ 
obstructions unless attended by hissing sounds. The prejudicial 
action of a partially opened stopcock was thus naturally attri- 
buted to the production of internal sounds of the kind to which 
the flame is sensitive, and this view of the matter was confirmed 
by some observations of the pressure of the gas in the neighbour- 
hood of the burner. In the path of the gas there were inserted 
two stopcocks, one only a little way behind the manometer 
junction, the other separated from it by a long length of india- 
rubber tubing. When the first cock was fully open, and the 
flame was brought near the flaring-point by adjustment of the 
distant cock, the sensitiveness to external sounds was great, 


1 Proc. Roy. Inst. vol. xn. p. 192, 188S ; Nature, vol. xxxv'iii. p. ^08, 1888. 

2 Phil. Mug, Tol. xxxin. p. 99, 1867. 

® Phil. Mag. vol. xxxnr. p. 288, 1867. 

^ Phil Mag. vol. xni. p. 345, 1882. 
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and the manometer indicated a pressure of 10 inches (25*4? cm.) 
of water. But when the distant cock stood fully open and the 
adjustment was effected at the other, high sensitiveness could not 
be obtained; and the reason was obvious, because the flame 
flared without external excitation while the pressure was still an 
inch (2*54 cm.) short of that which had been borne without 
flinching in the former arrangement. On opening again the 
neighbouring cock to its full extent, and adjusting the distant 
one until the pressure at the manometer measured 9 inches 
(22*9 cm.), the flame was found comparatively insensitive/' 

The most direct and satisfactory evidence as to the manner of 
disintegi'ation is of course that of actual observation. Using a jet 
, of phosphorus smoke from a glass nozzle and a stroboscopic disc, 
I was able (in 1879) to see the sinuosities when the jet was 
disturbed by a fork of pitch 256 vibrating in its neighbourhood \ 
Moreover by placing the nozzle exactly in the plane of symmetry 
between the prongs of the, tuning-fork, it could be verified that 
the disturbance required is motion transverse to the jet. In this 
position there was but little effect ; but the slightest displacement 
led to an early rupture of the jet. 

'' In order to exalt the sensitiveness of jets to notes of mode- 
rate pitch, I found the use of resonators advantageous. These 
may be of Helmholtz's pattern ; but suitably selected wide-mouth 
bottles answer the purpose. What is essential is that the jet 
should issue from the nozzle in the region of rapid reciprocating 
motion at the mouth of the resonator, and in a transverse direction. 

Good results were obtained at a pitch of 256. When two 
forks of about this pitch, and slightly out of tune with one another, 
were allowed to sound simultaneously, the evolutions of the smoke- 
jet in correspondence with the audible beats were very remarkable. 
By gradually raising the pressure at which the smoke is supplied, 
in the manner usual in these experiments, a high degree of 
sensitiveness may be attained, either with a drawn-out glass 
nozzle or with the steatite pinhole burner used by Tyndall. In 
some cases (even at pitch 256) the combination of jet and resona- 
tor proved almost as sensitive to sound as the ear itself. 

The behaviour of the sensitive jet does not depend upon the 
smoke-particles, whose office is merely to render the effects more 


1 PML Mag. Yol. xyu. p. 188, 1884. 
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liri'iiking up iui<b*r ibt^ i*p*'rHti*»ii *tt \\%r (r’apillary .lad, »di*ii 

ri.!Ktilvt*d inta drupH. inipiiiging iipMii n *»*,4id *4,mi,;irb', .i.h !|p» 

bcittam ttf a ^itik, in tiif-rhaiiifid %i-|tb flii* lf**iii 

whicd'i ih«' jt*t. ftrigiiially inMit'?**. In v'uAnf »»f ‘th*" any 

rngidar nyab* in thi' intnlf *tf di.Hii4n‘gi7i! aai abl«% a.'H it !«i 

prupiigait* iiHfdtr 

** In thij liftpi* nf bt'iiig aid#' la iinik*" b«-tt*'T «,ilr^*‘r\af 
upon the* traiinfitniintitaiH «if tiii"*tidtb' I biid u» 

ctdnnnai watiT inHiiing niidrr wiU*'r. In tbi^ i**ria tin- 
w morn triiwiagt *11141! tbnn in lh»* i*tklrir}| are 

diffimdt to liglit, and liabb* br fiiMnirb*’'d by tb*^ t*ttgfit.r.tit 
dniiighb Formanganuii* of {Hila^ls wm pi-rf«*rr*-d a *‘^4*airiiig 
lignat, and tbo onloiir may tliMdiargi'd by miiiiifc* %*'s'tb ltn- 
goimral manH of litpiid a litil** ato«l Holjdiat**' 'ffn'' jrt» 

\vor«* iiMiially projiadi'd downu'iird** info a larg*' Mf 

of glaf*H, and wrro liglifrd from Indnial ibi'oMgli a pn-ri- *4 gfoiiiiti 

gijww. 

** Tho lioii'H of masimnm w»ri>tiiiv**iir^ #*1 !i*piid m%-ny 
found to bi* far gmvtr tbnn for *«^rnokoyri*» *-»r lor llatiim. Fori* 
vibrating from 20 t«i 4(1 tiiiion por m^'oiid itp|a*'ffr«*'il i*i j#r«|iiri'' tlii*> 
siiiixitiiiiin idlVot, to obmaai'^ wbiob it i* *»fily iii^a*wiry lo bririf llin 
Ktiilk of ih«* fork into wtifi lb* lablr t»ti|i|fiinitig t}|i? 

pitip. Thn gnrii'rfil tn^hiivioiir of thr jot roiilil m'lthml 

»irobi'^'ai|>i(! applianct*ii by r/iii,*ing tbo Inpisfl in iliit l«.*itlrr to 
vibrato frciin »iflti to mh iiiidi^r iho ii*’iioii of parity, Tht^ liiif! «f 
tadotir proctorcliiig from ilio lansrJo im wa^n !*• la-fcoiiti* griwlmiily tnorv 
liiid more ttiiitioiifi., ami a liitli! ftinhrr dimai prewoil* 
aiici* uf a rop€! Wni l^kwartln and forwanl* ii|ioii ttm4t I l»t« 
followed ,thc |iria:e» of iliirfiitegniiioii with fwiitittlly 
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frequencies of vibrational disturbance from 1 or 2 per second up 
to about 24 per second, using electro-magnetic interruptors to 
send intermittent currents through an electro-magnet which acted 
upon a soft-iron armature attached to the nozzle. A t each stage 
the pressure at which the jet is supplied should be adjusted so as 
to give the right degree of sensitiveness. If the pressure be too 
great, the jet flai'es independently of the imposed vibration, and 
the transformations become irregular: in the contrary case the 
phenomena, though usually observable, are not so well marked as 
when a suitable adjustment is made. After a little practice it is 
possible to interpret pretty well what is seen directly; but in 
order to have before the eye an image of what is really going on, 
we must have recourse to intermittent vision. The best results 
are obtained with two forks slightly out of tune, one of which is 
used to effect the disintegration of the jet, and the other (by means 
of perforated plates attached to its prongs) to give an intermittent 
view. The difference of frequencies should be about one per 
second. When the means of obtaining uniform rotation are at 
hand, a stroboscopic disk may be substituted for the second fork^. 

“ The carrying out of these observations, especially when it is 
desired to make a drawing, is difl&cult unless we can control the 
plane of the bendings. In order to see the phases properly it is 
necessary that the plane of bendings should be perpendicular to 
the line of vision ; but with a symmetrical nozzle this would occur 
only by accident. The difficulty may be got over by slightly 
nicking the end of the drawn-out glass nozzle at two opposite 
points (Barrett). In this way the plane of bending is usually 
rendered determinate, being that which includes the nicks, so that 
by turning the nozzle round its axis the sinuosities of the jet may 
be properly presented to the eye. 

^^Occasionally the jet appears to divide itself into two parts 
imperfectly connected by a sort of sheet. This seems to corre- 
spond to the duplication of flames and smoke-jets under powerful 
sonorous action, and to be due to what we may regard as the 
broken waves taking alternately different courses.” 

It has already been noticed that the notes appropriate to 
water-jets are far graver than for air-jets from the same nozzles. 

' In the original paper {JPhil. Mag, vol. xvii. p. 188, 1884) drawmgs by Mrs 
Sidgwick are given. See also Proc, Roy, Tmt, vol. xin. p. 261, 1891, for r^m- 
ductions of instantaneous photographs. 
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tho Huitiilili* iii tin* hmm^r nn* iinir'}! !*''*•% 

thiiii in thn latiiT. Thin clitlYmii'** ri'lalrH ituf , ii.h might 
1 h* all firnt snpj>u.srcl, tu tin* gr»‘al«*r ili-iiHilv, Imf fli** Hm-iilrr 
vi.H€a>Hity nf tin* vviitnr, iiii*a«snnal of It 

lint diflicmlt in that tin* v, {m’-Hnim-il t*f h** fin* mtm*” 

ihn ji‘t and Hnrronndin^g tluitl, is imiiifit »'riah nf r^mr^r in h.* 

far m a dt*nsi*r Hni*l nMjnirfs n grr^iin* if nu 

aHHigmnI v»*IiK.dty. Tin* infln«*iinn nf fiiipi viHi'sisiiy ihr-M** 

j)ln*imtimiia is I’XpIuiin-d iu a ffnimi* pap»'r nn ihr Slalnliiy »ii’ 
Irmtahility of cnTtuin Fhdfl Mofi^aish aipi tin* *4 fl^-'fiaini^ail 

.Himilarit'.y with n*gur<l to flniti frifti^iii, laid down }iy l'*rof. Sinkr*-''. 
allow HH to coiiipan' tin* b**fiavioiir of mio lliiiii jiiioi}i*'r. Tlir 
tliunniHiotiH of tin* kiinnnati** oiirflirioiii of %'iM*ii«^ily ar** tlioni* *4 iiii 
area divided by a firm*. If %vi* liso tin* hjiihi^ sii hnih rai%r's, 

wt* iiinst koej> tin* NuitH* Htaiitlarii of lt*iigfli; and t!pi»* llir* 
iniiHt b«* tak(‘ii invomdy, and fho liin'etli', fin* *•*#» 

i*f!k:i«*ntN of vineosity. In parsing from air to %%%aior t!io iiiid 

velocdiy lire fti bo rofliiooji xoift** ion iiim's. lint, in **f flio 

nmallor vehiidty, the %vafor-Jot will ro.jiiirr thi* gf**ati«r 
behind it, inoHninoh m the d.oiislfirs difldr in a raiio t-xr.-'i'diiin 
100 : 1 " 

C lit idled by thoho eonsidoriilioii*^, I liiiiflo o^|irriiii*'fii*^- to tiy 

whether the w’onld bo}iiiv«» ditldriaitly in wfiriii llr%% 
water* atid an to fin* ellbri of subs! it tiling for walrr 11 iiiiifiiro *if 
alitohol and wafor in lapial pnrl^, 11 lltiid kiio%vii to !io iiioro 
than eiiln.T of its eotiHtitin*fitH, Tin* ot}i*et of I'lirying tlio 
wiiH found fo 1 m* very di-tifiiiet A Jr'i wliitdt itoi 

a ptWHiire of more than | iiieb r<l*l I’lie l of witler tliiniig 

when the liipiid whm waii^r at a triiijieniliin* iiiitirr tfie iMiiltng- 
lioint ri*iitnn*d iibotit 2 i> iiielit*M eiiij to iiuile it, fiiir«* 

when the fileoholin mixture wiis Tli*' iiiij^irtniiee 

of vimtimity ill them* phenoiinuifi %vm finis iibtiiiiliiitlly 

Till* iiiaiiiier in whieii visi*ifsit.y in prolwlily m falhmn. 

At the riM>t of the jet» juMi itfier it iiisiies irotii llie tlier«" is 

II ticfiir iippriMieh to tii.mr*otitiiiii*iiis iii»tir#fi^ aiifl a liigfi ilegreit 
of itiMtfibitity, If a diMtitrliiiiiee of siillirieiit iiiteiwly •ii«i «f 

* Math. Htn*, IW. Vvh. l*i* Bm | 

» Vmni*, i*hii» TntH^, dfi ll'w lifcl iif ltt|«#;ii*| Ffitii#ii »f Finltli mm ihm 

Motliiii of 1^* If Ini* 4m* lli« tis. f*. lit 

m il#|ir4at» wL I. p, Min, 
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suitable period have access, the regular motion is lost and cannot 
afterwards be recovered. But the instability has a very short 
time in which to produce its effect. Under the influence of viscosity 
the changes of velocity become more gradual, and the instability 
decreases rapidly if it does not disappear altogether. Thus if the 
disturbance be insufficient to cause disintegration during the 
brief period of instability, the jet may behave very much as 
though it had not been disturbed at all, and may reach the full 
developement observed in long flames and smoke-jets. This 
temporary character of the instability is a second feature differ- 
entiating strongly these jets from those of Savart, in which 
capillarity has an unlimited time of action. 

When a flame is lighted at the burner, there are further 
complications of which it is difficult to give an adequate 
explanation. The high temperature leads indeed to increased 
viscosity, and this tends to explain the higher pressure then 
admissible, and the graver notes which then become operative. 
But it is probable that the change due to ignition is of a still 
more fundamental nature. 

An ingenious method of observation, due to Mr C. Bell h may 
be applied so as to give valuable information with regard to 
the disintegration of jets ; but the results obtained by the author 
are not in harmony with the views of Mr Bell, who favours 
I the symmetrical theory. In this method a second similar nozzle 
faces directly the nozzle from which the air issues, and is con- 
nected with the ear of the observer by means of rubber tubing. 
Suitable means are provided whereby the position of the hearing 
nozzle may be adjusted with accuracy, both longitudinally and 
laterally. When the distance is properly chosen, small disturb- 
ances acting upon the jet are perceived upon a magnified scale. 
Thus a fork vibrating feebly and presented to the jet is loudly 
heard; and that the effect is due to the peculiar properties of 
the jet is proved at once by cutting off the supply of air, when 
the sound becomes feeble, if not inaudible. Mr Bell proved that 
the efficacy of the arrangement requires a small area in the 
hearing nozzle ; if the latter be large enough to receive the whole 
stream of air accompanying the jet, comparatively little is heard. 

In the following experiments an air-jet from a well-regulated 
bellows issued from a glass nozzle and impinged upon a similar 


1 FMl. Tram, vol. clxxvii. p. 383 , 1886 . 
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It» w*iiS l^y f*»rk** h* I kl m ili** 

If ihc! punitiou <>1* th«* t«»rk Htirh !}i;il fit** it**, 

prongs was jH’rpfndiculnr t‘» tho ji’t.iun! that lii»' i*»ii m| 

tho axis of thc‘ stalk intorsorfoti tin* rioliv*Ty »iid m| ^hr 
the Hound pon .(‘'IV cmI iiiuoh fhafj 4vlr«'ii l*uk 

displaced latc*rally in its own piano s*» a> to hriiik^ t}io 
ni'aror to ono prong. This iqjpoars fo pr^ao- fhaf, lirro ih*' 

<‘t!crt in du(% not !.«» variation of piov»»ur*', 1*41 fo !raii‘^vr'rM' 
causing the* jet to bcc^oinc sintious. 

(/ontirniatory cvidiiic^* may 1 m* drawn Ihmi i4#^t'fvntionM iip^iii 
the cticct of slight ntovoinoitf of thr hoaiiiiU' u*»//h\ \Mp-u 
is adjusted axially, but little is p»’rc»i^’«^«i *4 tlir fuiidaiieiitiil toiie 
of a fork pn*Heut(‘d laterally to ilo' j*-! no//!«*, bur i}ir oi*iave loiirt 
is hc*-a,rd and often very stroiigly. Wbon, leovrATr, the li*'arifig 
lumlc Ih displaced laterally, tin* luud^ifiiojiial m| ibe |ork 

com(‘H in loudly. 

371. lu that very cou voiiiiUil ^ourcotif ?%Mvind'4 of high 
the “ bir<l*calh^* a Htnnuu r-if air i’-Muiiig from n rirruhir in 
a thin plate ijupingen cmirieally ujein a simitar in a paralbd 
plate held at a litth* dis!aie’«\ Tie* riiTnin^taiirr*i tqmu wliicli 
the pitch depends hiivi* hn-ii int’eHiigafrd by SondlniusHy t:iiii. 
much remains obsemre as rt^gards fJn- nmnmT in wdiirti ifie 
vibriitiorm are exrdted. 

Aminling to SondhaUM,»* the pitefi is eoiii|ifir»i!ii'ely iinlr* 
pendent of the size and shiijM* of tlii- pbili-s. varying tlireelly 
us the velocity (r) id’ the jot anfl siivi'r^ely i}io itisliiiir** |f|| 
between the plati's. If wt* indo|iiuideiir»* of oiltrr 

elements, anil that tlie fretpieney « « } is n fiiiitiion «uity of ly d, aiifl 
b the diameUir of the jet, it follows fr»»iii dyiiiifiiiral tifiiiliiriiy 
that 

^ v:$l ,/ih iii ^.4lb 

where / i« an itrliiiniry iiiiietifiii. Tims, if f#;'fl In* miistetit, 
Sondhauw' law must holil. Vmm tin* very sniull 
employed it iriight fairly \m aig^uecl tlmt the iielioii iiiiisi h* it«mrlf 
indefajudent of thi? vekKuty of m.$nmh ami ther«;Tore in tringgitetif 
of the density cif the gaa; but the immm. mdiel'titir 

viHcosity may not be mi tdimieut of impirniiice. If we 


* Ann* mL ivi, p. 1*^» 
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■t>h.a.t geometrical similarity is maintained (& proportional to d), 
t/lie theoretical form, when viscosity is retained, is 

n = vjd . F (vjvd) (2), 

^ “being the kinematic coefficient of viscosity, of dimensions 2 
TTx space and — 1 in time. But when we take a numerical example, 
it appears improbable that the degree of viscosity can play much 
p&trt in determining the pitch. In C.G.s. measure i; = *16 for air; 

if the pressure propelling the jet be 1 cm. of mercury, v = 
4?OO0 (cm./sec.). Thus, if we take d= l cm., we have vjvd = *0004, 
that F {vjvd) could hardly differ much from jP(0). 

Bird-calls are very easily made. The first plate, of 1 or 2 cm. 
iix diameter, is cemented, or soldered, to the end of a short supply 
tiabe. The second plate may conveniently be made triangular, 
the turned down corners being soldered to the first plate. For 
<3a.lls of medium pitch the holes may be made in tin plate, 
bxat when it is desired to attain a very high pitch thin brass, 
ox“ sheet silver, is more suitable. The holes may then be as small 
^ mm. in diameter, and the distance between them as little as 
1 xnm. In any case the edges of the holes should be sharp 
a,2ad clean ^ 

In order to test a bird-call it should be connected with a well- 
r emulated supply of wind and with a manometer by which the 
operative pressure can be measured with precision. When it 
is found to speak well, the pressure and corresponding wave- 
length should be recorded. If the tones are high or inaudible, a 
bigh-pressure sensitive flame is required, the wave-length being 
deduced from the interval between the positions in which 
^ xeflector must be held in order that the flame may shew the 
least disturbance (§ 370), There is no difficulty in obtaining 
wave-lengths (complete) as low as 1 cm., and with care wave- 
lengths of *6 cm. may be reached, corresponding to about 50,000 
vribrations per second In experimenting upon minimum wave- 
lengths, the distance between the call and the flame should 
nof; exceed 50 cm., and the flame should be adjusted to the verge 
of flaring. 

In many cases a bird-call, which otherwise will not speak, may 
be made to do so by a reflecting plate held at a short distance in 
firont. In practice the reflector is with advantage reduced to a 

1 Prof. A. M. Mayer has constructed beautifully finished bird-calls in which the 
d-i stance between the plates is adjustable by a screw motion. ^ 
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strip of metal, e.g. 1 cm. wide ; and, when this assistance is required, 
the right distance is an (even or odd) multiple of the half wave- 
length. In some cases the necessary position of the strip is very 
sharply defined. 

On the question whether the disturbance of the jet accom- 
panying the production of the sound is varicose or sinuous, some 
evidence may be derived from observations upon the manner in 
which the sound radiates. Upon the latter view we might expect 
that the sound would fall off, or even disappear altogether, in the 
axial direction, as haj)peris, for example, in the case of the sound 
radiated from a bell (§ 282). But, so far as I have been able to 
observe, the sound emitted from a bird-call, speaking without the 
aid of a reflecting strip, is uniform through a wide angle ; and this 
fact may be regarded as telling strongly in favour of the view that 
the disturbance is here symmetrical, or varicose, in character. 
Other evidence tending in the same direction is afforded by the 
behaviour of resonating pipes made to speak with the aid of bird- 
calls. The pair of perforated plates is mounted symmetrically at 
one* end of a pipe 40 or 50 cm. long. The other end of the pipe is 
acoustically open, and a gentle stream of air is made to pass the 
bird-call, most easily with the aid of a very narrow tube inserted 
into the open end and supplied from the mouth. By careful regu- 
lation of the force of the blast, the pipe may be made to speak in 
various harmonics, and the fact that it speaks at all seems to shew 
that the issue of air through the bird-call is variable. 

The manner of action is perhaps somewhat as follows. When 
a symmetrical excrescence reaches the second plate, it is unable to 
pass the hole with freedom, and the disturbance is thrown back, 
probably with the velocity of sound, to the first plate, where it 
gives rise to a further disturbance, to grow in its turn during the 
progress of the jet. But the elucidation of this and many kindred 
phenomena remains still to be effected. 

372 . iEolian tones, as in the aeolian harp, are generated when 
wind plays upon a stretched wire capable of vibration at various 
speeds, and their production also is doubtless connected with the 
instability of vortex sheets. It is not essential, however, that the 
wire should partake in the vibration, and the general phenomenon 
has been investigated by Strouhal^, under the name of reibungstone. 

^ Wied, Ann» vol. v. p. 216, 1878. See also W, Kohlrausch, Wied* Ann* vol. 
xni. p. 545, 1881. 
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it) Siiim5iJii'}i mjMi-jUK-titH ti viTtifiiil win: sit.t.swhed t« a Huitablu 
jViuiii »!»•< t>» ji-vmIvi* with ttitiiiintt vchicity alxiut a |mrall(*l 

'f'h*' jijirh of til*' jfoliiiri toiif gfiKTHicfl hy the rchitivc 
of f}j.- w ill' ;iiMi of tho air wtix fouinl to !><• ii)(ii:pt“iidi*nti «f 
ih- i.iioih iuiil of th*’ of th«‘ wire, hut to vary with the: 

ijaDe l* r nit>i evifh tho Hpcftl (v) <if tin: relative inotitin. 
WiUuii •’••rt»iu liJiiitH fh<- H'liition between the freepieucy (n) jukI 

lie 11 Was ex Jit'essjhle hy 

» -ih:. i-:</ (1). 

tie r> titine lie ami s. eonij heinjf nnila. 

Wle ii the ) in siji h that the leiiliati tone eoineidcM with 
• je of the jir<tj» r tonoH of wire, wijtjiortetl ho aw to he avpable of 
tie. iieh |M ie|ent vihrulion, the Hound in j;reatly ri:inforccd, and 
i)th ih)s advaniuf'e Stroiihal found it (nwHihle to extiuid the ninge 
-•f the ohsei v,if ions. I 'iidiT the more extreme conditioriH then 
|.r«e»i<a}i}, the ohserved pileh deviated Heimihly from the value 
^jiven Vy « 1 1 . He shewed further that with a given diameter and 
.» giw It »'«i a rise of fern jH-r.it lire wuh attendecl hy a fall in pitch. 

t ths.ri. ill nuts* ii string, vihrating after the manner of 

the jeolnut harp uii<h-r the HlimuluH of a chimney draught, have 
shewn that. i..iitrary to the opinion generally expreKwed, tho vi- 
hiaiions ate efferled ill (I plane [aTpemlicular to tho direction of 
lie- wind. Aeeordiiig to ( 1 i ih'- diHtaiice travelled over hy the wind 
•hiring one comph te vibration in almut 11 timoH t he diameter of the 

iVISe 

If, as /ipjwarii prohiihh*, the »:oiiipreKHihility of the fluid may bo 
h )i out of aee.uinf. We iniiy reganl h b« h function of v, d, and v the 
hue timin' roetlien-iit of vin-oHity. I» thiH cane w in nocossarily of 

the h.rin 

(I M ti d ( 2 ), 

tt hefr / reprew’iitK an arbitrary function ; ami there ih dynamical 
simd/irity, if y r. erf. In ohm-rvatioim upon air at one temperature 
1 * js eoimiani ; and, if d vary ittverwily a« v, iidjv Hhould he constant, 
i« result fairly in harmony with the olwcrvatioiw of Btrouhal Again, 
if the teiiiperaturc rimw, v increamM, and in order to accord with 
olsw rvHiioB, we inust stipjiow: that the function / diminishes with 
iirrr imiiig arguiiwiit. 

' I'hit. Mag. vol. »H. p. 181 , W 7 a. , 
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An cixainiimtinn nf tlu*nrtiuil in Str*iiiJi.il h r\ jiri iiiiiii! h, 

nhcnv that pjvd wan uiway.H Hinal! ; and wr arr ihiiH h-ii Im ri^jirr^rfii 
fhj a few Ltihh ef Mae I-4UiriiiN If w*‘ tiA*' 

f{j'i n f h.t ? ej , 

we gc.*t 

r f e tV' 

n^tt if i-r ! ,ii. 

d rt^ r,p 


If thc} thin! in (*i) may h«* tin* |,il■t^lrr|| 

// and V iH lin(‘ar. TIuh law wm frfnnnla!«*d hy Str>‘tiliiil, uij*l 
cliagmniH 8hc*w that tin.* eufd!i*-i*'n! h in n«^ga!fU'. m e-# r*‘<Lnr*-*i 

to c.’xpreHH thc‘ eliM^rved elfiMi <4 a vpr nf er*‘. Fnr!li*”i' 


(in 

dr 


ei' 




HO that d * (Injdr in itit nearly I'on^lant, a aK«i giviii }iy 

Btronhal on the baHin of hin iiif%aHtjr«ant ii?h, 


On tlic? whole it Woiilif at»p*'ar I. liaf the |.♦l|*'||l(||||1^••|la life 
factorily reprewiitftd by (2jor i.'O, but a dynafiie*iil tlo-iiy iia»i ye-t 
to be given. It vvonid a!>i» be of in!rrr-.%f in ffn^ 

inentH to InpiidH. 
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373 ! { )>. imj^.<“ii<|.- iu ih>- Jill w.trk !<» Htli*int>t, firiything 

;»}.}« I*, il tuli I ><f ill*' jUnblctllM by 

.,1,5 .1*14; H-.li.i »n<i yi *ii.’ Mmpb-r <.f the thwiry 

H. . $). 1 ,< .I. iniii.il r.tit \V.' Hbrill liiilif «iim'Ivi-H ciitirttly to 

fllv” Ki| r 

’ri»< j,;- 11, till . .(Ui.Uxui <>t t «jiiihbriuiii buvc uln-fuly bfi-u HUttwl 


!). § If fi b* lb. tiMiy. «i»'i 

ri’ ^ 1 « i I M > l>. •* ^UP I ^ 

™ + h'X'flt + A" 0, ''U’ 


«h. i. ,V’. r , % tti<' *b»‘ fMi'fii'x rwikoHwl unit of 

'I 

If (MOti Ui. Mr 5*.- lb.« roiwlioiiH ngfiiiwt ft«s'.«b‘mtion, 


by I) Ai->«brrl'» 

+ f,V« + A" («)• 

tiff tlx 

«,4 t«., *,.,,ibir i-jonii....... Ill <:<) S U the dilatatim. roktol 

a • f/«;t4r + tl0]d^ + dyidt (^)- 


H «. 0. 7. .i-. b. d’aldt’—fa. and ( 3 ) 

UP +/*’«+ A'"* 0 'W* 

ite 
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PLANE WAVES 


[373. 


Dififexentiating equation (3) and its companions witK respect 
to 2 /, z, and adding, we obtain by (4) 

w 

^ due dy dz 

Similar equations may be obtained for the rotations (compare 
§ 239), defined by 

^yi = 2w\ ^-^=2®", = (7). 

dy dz ’ dz dx dx dy 

Thus, if -we dififerentiabe the third of equations (3) with respect to 
y, the second wibh respect to z, and subtract, 

j , ^dZ' dY' 

^,-i'V-^-t-iay-iib <“>' 

and there are two similar equations relative to 'gt'". It is to 
be observed that ct'', 'ey'" are subject to the relation 


drz'Idic + drss"ldy 4- dT;T'ydz =0 (9). 

We will now consider briefly certain cases of the propagation 
of plane waves in the absence of impressed forces. la ( 6 ), if 
T', Z' vanish, and 3 be a function of ^ only, 

drSjdf = (i^d}hlda? - ( 10 ), 

of which the solution is, as in | 24 j5, 

h =f(x -- Lvt) + F(p at) .(11). 


In this wave S= dafdcc, while and 7 vanish ; so that the case is 
similar to that of the propagation of waves in a compressible 
fluid. It should be observed, however, that by ( 1 ) the velocity 
depends upon the constant of rigidity (n) as well as upon that of 
conapressibility («). 

In the dilatational wave ( 11 ) the rotations 'ur\ ' vanish, 

as appears at once from their expressions in (7). We have now 
to consider a wave of transverse vibration for which S vanishes. 
If, for example, we suppose that a and vanish and that 7 is a 
function of x (and t) only, we have 


3=0, zst' = = 0, 2'cr" = — dyldoc. 

The equation for ^gt" is 

d^GT"ldt^ = ¥ ( 12 ), 

of the same form as ( 10 ); and the same equation obtains for y. 
The transverse vibration is thus propagated in plane waves with 
velocity 6 , a velocity less than that (a) of the dilatational waves. 
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^ ilr m! wiivi-m by .HupiTjNiHiium of ponitivo 

oi-'i pT-.'r.-v4ru- *4’ liki* wavi»4i*n|fih iii^d iu>t be 

4‘ whri-t‘ X. in tJn' wavf»-«li*u^th, the hujkt- 

j.r.' ji- L. •'1.- y VruH yj(* negative 


7 ■ 


>hf 


7 iV *1 Uif , v.t^n kj' ( 1 4 g 

I !■>*■ 4'Hn .*• ieiiv bi^ the frJirdiuH of the firnt at a 

i»‘’ ne j»rnvtr;tlih’ It* efitTgy. Thin may be either 
ifrv ^4' -ifv .;it 7 i,^ j*reVf*iiti»4 from varying. 


i 

I 

1' 

I 


f 

I 


314 I I4 -4 tle^ j<n*|«igarifin in three dimenHionM of 

4 ifaH.uU hioit*-*! !i» n finifi^ region of the Hr>li(l wan 

ijr;*! ’■''OiV4b'jf*'4 hv Fot^.^on. nnil the whole subject has 

|,i.. o * ihivr^ur* h by SlukvnK fly Oib (H) | 373 the (lila« 

eMi.i'04 4!i4 !h«' I .1* ’’inii-Mly ill#” f'lfjtmiifntH 

4'r' 4f * •■■■ il'^W flt^ - ■•■ (1), 

'4 •*^v}k*-}i, .ipplirabb'' Ih the present piirpoHo,, have 
4|ir.i4y hyil\ III ^ 27*1^ 074^ appears that 

iir;!40^ * ^4 aiet tiiHirniion are prop{igat(‘<l out- 

4sth-r4'i4 fliaf at a sutlieimit cJiMtance 

till" f,tip-y U**44iir *4«’jiiiratefl. If we (Hirmhler what 

.rt-rtirtt id •! 4s*;i.Oi! jeont. %re ^♦ee that, at Firnt there in neither 
4i^l-4ie»ri. Wbi'ii th«* wave of dilatation arrives 
!|r4i> » fh’* ? lilif iber#* in ito dmtortiom After awhile 

-Amr .4' ihliiiL^iteoi iiral there is an interval of no 

loei let 041, Then llte waviMif ilintortion arrives 

■;rri<l b4 .s tno*' pti^hurm iI.h rflVei, after whieli thftre* in m^ver again 

Tie- r^oirpb't^'. t-*'*|iiires the expressions for the dis- 

plfp-toie-oit III l^■■rill.% *4' is. w,. «r,, for the derivation of which 
«r' bii-vr- n -4 the*^’* il. imtv be proved that before the 

iirfii>rt| *4 !|p' mmu'*' of diiaiaiioit nriil stilw<*i{tienfcly to the pasmg© 
i$t lie' *4 t:tisi**ripire ih* tiietitnni nonidim at rest. Between 
ilir miitr# %hr ni«-f|iiiiii m liol aWitwtely uridisturbixl, although 
i|ii-rf'^ It iii'iifp'r tliki«iiriii iinr ilklnrtion. 

fi ?lp' iiiitiiil di^iiiirliancra Im of mmh m character that there is 
no III *;|wiJifli*iie llie whole iJinlurbarmi is confined to the 

m-'ii'i’r' *if f jiinimlP'iii, 


* wf Camb, PMt» Trunu* ¥»L iic» 184#. 
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[375. 


375 . The subject of § 374 was the free propagation of waves 
resulting from a disturbance initially given. A problem at least 
equally important is that of divergent waves maintained by 
harmonic forces operative in the neighbourhood of a given centre. 

We may take first the case of a harmonic force of such a 
character as to generate waves of dilatation. By equation (6) 
§ 373 we may suppose that at all points except the origin of 
coordinates 

dH/dt^ = a^V^B ( 1 ); 


or, if S as a function of x, y, z depend upon r, or 

only, and as a function of the time be proportional to § 241, 


dr^ 


■f-^+A“3 = 0 
r dr 


( 2 ), 


where h=p[a. The solution of (2) is, as in § 277, 



r 


In terms of real quantities 

A cos (pt -hr-^e) 
r 


(3) . 

( 4 ) , 


in which A and e are arbitrary. 




by transformation of (4) § 373, the relation between S and the 
radial displacement w may he shewn to be 


B=r ^d(r^w)Jdr (5), 

or at a great distance from the origin simply 

S = dwjdr (6). 

Thus, when r is great, corresponding to (4) 

w = sin {pt — hr+e) (7). 


In these purely dilatational waves the motion is radial, that is, 
parallel to the direction of propagation, and the distribution is 
symmetrical with respect to the origin. 

The theory of forced waves of distortion proceeding outwards 
from a centre is of still greater interest. The simplest case is 
when tl),e waves are due to a periodic force, say acting throngh 


AT A l‘UIKT. 


41 !) 


;i • T ;i" Ui*'’ If w*’ ill (H) | 47H that X\ V' 

.iirl III! fh«' mt- {ir<ijti»rti<iiial to WiJ liacl 

r--^i i ^ y* *1// thj : Cl. (8). 

* ^'S^ ' » *ix th s 0 ,.(!)), 

T'- ff ’ » ■ •» C). (10), 

h W| :.? *»- ti I" a' |i 

’t'|'ir.>4- ^ -sv-tlv*’*! a-H in § 2i7. Wo got w^^rsO^ au4 

I * ‘ fiz v 

r <|« ! I'i’*- i|ih! lii* f. tin* I'iif^fiiotii at »^', //, 2 near tho 

aiol fli*^ « /^Miii*l«^r roiiHit|»aalioii. If wo iuti^gmto 


1 




^kf 


)dnf;fih (U), 

f} 4 »‘ lilt !«''I ii 4 vaiii-'^hiui^ in irt*io of thf* ooialitioii that Z 
iiiiiir -Illy wi!)iifi ilo’ H|*arf^ T. Mtaoovor, tho ftimonHioriH of 
T , 4 t.r' i*ji li»- v«a'y -*<101111 in nanjiariHiei with the wave- 

rlir- V umy fi'iiiMVofl friiiii nialor tho iiitoi^ral 

'Will lo' alH#* |#< fliitii| 4 *'* thf* of t/^ 

iliid ij'irv 4ia!l ii'ow r*4»r*’*<*a4- tfi*’ oii«irt!iiiatoo fit P rolatively to 
a. Thm. if Z' now niiifol f^r tin* iio'itn viAltn* of Z' throughout the 
‘<|«p''r' F. 


Ill hk«" liiiiiiiO'r 


»ii4 




r% d 

■*' } !/ 

(12). 


r ) r 

m ti | 

Hirh’dr \ 

r )’A 

(i»); 



(W). 


In tirltp*' of tin* nyfiiirn^try roiiii<l thi* fi^i« of z it nuflioeH tt> 
Itp iti ili» ptaiiii ZX. Thou w' vaiuihctif, io 
lliftl lltr f<itiiii«ti ^\mut »u axt» jinrpf.*udicular Iwth to 

liii^ flifwliofi of iifiijBigatfiiii (f| and to that of the force (^). If 0 
flinitilr llir mifli* k4wi'»e'ti %h*mi dirncliotw, the nmulfewit rofcartiou, 
riiinrplnil «slh m'\. h 

TZ'.med,.r*\ 

Kwfi* dA f J 
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SMALL 4>HHTACLK 


If we ccmtime mu* attenti<»n te j»»ints at. a fliin 

l>ecoiac‘H Hiniplv 

ikTr^wB c 

^ 

Hirtr r 

Tlut di.splaeeiiynts c’errenpeiiciin^ t»# ( Hil, prrpi*fi4i<'tilar !»* r aiiii 
in the plane zr. Its valin* Is given hy 

-V-*" , : 

nr, if wt‘ reHtt>re tin* faeter anil ri;jerl tfii* iiiia^iiiar}' pnii, «tf 
the Heliit-ien, 

- . TZ' sin 0 etm /*• i hi — n . 

«- 2lmtir - , , . ....fill. 

^rrh ‘ r 

U Zii*ttskk denote tin* whole firei’ app!it*d at the origin, 

ilM, 

HU that ( 17 ) may la* written 

.ff Zx sin 0 - r| ... 

^TTph r 

The amplitwhr uf the viliraiiun radmt»'d milwardH isthii.s iri%**'rN'ly 
m the rlistaiine^ and rlireetly its lln^ siin* uf ifie angle lief%v»‘eii the 
ray and the direetiun in whieh tin* hiree afis. Iii fin* latter 
din*etion itself there in nu traitHVerse vihraiirin |♦rujlagal«^d. 

Thc*se expresHiuriH may la* apptieci tfi liini ih*' seeumlary vihra* 
tiuri fliH|')erHef| in variuns direetiuns wiien plane wa^-e.^ iiiipinge 
tipun a Hinall ubstaele uf ileiisity diflerenf Irons timl *«!’ file re^t uf 
the Hulid. We may Htippf>.He that.. th»* jihtne wiii,rr% arr* etprewed 
by 

J z: r eim kihi .r L . f 

and that tlii*y impinge at the urigin njwai an uhstaele iif vulitisie f 
and ileiiHity p\ Tin* iirlditiunai uf tin* .suliil iii this filra^e w'uiili.l 

bii eumpensaiei! hy a furee ip-- p)y, ur ^ ip pi V rtm kbi, 
lifting thruiiglimtt T; and, if tlun furee he arliiiilly the 

piiiiiiiry wiifeii wuiild prueeed tviihunt luU*rmpthm. The ^*e«ifi- 
dary wttv<*s tiiiiy thiiH Im* r«*guri!ei| m tn a hirce etjtiiil t*i the 
uppuMitCf uf ihi«, fietirig at O pariill*.*l iu Z. The itliuh.* iiiwuiiiii «f 
the fcirec.* in given by 

Zi mn kid « i p' “« p T I * eni khi a 2 1 1 . 

mt that by (Ifl) the mfcuiiclary diaplaei^riaatt fit ii dwlmii ji^iitit 

(r, 0) in 

ip’ — p)k^TV niu 0 cm S{/4 - r) 


LINEAR SOUECE. 
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375.] 

The intensity of the scattered vibration is thus inversely as the 
fourth power of the wave-length (F being given), and as the 
square of the sine of the angle between the scattered ray and the 
direction of vibration in the primary waves. Thus, if the primary- 
ray be along oo and the secondary ray along .0, there are no 
secondary vibrations if (as above supposed) the primary vibrations 
are parallel to ^ ; but if the primary vibrations are parallel to y, 
there are secondary vibrations of full amplitude (sin 0=1), and 
these vibrations are themselves executed in a direction parallel 
to y} 


376. In § 37 5 we have examined the effect of a periodic force 
2^1 cos kbt, localized at the origin. We now proceed to consider 
the case of a force uniformly distributed along an infinite line. 

Of this there are two principal sub-cases : the first where the 
force, itself always parallel to .2^, is distributed along the axis of z, 
the second where the distribution is along the axis of y. In the 
first, with which we commence, the entire motion is in two 
dimensions, symmetrical with respect to OZ, and further is such 
that a and y(3 vanish, while y is a function of 4 y*^) only. If, as 
suffices, we limit ourselves to points situated along OX, rff'" 
vanish, and we have only to find -cr''. 

The simplest course to this end is by integration of the result 
given in (16) § 375. pTZ' will be replaced by the amount 
of the force distributed 0 x 1 dz; r denotes the distance between P 
on OX and djs on OZ; 6 the angle between r and z. The rotation 
xs'* about an axis parallel to 3/ ^^d due to this element of the force 
is thus 

ZihZi\dz X z 

In the integration x is constant, and so that we have 

to consider 


/ 


ie^^^dr 


or 


/ 


ie'^e'^dh 


(x "|- - yji^^oc 4 A) . ^/h 


.( 2 ), 


if we write r — ai = h. 


^ ** On tke Light from thie Slcy, its Polarization and Coloui.” Phil, Mdg. Tol. 
XXI. pp. 107, 274:, 1871 ; see also Phil. Mag. Vol. xxi. p. 447, 1871, for an investi- 
gation of the case where the obstaele differs in elastic q^nalitr, as "well as in density, 
from the remainder of the medium, 
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LINKAIt HOUIK'R 


From this integral a rigorous sohilion may 1)^' liiif. 

as in § 342, wo may oontt*nt uurs(*IvrH wifli tlio liiiiit.ifig 
assumed when kx is very gn*at. Tlius, as tie- of l2l. 

we get 

I* ^ 2%f7r . r ■ ^ ^ „ 

X , \/ ( 2a* ) \0t j: . v^C ikx i 

so that as the intt^gral of ( 1 ) 

// X//{j %^7r . { .ijr ill 

=4Wrp^/f20■)" 

From this 7 may he at oium* dedtu’i'd. fiav#* 

7 = - 2jw"d.r = /'!' ’ *'■'* « •* » ■ 

^ ^ tjrtPp v{-A*.r) 

or, if we restore the tinie.fa<*tf^r, and <*iuit thr^ iinagiiiiiry part f.#f 
the solution, 

" *' "■ 

This correBjKUids to the foreo ef»H Mf j>er iiidt *4 I«''iigt}i of lie 
axis of z. In virtm* of tie* symnieiry we iiiay a{»fiiy fill to 
not situak*rl upon the axis ef */; if we rt^phe’e *r liy f ^1- 

That the valin* of 7 wotdd !»• inversely iis I lie wpiare r«-sif. of fh«- 
distance from the axis of * might have heei* fr^mi 

principle of iuierg)'. 

The Hidutioii might also lie investigaieii dirr'iily in ternis y 
without the aid of the rotations w. 


It now rc*!nains iti consider the ease in wliiefi tfie iippli**-tl 
still parallel to z, is distrihaletl alutig O V'^ iiisleinl i#f iilong iiM, 

The point P, at which the effect is may !«* l*:f j 

be situated in the* plane ZX at 11 great ciinlnnee H fr«4ti li ariti iti 
such a direction that iht? angle ZUP is 0. 

In virtue of the two-dimetiHioiiiil churactii’r of llie force, 
while a, 7 are indejMuidtmt of if. lienci* w\ w"' %mumh. litil. 
although them* component rntaiitais vatiish regnpis the rf*sti}|iiiii 
effect, the action of a single edement of fhrre 
at y, would be more compliarti-^d. Into lhti«, fioweriT, we m^%4 m€ I 

enter, becaum?, m before, the effect in reality ilcjn^inli only »§»» i 

the elements in the neighlamrhocal of O. Tlitw, in pluci* iif (Ii. ^ 

we may take 

ikZndy.nm 0 r"^ 


(T% 
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LINEAH OBSTACLE. 


r "being the distance between dy and JP, so that 
dyjr = dr/y = drji^{r^ — 

Writing r — JR — h, we get, as in (2), (3), (4), 

, y E.,.._.g~.t(fei?-^n-) /g\. 

and fox the displacement, perpendicular to R, 

w 

Hence, corresponding to the force cos kbt per unit of length of 
the axis of y, we have the displacement perpendicular to R at the 
point (jR, 9) 

Zi-^ sin 6 sJtt 


27x6 -p \^{2kR) 


oosk{bt — jR — -JX).. (10), 


377. As in § 375, we maj employ the results of § 376 to form 
expressions for the secondary waves dispersed from a small 
cylindrical obstacle, coincident with OZ and of density p', upon 
which primary parallel waves impinge. If the expression for the 
primary waves be (20) § 375, we have 


^11 = (/ - p) .ttcKT (1), 

TTC^ being the area of the cross section of the obstacle. Thus, if 
we denote by r, we have from (6) § 376 as the expression 

of the secondary waves. 


(p — p) ^ . nrd .V a/tt 

27rp A/(2kr) 


cos k{bt’-r -- 


7r(p' ~p) .'TTC^.r StT.. 

: COS i-K) (2). 


k being replaced by its equivalent (27r/X). In this case the 
secondary waves are symmetrical, and their intensity varies in- 
versely as the distance and as the cube of the wave-length. 

The solution expressed by (10) § 376 shews that if primary 
waves 

/3 =JBcosA(6^— a?)., ...(3) 


impinge upon the same small cylindrical obstacle, the displace- 
ment perpendicular to the secondary ray, viz, r, will be 

TT (p' — • p) . TTC®. jB. cos ff Stt 
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I.INKAH (HlHIMrLE, ]:177. 

P llir fiiigl«‘ tb* djrrrfi.jii .if ifn- j»riiiiiirv t .n 

iwi<l llii^ my irK In than !h«^ urtwiii-'** 

viiiiiHlii'M ifi ifiir fhn? in 11 r.iv Hi*" 

priritJtry vilinti inn, 

K«*iiirijiii|^^ In ilin fir^l iii %v!jii4a a iiini /i v,^iiiiiHi t ■ 

trtll, %v!ll!i* j IH ;i fniirllMfi nf J- 4 Ii*l >/ M|ily, li-f n-^ ui||i|p,„*- 
tin* inidiiial ih^ nyliii^ijral 4j!y*“rH- irnin liM 

Hiirrniuitjiii^PH ill iin ;i‘- w»'Il .'i.h m fi*-ir..i!y 1 ) 1 ' i Tii*- 

rtfiiilii liifiH t»i* ^n!i?4in4 h| fhi- t*v l4ii*lri»^il 

7 < Ill'll*!*' I 7 (mm! ' nil*' I, 
nW*/ f/r I a - . n fiy dr fs.»n!Hi4*'l 

III tip* I’tfl'flMr Hjiiirr 7 !j|r' I-mH (| 

fPy d.r^ i tPy dy^ i ■, II, 
k »'?' p li ; nrnl in tlin Hjin*-'- !m flir r-v||iirl«-|‘ 7 

i/^7 itr^ -f tpy rijp f k*'*y I' I, 
wlirf*' F pdi liiifi 1/ fhn v« |«»^'i!y *»f 

ill llif’ itiiilrriiil tli*' llir ^4 ili^- 

WfiVri* ihfMWiii mII by tlin jilifiiiirv' }4fiJi*’' 

wiirr?^ imj'iiiigp* ir{i*»i» ii i*i thiii *4 | :m:i^ nn*! !j|r 

rt»rif4ii‘4riii i« flint, !.m }>riiiinry' 

f, lJ!v 

7^*rrM%** t^r -■*' f 


tin* %-rrcii 4 *inry fhr.^^'n m|T by n M$ml} *"y !iiFi*’r in n 

iniihiiig iii 4 riiigl«“ irilh nr** bv 


7 , 


2^* . trr' , r (|i' > 


, rgrH p > r<»^ i kf 
n 1- It 1 K 


{ 'Ip 

wfiipti ifirhnirH. i2 l an II |♦iliin'l|l£lr 




378. W*‘ unm r*4!ini t«-i ih*' f*iiri«iiimriiiii.l |irnt#lriin nlrr'iMly 

I'liiriiiiiiy trnmlj'fi in 1-4 tin* iti nn iiiiiiiiiil</-*l 

fjili' fji lilt? iljijilnmllnfl *4 it jiw'ri«i*}ir #tt llir ririnili nf ■w#4rt||» 

Iifil4^, bjtiiiliMiift 1 12), 1 14), ( 1 4) I lb*' .♦«il lit 1*41 .Ml Inf nn 

141 ^|^■‘r|fy till’* Vfiiiit*j# fif ifn-* FMliiilitiii.^. ff, ^fiiili 

*iltlfriiil<rly lln* win! b* mrMnnpf»-^mthh\ w** i|-| 

iwiiiit i*tii ■«» IJ, fill t)ii« lifi^i.%. ij|»- fiilglti W ri#iii|ibi«»-ib 

iini it ifiiiy b« niurr Um givn-t mi iin|i*|M*ittI«4ii 
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Since in the notation of § 373 Z'= F = 0, we have by (5) 

(a" - ¥) dh/dx + =0 (1) 

{o? - 6=) d^jdy + 6“ V^yS + j)=y3 = 0 ^(2)’ 

{a? ~ }f) dhjdz + + p2y _ _ ^ 

Let us assume 

<t = d^^dxdz, ^^d^jdydz, y = d^^dz^- + ^ (4)_ 

and accordingly ’ 

S = d (y^-x^jdz + dwjdz ^5^ 

The substitution of these values in (1) gives 
d? , „ 

d^z «;} = 0 ; 
so that (1) and (2) are satisfied if 

a2V2^+p2p^-f.(tt2_62)^=,0 (6). 

The same substitutions in (3) give 
d?" 

^ + fx + ip? - ¥) w] + ¥V^w + fw + Z' = 0, 

or in virtue of (6) 

b^V-w + Z'=^0 (7). 

By this equation w is determined, and thence % by (6). 

In the notation of § 375, k=pjb, h^pja. Since ^ = Oat all 
points other than the origin, (7) becomes 

{V^ i-k^)w = Q --.(S), 

whence by (6) (9) 

is to be satisfied everywhere except at the origin. The solution 
of (9) is 

p— ifcr o—ihr 

x=^ —+b'— (10), 

where A and £ are constants. The corresponding values of w 

and 5 are by (6) and (5) 

(n> 

To connect A and £ with Z', we have from (7), as iu § 375, 

“““* 
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COMPLETE SOLUTION'. 


[378. 


Agaitt, by (6) § 373, 

V^S + + ar^ dZ'/dz = 0 ; 

so that, as in § 375, 

^ dZ' e-*’' 
dz 






Thus, by comparison with (11), 

Z, 


B = - 


4nrh^d‘p 


= - A, 


and 




Zr 


.(13); 

.(14). 


4i7r]c^¥p r 

From the 7alues of % and w thus fully determined oc, 7 are 
found by simple dilferentiations, as indicated in (4). We have 




dz- 


J 


/g-ifo-X 

ifcr . 

k? 

Sik 

3 

\ 

....(15), 

;U-) 

~ ^2 [ 

r r- 

+• ^ 

) 

— 0-ikr 

'z^ / F 

Zik 


ih 

1“ 

...(16). 

r* \ r 



7^ 


As the complete expressions are rather long, we •^7ill limit 
ourselves to the case of incompressibility^ (^=0). Thus, if we 
restore the time-factor and throw away the imaginary part 
of the solution, we get 

Ak xz r|'_ ^ cosjpt j 

(17), 

Z- Sz- 1 >v / , 7 , 


oc— 


r* 

Ak^ 


7=- 


(‘ 




003 pt 


.(18), 


the value of >8 differing from that of a merely by the substitution 
of 2/ for so. The value of A is given in (12), and Z^oo3pt is the 
whole force operative at the origin at time t. 

At a great distance from the origin (17), (18) reduce to 


_ Zi xz cos {pt — hr) 
4i7rb^p r- r 


y= _4-fl-£! 

' 4i7rb^p\ 

in agreement with (19) § 375. 
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COMPAEISON 'WJTR HERTZ. 42T 

W. Koaig^ has remarked upon the Hon-agreemeat of the 
complete solution (17), (18), first given in a different form hj 
Stokes , "witli the results of a somewhat similar investigation by 
Hertz ^ in which the terms involving cos pt^ sin.pt do not occur, 
and he seems disposed to regard Stokes^ results as affected by 
error. But the fact is that the problems treated are essentially 
different, that of Hertz having no relation to elastic solids. The 
source of the discrepancy is in the first terms of ( 1 ) &c., which are 
omitted by Hertz in his theory of the ether. But assuredly in a 
theory of elastic solids these terms must be retained. Even when 
the material is supposed to be incompressible, so that 8 vanishes, 
the retention is still necessary, because, as was fully explained by 
Stokes in the memoir referred to, the factor (a^-— 4 ^) is infinite at 
the same time. 

If we suppose in (17), (18) that p and k are very small, and 
trace the limiting form, we obtain the solution of the statical 
problem of the deformation of an incompressible solid by a force 
localized at a point in its interior. 

379 . In § 373 we saw that in a uniform medium plane waves 
of transverse vibration 

a=0, /3 = 0, 7=r cos(j 94— fe) (1) 

may be propagated without limit. We will now suppose that on 
the positive side of the plane ^ = 0 the medium changes, so that 
the density becomes pi instead of p, while the rigidity becomes % 
instead of n. In the transmitted wave p remains the same, but A 
is changed to fcj, where 

= npi/uip ( 2 ). 

Assuming, as will be verified presently, that no change of phase 
need be allow'ed for, we may take as the expressions for the 
transmitted and reflected waves 

= Fi cos (pt — fcio;), 7 = F cos (p^ -f te) (3), 

so that altogether the value of 7 in the first medium is 


y = r cos (pt - cos (pt + kx) .(4r), 

and in the second 

= Fi 00 s (j?t - A?!^) • 

^ Wied. Ann. vol. xxxvri. ;p. 651, 1889. 


2 CawtJ. Phil Tmns. vol. ix. p.l, 1849; Collected Works, vol. n. p. m 
^ Wied. Ann. vol. xxxvi. p. 1, 18S9. 
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The conditions to be satisfied at the interface (x = 0), upon which 
no external force acts, are 

= ry^ 9lj dyjdx = 71 djjdx ( 6 ) ; 

so that r + r' = Fi, Tik (F — F') = iiiJciTj (7). 

If, as can plainly be done, F', F^ be determined in accordance with 
(7), the conditions are all satisfied. We have 

_ V(^p) - \/{nipi ) 

T ~ nk -h \J{np) + \/(% pi) 

F, F+r 2V(np) 

F“ F ~^J{np) + ^M ^ 

by which the reflected and transmitted waves are determined. 
The particular cases in which pi = p, or nj=n, maybe specially 
noted. 

When the incidence upon the plane separating the two bodies 
is oblique, the problem becomes more complicated, and divides 
itself into two parts according as the vibrations (always perpen- 
dicular to the incident ray) are executed in the plane of incidence, 
or in the perpendicular plane. Into these matters, which have 
been much discussed from an optical point of view, we shall 
not enter. The method of investigation, due mainly to Green, 
is similar to that of § 270. A full account with the necessary 
references is given in Basset’s Treatise on Physical Optics, 
Ch. XII. 


380 . The vibrations of solid bodies bounded by free surfaces 
which are plane, cylindrical, or spherical, can be investigated 
without great difficulty, but the subject belongs rather to the 
Theory of Elasticity. For an infinite plate of constant thickness 
the functions of the coordinates required are merely circular 
and exponential \ The solution of the problem for an infinite 
cylinder 2 depends upon Bessel’s functions, and is of interest 
as giving a more complete view of the longitudinal and flexural 
vibrations of a thin rod. 

The case of the sphere is important as of a body limited in 
all directions. The symmetrical radial vibrations, purely dila- 
tational in their character, were first investigated by Poisson and 

1 Proc. Land. Math, Soc. vol. xvii. p. 4, 1885 ; vol. xx. p. 225, 1889. 

- Pochhammer, Grelle, vol. lxxxi. 1876 ; Chree, Quart, Journ. 1886. See also 
Love’s Theory of Elasticity, ch. xvii. 
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Cletscli \ The complete theory is due to Jaerisch * and especially 
to Lamh^. An exposition of it will be found in Lome's treatise 
already cited. 

The calculations of frequency are complicated by the existence 
of two elastic constants k and n §378, or q and fn § 214. From 
the principle of § 88 vve may infer, as Lamb has remarked, that 
the frequency increases with any rise either of k or of n, for 
as appears from (1) § 345 either change increases the potential 
energy of a gi-ven deformation. 

381^. In the course of this work we have had frequent 
occasion to notice the importance of the conclusions that may be 
arrived at by the method of dimensions. Now that we are 
in a position to draw illustrations from a greater variety of 
acoustical phenomena relating to the vibrations of both solids and 
fluids, it will be convenient to resume the subject, and to develope 
somewhat in detail the principles upon which the method rests. 

In the case of systems, such as bells or tuning-forks, formed of 
uniform isotropic material, and vibrating in virtue of elasticity, the 
acoustical elements are the shape, the linear dimension a, the 
constants of elasticity q and /t (§ 149), and the density p. Hence, 
by the method of dimensions, the periodic time varies cceteris 
paribus as the linear dimension, at least if the amplitude of vibra- 
tion be in the same proportion; and, if the law of isochronism 
be assumed, the last-named restriction may be dispensed with. In 
fact, since the dimensions of q and p are respectively 
and while p is a mere number, the only combination 

capable of representing a time is . p^.c. 

The argument which underlies this matlematical shorthand is 
of the following nature. Conceive two geometrically similar bodies, 
whose mechanical constitution at corresponding points is the 
same, to execute similar movements in such a manner that the 
corresponding changes occupy times ® which are proportional to the 

^ Tlieorie der Elasticitdt Fester Xorper^ Leipzig, 1862. 

2 Crelle, toI. l.xxxviii. 1879. 

^ Proc, Lond. Math. Sog. vol. xin. p. 189, 1882, 

^ This section appeared in the First Edition as § 348, 

® The conception of an alteration of scale in space has heen made fajcoiliar hy 
the universal use of maps and models, but the corresjondirig conception for time 
is often less distinct. Beference to the case of a musical composition performed at 
different speeds may assist the imagiaation of the student. 
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linear dimensions — in the ratio, say, of 1 ; n. Then, if the one 
movement he possible as a consequence of the elastic forces, the 
•other -will be also. Tor the masses to be moved are as 1 : the 

accelerations as 1 : and therefore the necessary forces are 

as Itn-; and, since the strains are the same, this is in fact the 
ratio of the elastic forces due to them when referred to corre- 
sponding areas. ’ If the elastic forces are competent to produce 
the supposed motion in the first case, they are also competent to 
produce the supposed motion in the second case. 

The dynamical similarity is disturbed by the operation of a 
force like gravity, proportional to the cubes, and not to the squares, 
of corresponding lines; but in cases where gravity is the sole 
motive power, dynamical similarity may he secured by a different 
relation between corresponding spaces and corresponding times. 
Thus if the ratio of corresponding spaces be l:n, and that of 
corresponding tifaes he 1 : the accelerations are in both cases 

the same, and may he the effects of forces in the ratio 1 : acting 
on masses which are in the same ratio. As examples coming under 
this head may be mentioned the common pendulum, sea- waves, 
whose velocity varies as the square root of the wave-length, and 
the whole theory of the comparison of ships and their models 
by which Froude predicted the behaviour of ships from experi- 
ments made on models of moderate dimensions. 

The same comparison that we have employed above for elastic 
solids applies also to aerial vibrations. The pressures in the cases 
to be compared axe the same, and therefore when acting over 
areas in the ratio 1 give forces in the same ratio. These 
forces operate on masses in the ratio 1 : ti®, and therefore produce 
accelerations in the ratio 1 : which is the ratio of the actual 

accelerations when both spaces and times are as 1 : n. Accordingly 
the periodic times of similar resonant cavities, filled with the 
same gas, are directly as the linear dimension — a very important 
law first formulated by Savart. 

Since the same method of comparison applies both to elastic 
solids and to elastic fluids, an extension may be made to systems 
into which both kinds of vibration enter. For example, the scale 
of a system compounded of a tuning-fork and of an air resonator 
may be supposed to he altered without change in the motion other 
than that involved in taking the times in the same ratio as 
the linear dimensions. 
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Hitherto the alteration of scale has been supposed to be 
uniform in all dimensions, but there are cases, not coming under 
this head, to which the principle of djnamical similarity may be 
most usefully applied. Let us consider, for example, the flexural 
vibrations of a system composed of a thin elastic lamina, plane or 
curved. Ey §§ 214, 215 we see that the thickness of the lamina 6, 
and the mechanical constants q and />, will occur only in the com- 
binations qlf and ip, and thus a comparison may be made even 
although the alteration of thickness be not in the same proportion 
as for the other dimensions. If o be the linear dimension when 
the thickness is disregarded, the times must vary cceteris paribm 
as q~^,pKcKb~\ For a given material, thickness, and shape, the 
times are therefore as the squares of the linear dimension. It must 
not be forgotten, however, that results such as these, which involve 
a law whose truth is only approximate, stand on a different level 
from the more immediate consequences of the principle of 
similarity. 


CHAPTER XXIIL 


FACTS AND THEORIES OF AUDITION. 


382 . Tee subject of the present chapter has especial relation 
to the ear as the organ of hearing, but it can be considered only 
from the physical side. The discussion of anatomical or physio- 
logical questions would accord neither with the scope of this book 
nor with the qualifications of the author. Constant reference to 
the great work of Helmholtz is indispensable h Although, as we 
shall see, some of the positions taken by the author have been 
relinquished, perhaps too hastily, by subsequent writers, the im- 
portance of the observations and reasonings contained in it, as well 
as the charm with which they are expounded, ensure its long 
remaining the starting point of all discussions relating to sound 
sensations. 

383 . The range of pitch over which the ear is capable of 
perceiving sounds is very wide. Naturally neither limit is well 
defined. From his experiments Helmholtz concluded that the 
sensation of musical tone begins at about 30 vibrations per second, 
but that a determinate musical pitch is not perceived till about 
40 vibrations are performed in a second. Preyer^ believes that he 
heard pure tones as low as 15 per second, but it seems doubtful 
whether the octave was absolutely excluded. On a recent review 
of the evidence and in the light of some fresh experiments, Tan 
Schaik^ sees no reason for departing greatly from Helmholtz's 
estimate, and fixes the limit at about 24 vibrations per second. 

1 ToTiempJindungen, 4th edition, 1877; Sensations of Tone, 2ad English edition 
translated from the 4th German edition ty A. J. EUis. Citations mU be made from 
this English edition, which is further furnished by the translator with many valuable 
notes. 

2 PJn/siologische AbhandlungeTif Jena, 1876. 

® Arch NSerl. vol. xxix. p. 87, 1895. 
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On tie npper side the discrepancies are still greater. Mach 
no doubt depends upon the intensity of the vibrations. In experi- 
ments with bird-calls (§ 371) nothing is heard above 10,000, 
although sensitive flames respond np to 50,000. But forks care- 
fully bowed, or metal bars strack with a hammer, appear to give 
rise to audible sounds of still higher frequencies. Preyer gives 
20,000 as near the limit for normal ears. 


In the case of very high sounds there is little or no appreciation 
of pitch, so that for musical purposes nothing over 4000 need be 
considered. 


The next question is how accurately can we estimate pitch hy 
the ear only ? The sounds are here supposed to be heard in 
succession, for (§ 59) when two uniformly sustained notes are 
sounded together there is no limit to the accuracy of comparison 
attainable by the method of beats. From a series of elaborate 
experiments Preyer^ concludes that at no part of the scale can *20 
vibration per second be distinguished with certainty. The sensi- 
tiveness varies with pitch. In the neighbourhood of 120, 4 
vibration per second can be just distinguished; at 500 about *3 
vibration; and at 1000 about *5 vibration per second. In some 
cases where a difference of pitch was recognised, the observer could 
not decide which of the two sounds was the graver. 


384 . In determinations of the limits of pitch, or of the 
perceptible differences of pitch, the sounds are to be chosen of 
convenient intensity. But a further question remains behind as 
to the degree of intensity at given pitch necessary for audibility. 
The earliest estimate of the amplitude of but just audible sounds 
appears to be that of Toepler and Boltzmann^. It depends upon an 
ingenious application of v. Helmholtzs theory of the open organ- 
pipe (§ 313) to data relating to the maximum condensation within 
the pipe, as obtained by the authors experimentally (§ 322 i). 
They conclude that plane waves, of pitch 181, in which the 
maximum condensation {s) is 6*5 x 10”®, are just audible. 

It is evident that a superior limit to the amplitude of waves 
giving an audible sound may be derived from a knowledge of the 
energy which must he expended in a given time in order to 

i A.n aceoant of Prejer’s work was givea by A. X. Ellis in tire Proceedings of the 
Musical Association^ 3rd session, p. 1, 1877- 

^ Po7g- vol. CX.U. p. 321, 1870- « 
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generate them and of the extent of surface over which the waves 
so generated are spread at the time of hearing. An estimate 
founded on these data will necessarily be too high, both because 
sound-waves must suffer some dissipation in their progress and 
also because a part, and in some cases a large part, of the energy 
expended never takes the form of sound-waves at all. 

In the first application of the method^ the source of sound 
was a whistle, mounted upon a- Wolfe’s bottle, in connection with 
which was a siphon manometer for the purpose of measuring the 
pressure of the wind. The apparatus was inflated from the lungs, 
and with a little practice there was no difficulty in maintaining a 
sufficiently constant blast of the requisite duration. The most 
suitable pressure was determined by preliminary trials, and was- 
measured by a column of water 9^ cm. high. 

The first point to be determined was the distance from the 
source to which the sound remained clearly audible. The experi- 
ment was tried upon a still winter’s day and it was ascertained 
that the whistle could be heard without effort (in both directions)- 
to a distance of 820 metres. 

The only remaining datum necessary for the calculation is the 
quantity of air which passes through the whistle in a given time. 
This was determined by a laboratory experiment from which it 
appeared that the consumption was 196 cub. cents, per second. 

In working out the result it is most convenient to use con- 
sistently the c. G. s. system. On this system of measurement the 
pressure employed was 9^ x 981 dynes per sq. cent., and therefore 
the work expended per second in generating the waves was 
196 x 9^ X 981 ergs 2. 

Ifow (§ 245) the mechanical value of a series of progressive 
waves is the same as the kinetic energy of the whole mass of air 
concerned, supposed to be moving with the maximum velocity (v) 
of vibration; so that, if S denote the area of the wave-front 
considered, a the velocity of sound, p the density of air, the 
mechanical value of the waves passing in a unit of time is 
expressed by S.a, p . in which the numerical value of a is 
about 34100, and that of p about ‘0013. In the present applica- 
tion 8 is the area of the surface of a hemisphere whose radius is 

^ Free. Boy. See. vol. xxvi. p. 248, 1877. 

- 2 Nearly 2 x 10« ergs. 
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82000 centimetres ; and thus, if the whole energy of the escaping 
air were converted into sound and there were no dissipation on the 
waj;, the value of y at a distance of 82000 centimetres would he 
given by the equation 

2 xl96 x9^x981 
^ 27r (82000)" x 341 00 x 001 3 ’ 


cm ■?) 

whence v = *00 14 — ^ , 5 = - = x 10“®. 

sec. a 


This result does not require a knowledge of the pitch of the 
sound. If the period be t, the relation betw^een the maximum 
excursion x and the maximum velocity x is In the 

experiment under discussion the note was with a frequency of 
about 2730. Hence 


X = 


•0014 
277 X 2730 


= 8*1 X 10~®cni., 


or the amplitude of the aerial particles was less than a ten- 
millionth of a centimetre. It was estimated that under favourable 
conditions an amplitude of 10~® cm. would still have been audible. 

It is an objection to the above method that when such large 
distances are concerned it is difficult to feel sure that the disturb- 
ing influence of atmospheric refraction is sufficiently excluded. 
Subsequently experiments were attempted with pipes of lower 
pitch which should be audible to a less distance, but these were 
not successful, and ultimately recourse was had to tuning-forks. 

" A. fork of known dimensions, vibrating with a known ampli- 
tude, may he regarded as a store of energy of which the amount 
may readily he calculated. This energy is gradually consumed by 
internal friction and by generation of sound. When a resonator 
is employed the latter element is the more important, and in some 
cases we may regard the dying down of the amplitude as sufficiently 
accounted for by the emission of sound. Adopting this view for 
the present, we may deduce the rate of emission of sonorous energy 
from the observed amplitude of the fork at the moment in question 
and from the rate at which the amplitude decreases. Thus if the 
law of decrease be for the amplitude of the fork, or for 
the energy, and if E be the total energy at time t, the rate at 
which energy is emitted at that time is —dEldt, or kE, The value 
of k is deducible from observations of the rate of decay, of the 
time during which the amplitude is halved. With thes^ arrange- 

28--2 
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ments there is no difficulty in converting energy into sound upon 
a snaall scale, and thus in reducing the distance of audibility to 
such a figure as 30 metres. Under these circumstances the obser- 
vations are much more manageable than when the operators are 
separated by half a mile, and there is no reason to fear disturbance 
from atmospheric refraction. 

The fork is mounted upon a stand to which is also firmly 
attached the observing-microscope. Suitable points of light are 
obtained from starch grains, and the line of light into which each 
point is extended by the vibration is determined with the aid of 
an eyepiece-micrometer. Each division of the micrometer-scale 
represents *001 centim. The resonator, when in use, is situated in 
the position of maximum effect, with its mouth under the free ends 
of the vibrating prongs. 

The course of an experiment was as follows : — In the first place 
the rates of dying down were observed, with and without the 
resonator, the stand being situated ^upon the ground in the middle 
of a lawn. The fork was set in vibration with a bow, and the time 
required for the double amplitude to fall to half its original value 
was determined Thus in the case of a fork of frequency 256, the 
time during which the vibration fell from 20 micrometer-divisions 
to 10 micrometer-divisions was 16® without the resonator, and 9® 
when the resonator was in position. These times of halving were, 
as far as could be observed, independent of the initial amplitude. 
To determine the minimum audible, one observer (myself) took up 
a position 30 yards (27*4 metres) from the fork, and a second 
(Mr Gordon) communicated a large vibration to the fork. At the 
moment when, the double amplitude measured 20 micrometer- 
divisions the second observer gave a signal, and immediately 
afterwards withdrew to a distance. The business of the first 
observer was to estimate for how many seconds after the signal 
the sound still remained audible. In the case referred to the 
time was 12®. When the distance was reduced to 15 yards (13'7 
metres), an initial double amplitude of 10 micrometer-divisions was 
audible for almost exactly the same time. 

These estimates of audibility are not made without some diffi- 
culty. There are usually 2 or 3 seconds during which the observer 
is in doubt whether he hears or only imagines, and dififerent 
individuals decide the question in opposite ways. There is also 
of coursep room for a real difference of hearing, but this has not 
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obtruded itself much. A given observer on a given day will often 
agree with himself surprisingly well, but the accuracy thus 
suggested is, I think, illusory. Much depends upon freedom 
from disturbing noises. The wind in the trees or the twittering 
of birds embarrasses the observer, and interferes more or less with 
the accuracy of results. 

The equality of emission of sound in various horizontal direc- 
tions was tested, but no difference could be found. The sound 
issues almost entirely from the resonator, and this may be expected 
to act as a simple source. 

"When the time of audibility is regarded as known, it is easy to 
deduce the amplitude of the vibration of the fork at the moment 
when the sound ceases to impress the observer. From this the 
rate of emission of sonorous energy and the amplitude of the aerial 
vibration as it reaches the observer are to be calculated. 

The first step in the calculation is the expression of the total 
energy of the fork as a function of the amplitude of vibration 
measured at the extremity of one of the prongs. This problem is 
considered in § 164. If I he the length, p the density, and oo the 
sectional area of a rod damped at one end and free at the other, 
the kinetic energy T is connected with the displacement t] at the 
free end by the equation (10) 

T = ^pl(o{drijdty. 

At the moment of passage through the position of equilibrium 
97*= 0 and drjidt has its maximum value, the whole energy being 
then kinetic. The maximum value of dqjdt is connected with the 
maximum value of rj by the equation 

(^v/di)max= 29r/T,(97)^x.; 

so that if we now denote the double amplitude by 2r^, the whole 
energy of the vibrating bar is 

or for the two bars composing the fork 

(A) 

where peal is the mass of each prong. 

The application of (A) to the 256- fork, vibrating with a double 
amplitude of 20 micrometer-divisions, is as follows. "We have 

I = 14*0 cm., ct> = '6x1*1 = '66 sq. cm,, 

1/t = 256, p = 7'8, '050 cm.; 

J^=4'06xl0® ergs. 


and thus 
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This is the whole energy of the fork when the actual doable 
amplitude at the ends of the prongs is ‘050 centim. 

As has already been shewn, the energy lost per second is if 
the amplitude vary as For the present purpose fc must he 

regarded as made up of two parts, one representing the dissipa- 
tion which occurs in the absence of the resonator, the other due 
to the resonator. It is the latter part only -which is effective 
towards the production of sound. For when the resonator is out 
of use the fork is practically silent ; and, indeed, even if it were 
worth while to make a correction on account of the residual sound, 
its phase would only accidentally agree with that of the sound 
issuing from the resonator. 

The values of \ and A are conveniently derived from the times, 
and t, during which the amplitude falls to one half. Thus 

i == 2 loge 2 . It, loge 2 . ; 

so that 

= 2 log, 2 . (1/t ~ 1 It;) = 1*386 (1// - 1 It,), 

And the energy converted into sound per second is kzU. 

We may now apply these formulae to the case, already quoted, 
of the 256-fark, for which 9, ^i= 16. Thus the time which 
would be occupied in halving the amplitude were the dissipation 
due entirely to the resonator, is 20*6 ; and Jc^ = •067’4. Accordingly, 

ergs per second, 

corresponding to a double amplitude represented by 20 inicrometer- 
di-visions. In the experiment quoted the duration of audibility 
was 12 seconds, during which the amplitude would fall in the ratio 
2^2/® : 1, and the energy in the ratio 4^^^® : 1. Hence at the moment 
when the sound was just becoming inaudible the energy emitted 
as sound was 42T ergs per second h 


1 It is of interest to compare with the energy-emission of a source of light. An. 
incandescent electric lamp of 200 candles ahsorhs about a horse-power, or say 10^® 
ergs per second. Of the total radiation only about ^ots effectively upon 

the eye ; so that radiation of suitable quality consuming 5 x 10* ergs per second 
corresponds to a candle-power. This is about 10^ times that emitted as sound by 
the fork in the experiment described above. At a distance of 10^ x 30, or 3000 
metres, the stream of energy from the ideal candle would be about equal to the 
stream of energy just audible to the ear. It appears that the streams of energy 
required to iaflnenee the eye and the ear are of the same order of magnitude, a 
conclusion aJi'eady drawn by Toeplex and Boltzmann. 
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Hhe question now remains, What is the corresponding ampli- 
tude or condensation in the progressive aerial ^vaves at 27*4 metres 
from the source? If we suppose, as in my former calculations, 
that the ground reflects well, we are to treat the waves as hemi- 
spherical. On the whole this seems to be the best supposition to 
make, although the reflexion is doubtless imperfect. The area S 
covered at the distance of the observer is thus 27 rx 2740 ^ sq. 
centim., and since (§ 245) 

S . = S . = 42*1, 

42i 


we hnd 


and 


5^ = 


TT x 2740'^ X -00125 x :3410O« ’ 
5 = 60x10'^ 


The condensation s is here reckoned in atmospheres; and the 
result shews that the ear is able to recognise the addition and 
subtraction of densities far less than those to be found in our 
highest vacua. 

The amplitude of aerial vibration is giveu by where 

1/t = 256, and is thus equal to 1-27 xlO”^ cm. 

It is to he observed that the numbers thus obtained are still 
somewhat of the nature of superior limits, for they depend upon 
the assumption that all the dissipation, due to the resonator repre- 
sents production of sound. This may not he strictly the case even 
with the moderate amplitudes herein question, but the uncertaintj 
■under this head is far less than in the case of resonators or organ- 
pipes caused to speak by wind. Trom the nature of the calculation 
by which the amplitude or condensation in the aerial waves is 
deduced, a considerable loss of energy does not largely influence 
the final numbers. 

Similar experiments have been tried at various times with forks 
of pitch 384 and 512. The results were not quite so accordant as 
was at first hoped might be the case, but they snflSce to fix with 
some approximation the <?ondensatioii necessary for audibility. The 
mean results are as follows : — 

c', frequency = 256, ^ = 6"0 x 10"®, 

„ =384, 5=4-6x10“^, 

c", „ =512, 5=4*6x10"®, 

no reliable distinction appearing between the two last numbei& 
Even the distinction between 6’0 and 4‘6 should be accepted with 

ft. 
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reserve ; so that the comparison must not he taken to pro^e much 
more than that the condensation necessary for audibility varies but 
slowly in the singly dashed octave^/' 

Results of the same order of magnitude have been obtained 
also hy Wien^ who used an entirely different method. 

385 . For most purposes of experiment and for many of 
ordinary life it makes but little difference whether we employ 
one ear only, or both ; and yet there can be no doubt that we can 
derive most important information from the simultaneous use of 
the two ears. How this is effected still remains very obscure. 

Although the utmost precautions be taken to ensure separate 
action, it is certain that a sound led into one ear is capable of 
giving heats with a second sound of slightly different pitch led 
into the other ear. There is, of course, no approximation to such 
silence as would occur at the moment of antagonism were the two 
sounds conveyed to the same ear ; but the beats are perfectly 
distinct, and remain so as the sounds die away so as to become 
single all but inaudible^ It is found, however, that combination 
tones (§ 391) are not produced under these conditions'^. Some 
curious observations with the telephone are thus described by 
Prof. S. P. Thompson®. ^‘Almost all persons who have experi- 
mented with the Bell telephone, when nsing a pair of instruments 
to receive the sound, one applied to each ear, have at some time 
or other noticed the apparent localization of the sounds of the 
telephone at the hack of the head. Few, however, seemed to be 
aware that this was the result of either reversed order in the 
connection of the terminals of the instruments with the circuit, or 
reversed order in the polarity of the magnet of one of the receiving 
instruments. When the two vibrating discs execute similar vi- 
brations, both advancing or both receding at once, the sound is 
heard as nsual in, the ears ; but if the action of one instrument be 
reversed, so that when one disc advances the other recedes, and 
the vibrations have opposite phases, the sound apparently changes 
its place from the interior of the ear, and is heard as if proceeding 
from the back of the head, or, as I would rather say, from the top 

^ Phil. Mag. vol. xxxtiii. p. 366, 1894. 

2 Wied. Ann. vol. xxxvi. •p. 834, 1889. 

3 S. P. Thompson, Phil. Mag. vol. iv. p. 274, 1877. 

* See also Dove, Pogg. Ann. vol. cvn. p. 652, 1859. 

® Phil. Mag. vol. vi. p. 385, 1878. 
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of the ceretelliim/’ arranged a Hughes’s microphoiie ^vith two 

cells of a Pullers battery and two Bell telephones, one of them 
having a commutator under my control. Placing the telephones 
to mj ears, I requested my assistant to tap on the wooden support 
of the microphone. The result was deafening. I felt as if simul- 
taneous blows had been given to the t 3 nnpana of my ears. But 
on reversing the current through one telephone, I experienced a 
sensation only to he described as of some one tapping with a hammer 
on the hack of the ^kull from the inside!' 

In our estimation of the direction in which a sound comes to 
us we are largely dependent upon the evidence afforded by bin- 
aural audition. This is one of those familiar and instinctive 
operations which often present peculiar diflSculties to scientific 
analysis. A. blindfold observer in the open air is usually able to 
indicate within a few degrees the direction of a sound, even though 
it he of short duration, such as a single vowel or a clap of the 
hands. The decision is made with confidence and does not require 
a movement of the head. 

To obtain further evidence expeiiments were made with the 
approximately pure tones emitted from forks in association with 
resonators ; but in order to meet the objection that the frst sound 
of the fork, especially when struck, might give a clue, and so 
vitiate the experiment, two similar forks and resonators, of pitch 
256> were provided. These were held by two assistants, between 
whom the observer stood midway. In each trial both forks were 
struck, and afterwards one only was held to its resonator. The 
results were perfectly clear. When the forks were to the right 
and to the left, the observer could distinguish them instinctively 
and without fail. But when he turned through a right angle, 
so as to bring the forks to positions in jfront and behind him, no 
discrimination was possible, and an. attempt to pronounce 
felt to be only guessing. 

That it should be impossible to distinguish whether a pure 
tone comes from in front or from behind is intelligible enough. 
On account of the symmetry the two ears would be affected alike 
in both cases, and any difference of intensity due to the position 
could not avail in the absence of information as to the original 
uitensity. The difficulty is rather to understand how the discrimi- 
nation between front and rear is effected in other cases, e.g. of the 
voice, where it is found to he easy. It can only be^ conjectured 
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that the quality of a couipotind sound is liable to modification by 
the external ear, which is differently presented in the two cases. 

The ready discrimination between right and left, even when 
pure tones are concerned, is naturally attributed to the different 
intensities with which the sound would be perceived by the two 
ears. But this explanation is not so complete as might he sup- 
posed. It is true that very high sounds, such as a hiss, are ill 
heard with the averted ear ; but when the pitch is moderate, e.g. 
256 per second, the difference of intensity on the two sides does 
not seem very great. The experiment may easily be tried roughly 
by stopping one ear with the finger and turning round backwards 
and forwards while listening to a sound held steadily. Calcula- 
tion (§ 328) shews, moreover, that the human head, considered as 
an obstacle to the waves of sound, is scarcely big enough in relation 
to the wave length to throw a distinct shadow. As an illus- 
tration I have calculated the intensity of sound due to a distant 
source at various points on the surface of a fixed spherical obstacle. 
The result depends upon the ratio {kc) between the circumference 
of the sphere and the length of the wave. If we call the point 
upon the spherical surface nearest to the source the anterior pole, 
and the opposite point (where the shadow might be expected to be 
most intense) the posterior pole, the results on three suppositions 
as to the relative magnitudes of the sphere and wave length are 
as follows : — 



kc=2 

/cc = l 

kc-i 

Anterior pole 

•69 

*50 

•29 

Posterior pole 

•32 

*28 

•26 

Equator 

•36 

•24 

•23 


When for example the circumference of the sphere is but half 
the wave length, the intensity at the posterior pole is only about 
a tenth part less than at the anterior pole, while the intensity is 
least of all in a lateral direction. When he is less than the 
difference of the intensities at the two poles is still less important, 
amounting to about 1 per cent, when fe = 

The case of the head and a pitch c' would correspond to he = *4 
about, so that the differences of intensity indicated by theory are 
decidedly small. The explanation of the power of discrimination 
actually observed would be easier, if it were possible to suppose 


EXOEPTIO^^S TO OHK’S LAW. 


443 


386 .] 

accoiint taten of the different phases of the vibrations by which 
the two ears are attacked^. 

386. Passing on to another branch of onr subject, we have 
now to consider more closely the impression produced upon the 
ear by an arbitrary sequence of aerial pressures fluctuating about 
a certain mean value. According to the literal statement of 
Ohm’s law (§ 27) the ear is capable of hearing as separate tones 
all the simple vibrations into which the sequence of pressures may 
be analysed by Fourier’s theorem, provided that the pitch of these 
components lies between certain limits. Components whose pitch 
lies outside the limits would be ignored. Moreover, within the 
limits of audibility the relative phases of the various components 
would be a matter of indifference. 

To the law stated in this extreme form there must obviously 
be exceptions. It is impossible to suppose that the ear would 
hear as separate tones simple components of extremely nearly the 
same frequency. Such components, it is well known, give rise to 
beats, and their relative phase is a material element in the question. 
Again, it will be evident that the corresponding tone will not be 
heard unless a vibration reaches a certain intensity. A finite 
intensity would be demanded, even if the vibration stood by itself; 
and we should expect that the intensity necessary for audibility 
would be greater in the presence of other vibrations, especially 
perhaps when these correspond to harmonic undertones. It will 
be advisable to consider these necessary exceptions to the univer- 
sality of Ohm’s law a little more in detail 

The course of events, when the interval between two simple 
vibrations is gradually increased, has been specially studied by 
Bosanquet^. As in §§ 30, 65a, if the components be 
cos we have for the resultant, 

u = cos 27rnit 4- cos 27xn^t 
= 2 cos 7ij)t . cos irirk + n^t (1) ; 

shewing that the resultant of two simple vihrations of equal 
amplitudes and of frequencies % can be represented mathe- 
matically by a single vibration whose frequency is the mean, viz. 

^ Nocture, vol. xiv. p. 82, 1876. Phil. Wag. voL in. p. 456, 1877 ; vol. vn. p. M9^ 
1879. 

2 JPhiL Mag, vol. xi. p. 420, 1881, ^ 
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^ {'Til -h 712 ), and whose amplitude varies according' to the cosine law, 
involving a change of sign (§ 65a), with a frequency ^ — rii). This 

single vibration is not simple. The question now arises under 
which of the two forms in (1) will the ear perceive the sound. 
According to the strict reading of Ohm’s law the two tones % and 
722 would be perceived separately. We know that when and 
are nearly enough equal this does not and could not happen. 

The second form then represents the phenomenon; and it indicates 
beats,- the tone ^ (rii -f- tIs) having an intensity which varies between 
0 and 4 with a frequency — 221 ) equal to the difference of fre- 
quencies of the original tones. Mr Bosanquet found that ''(a) the 
critical interval at which two notes begin to he heard beside their 
beats, or resultant displacements, is about two commas, throughout 
that medium portion of the scale which is used in practical music ; 

(^) this critical interval appears to be not exactly the same for all 
ears.” But in both the cases examined the beats alone were heard 
with an interval of one comma, and the two notes were quite clear 
beside the beats with an interval of three commas. ‘^As the 
interval increases, the separate notes become more and more pro- 
minent, and the beats diminish in loudness and distinctness, till, 
by the time that a certain interval is reached, which is about a 
minor third in the middle of the scale, the beats practically dis- 
appear and the two notes alone survive.” 

On the second question as to the strength in which a com- 
ponent simple vibration, of sufficiently distinct pitch, must be 
present in order to assert itself as a separate tone there is but 
little evidence, and that not very accordant. According to the 
experiments of Brandt and Helmholtz (§ 130) Young’s law as to 
the absence in certain cases of particular components from the 
sound of a plucked string is verified. Observations of this kind 
are easily made with resonators ; but for the present purpose the 
use of resonators is inadmissible, the question relating to the 
behaviour of the unassisted ear. 

On the other hand A. M. Mayer^ found that sounds of consider- 
able intensity when heard by themselves were liable to be completely 
obliterated by graver sounds of sufficient force. In some experi- 
ments the graver note was from an open organ-pipe which sounded 
steadily, while the higher was that of a fork, excited vigorously 
and then allowed to die down. The action of the fork could be ^ 


1 Phil Mag , vol. ii. p. 500, 1876. 


mayeb's obsebyatioys. 


445 


386.] 


made intermittent by' moving the hand to and fro over the mouth 
of its resonance box. The results are thus described “At first 
every time that the mouth of the box is open the sound of the 
fork is distinctly heard and changes the quality of the note of the 
open pipe. But as the vibrations of the fork run down in ampli- 
tude the sensations of its effect become less and less tiil they soon 
entirely vanish, and not the slightest change can he observed in 
the quality or intensity of the note of the organ-pipe, whether the 
resonance box of the fork be open or closed. Indeed at this- stage 
of the experiment the vibrations of. the fork may be suddenly and 
totally stopped -without the ear being able to detect the fact. But 
if instead of stopping the fork when it becomes inaudible we stop 
the sound of the organ-pipe, it is impossible not to feel surprised 
at the strong sound of the fork which the open pipe had smothered 
and had rendered powerless to affect the ear.” 


But ‘^no sound, even when very intense, can diminish or 
obliterate the sensation of a concurrent sound which is lower in 
pitch. This was proved hy experiments similar to the last, but 
differing in having the more intense sound higher (instead of 
lower) in pitch. In this case, when the ear decides that -the 
sound of the (lower and feebler) tuning-fork is j ust extinguished, 
it is generally discovered on stopping the higher sound that the 
jfoTk, which should produce the lower sound, hds cecised to 
This surprising experiment must be made in order to be appre- 
ciated. I will only remark that very many similar experiments, 
ranging through four octaves, have been m^e, with consonant 
and dissonant intervals, and that scores of different hearers have 
confirmed this' discovery.’' 

These results, which are not diflScult to verify ^ involve a 
serious deduction &om the universality of Ohm s law, and must 
have an important bearing upon other unsettled questions relating 
to audition. It is to be observed that in Mayers experiments 
the (question is not merely -whether a particalar tone ^ 
heard as such. The higher sound of feebler intensity is not heaid 

at all 


The audibility of a sound, even when isolated, is i^aeiMsedby 
the state of the ear as regards fatigue. The effect is esipe<^y 

1 Instead of a box screwed to the fork, I found it better to ^ 
resonator, to the mouth of which the fork is made to approsA aad reee* « a 
definite manner. % 
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apparent with the very high notes of bird-calls (§ 371). 
bird-call was mounted in connection with a loaded gas-bag and a 
water-manometer, by which means the pressure could be kept 
constant for a considerable time. When the ear is placed at a 
moderate distance from the instrument, a disagreeable sound is 
heard at first, but after a short interval, usually not more than 
three or four seconds, fades away and disappears altogether. A 
very short intermission suffices for at any rate a partial recovery 
of the power of hearing. A pretty rapid passage of the hand, 
screening the ear for a fraction of a second, allows the sound to be 
heard agam\” 

But although Ohm’s law is subject to important liniitatioiis, it 
can hardly be disputed that the ear is capable of making a rough 
analysis of a compound vibration into its simple parts. The 
nature of the difficulty commonly met with has already been 
referred to (§§ 25, 26), but a few further remarks may here be 
made. 

In resolving compound notes a certain control over the 
attention is the principal requisite, and Helmholtz found that 
the advantage does not always lie with musically trained ears. 
Before a particular tone is listened for, it ought to be sounded 
so as to become fixed in the memory, but not too loudly, lest 
the sensitiveness of the ear be unduly impaired. As a rule the 
uneven component tones, twelfth, higher third, &c., are more easily 
recognised than the octaves. 

On the pianoforte, for example, let g be first gently given, and 
as soon as the key is released, let c be sounded strongly. The 
tone ff' on which the attention should be kept rivetted throughout, 
may now be heard as part of the compound note c. A similar 
experiment may be made with the higher third e'\ and an acute 
ear may detect a slight fall in pitch. This is a consequence of the 
equal temperament tuning (§ 19), and shews clearly that the 
apparent prolongation of the tone is not due to imagination. In 
modem pianos the seventh and ninth component tones are often 
weak or altogether absent, but on the harmonium these tones may 
usually be heard. 

It is still better when the tone to be listened for is first 
obtained as a harmonic from the string c itself. In the case of 

^ 1 Phil. Mag. vol. xin. p. 344, 1882. 
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the twelfth, fox example, strike the key gently while the string is 
lightly touched at one-third of its length, and then after removal 
of the finger more strongly. The proper point may he con- 
veniently found by sliding the finger slowly along the string, 
while the 'key is continually struck. When a point of aliquot 
division is reached, the corresponding harmonic rings out clearly ; 
otherwise the sound is feeble and muffled. In this way Helmholtz 
succeeded in hearing the overtones of thin strings as far as the 
sixteenth. From this point they lie too close together to be 
easily distinguished. 

A further slight modification of this method is especially 
recommended by Helmholtz. Instead of usiug the finger, the 
nodal point is touched with a small camefs hair brush. This 
allows the degree of damping to he varied at pleasure, and a 
gradual transition to be made from the pure harmonic, free from 
all admixture of components which have not a node at the point 
touched, to the natural note of the string. 

'But it is with the assistance of resonators that overtones are 
most easily heard in the first instance. For this purpose a 
resonator is chosen, tuned, say, to g', and the ear is placed in 
communication with its cavity. When c is sounded, either on the 
piano or harmonium, or with the human voice, the tone g' may 
usually he heard very loud and distinct. Indeed on many 
pianofortes a tone g' may be heard as loudly &om its harmonic 
undertones g or c as from the string g' itself. When an overtone 
has once been heard, the assistance of the resonator shop.ld he 
gradually withdrawn, which may he done either by removing it 
from the ear, or putting it out of tune by an obstacle (such as the 
finger) held near its mouth. 

387. If it be admitted that the ear is capable of analysing 
a musical note into components, or partials, it follows almost of 
necessity that these more elementary sensations correspond to 
simple vibrations. So long as we keep within the range of the 
principle of superposition, this is the Hnd of analysis effected by 
mechanical appliances, such as resonators, and all the more patent 
facts go to prove that the ear resolves according to the same laws. 
Moreover, the A joriori probabilities of the case seem to tend in 
the same direction. It is difficult to suppose that physiological 
ejgfects— electrical, chemical, or of some unknown character, --are- 
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produced directly by the impa,ct of sonoroas waves iavolving* 
merely a variable fluid pressure. Helmholtz’s theory of audition 
is based upon the more natural supposition that the immediate 
effect of the waves is to set into ordinary mechanical vibration 
certain internal vibrators ^ and that nervous excitation follows as a 
secondary consequence. 

The modus operandi is conceived to be as follows. When a 
simple tone finds access to the ear, all the parts capable of motion 
vibrate in S3nachronism with the source. If there be any part, 
approximately isolated, whose natural period nearly agrees with 
that of the sound, then the vibration of that part is far more 
intense than it would otherwise he. Practically this part of the 
system may be said to respond only to tones whose pitch lies 
within somewhat narrow limits. Now it is supposed that the 
auditory nerves are in communication with vibrating parts of the 
kind described, whose natural pitch ranges at small intervals 
between the limits of hearing in such a manner that when any 
part vibrates the corresponding nerve is excited and conveys the 
impression to the brain. In the case of a simple tone, one (or at 
most a relatively small number) of the whole series of nerves is 
excited, the excitation of the nerve being the proximate cause of 
the hearing of the tone. 

At this point the question presents itself whether more than 
one simple vibration, may not have the power of exciting the same 
nerve ? A priori, this might well he the case; for the vibrating 
parts might be susceptible of more than one mode of vibration, 
and therefore of more than one natural period. If we were to 
suppose that the natural periods of any vibrating part formed a 
harmonic scale, so that the same auditory nerve was excited by a 
tone and its octave, the supposition would certainly give a very 
ready explanation of the remarkable resemblance of octaves, and 
would tend to mitigate some of the difficulties which at present 
stand in the way of accepting Helmholtz’s theory as a complete 
account of the facts of audition I As we shall see presently, 

^ The drum-skin and its attachments ar€ here regarded as external to the trae 
auditory mechanism. However important may he the part they play, it is analogous 
rather to that of a hearing tube or of the disc of a mechanical telephone. 

2 A curious question suggests itself as to what would happen in case the vibra- 
tions capable of exciting the same nerve deviated sensibly or considerably from the 
Larmonic scale. In this way ears naturally coufused in their appreciation of 
musical relations may easily be imagined. 
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Helmholtz would admit, ot rather assert, that when the sovinds are 
strong two originally simple vibrations, such as c and c\ would 
excite to some extent the same nerve, but he regards this as 
depending upon a failure in the law of superposition, due to 
excessive vibration. 

• 388. It is evident that Helmholtz's theory gives a very 
natural account of Ohm's law, as well as of the limitation to which 
it is subject when two simple vibrations are in operation of nearly 
the same pitch. Some of the internal vibrators are then within 
the influence of both disturbing causes, and are accordingly 
excited in an intermittent manner, giving rise to beats, when the 
period is long, and to a sensation of roughness as the beats 
become too quick to be easily perceived separately. But when 
the interval between the two vibrations is increased, a point is 
soon reached after which no internal vibrator is sensibly affected 
by both disturbing causes, so that from this point onwards the 
resulting sensation is free from beats or roughnesses, or at least 
should be so according to the strict interpretation of the law. To 
this point we shall return later. 

The magnitude of the interval, over which a single internal 
vibrator will respond sensibly, is an element of considerable 
importance in the theory. It has already been shewn (§ 49) that 
there is a relation between this interval and the number of free 
vibrations which can be executed by the vibrating body. Thus, if 
the interval between the natural and the forced vibration required 
to reduce the resonance to of the maximum be a semitone, 
this implies that after 9*5 free vibrations the intensity would be 
reduced to of its original value, and so on for other intervals. 
From a consideration ‘of the effect of trills in music, Helmholtz 
concludes that the case of the ear corresponds somewhat to that 
above specified, and he gives the accompanying table shewing the 


Difference 
of piteli 1 

Intensity of 
resonance 

Difference 
of pitch 

Intensity of 
lesonance 

0-0 

100 

0*6 

7*2 

0-1 

74 

0*7 1 

5*4 

0*^ 

41 

0*8 

4-2 

0*3 

24 

0*9 

3*3 

0*4 

15 

Whole tone 

2*7 

Semitone 

10 


• 


B. IL 29 



450 A. M. Mayer’s experiments. [388. 

relation obtaining in this case between the diflference of free and 
forced pitch and the intensitj^ of resonance, measured by* the 
square of the amplitude of vibration. 

Although according to Helmholtz’s theory the sensation of 
dissonance is caused by intermittent excitation of those vibrating 
parts which are within the range of two or more elements of the 
sound, it is not to be inferred' that the number of beats is a 
sufficient measure of the dissonance. On the contrary it is found 
that if the number of heats be retained constant (e.g. 33 per 
second), the effect is more and more free from roughness as the 
sounds are made deeper, the intervcvls being correspondingly 
increased. 

The experiments of A. M. Mayer^ extend over a considerable 
range of pitch, and have been made by two methods. In the first 
method a sound, which would otherwise be a pure tone, is 
rendered intermittent, and the rate of intermittence is gradually 
raised to the point at which the effect upon the ear again becomes 
smooth. The results are shewn in the accompanying table, in 
which the first column gives the pitch of the sound and the 
second the minimum number of intermittences per second 
required to eliminate the roughness. 


1 

Pitch 

(») 

Ereq[tiency of 
Intermittence 

H 

64 

23 1 

128 

36 

256 

62 

320 

73 

384 

88 

512 

108 

640 

126 

768 1 

143 

1023 

170 


The theory of intermittent vibrations has already been given 
§ 65 a. It is to he remembered that by the nature of the case an 
intermittent vibration cannot be simple. To a first approximation 
it may he supposed to be equivalent to tfiree simple vibrations of 
frequencies, n — ni-m, and the roughness experienced by 


^ Phil Mag. vol. xiix. p. 352, 1875; voL xxxvii. p. 250, 1894, 
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the eai may be looked upon as clae to the beats of these three 
tones. 

Mayer has experimented also upon the smallest consonant 
intervals among simple tones,” i.e. npon the intervals at which the 
roughness due to beats just disappears, the plural being used 
since it is found that the necessary interval varies at different 
parts of the scale. 


Pitch 

(«i) 

1 Additional 

i vibrations 

required 

Smallest 
con«onant 
intervals in 
semitoaes 

48 

! 

none 

64 


none 

06 

1 41 

G-15 

128 

! 38 

4-50 

192 

1 48 

3-86 

256 

58 

3-53 

316 

68 

3-34 

432 I 

85 

3 12 

575 1 

107 

2 '95 

766 i 

130 

2-70 

1707 1 

‘ 210 

2'O0 

2304 

245 

1-76 

2560 

256 

1*64 

2806 

266 

1-54 


Different observers agreed very closely as to the point at 
which roughness disappeared. 

According to the theory of intermittent sounds it is to be 
expected that for a given pitch m in the £rst set of experiments 
should be nearly the same as (n^ - rii) in the second, and this is 
pretty vrell verified by Mayer’s numbers, at least over the middle 
region of the scale. 

389 . From the degree of damping above determined it 
follows that the natural pitch of the internal vibrators, which 
respond sensibly to a given simple sound, ranges over about a 
whole tone, and it may excite surprise that we are able to 
compare with such accuracy the pitch of musical sounds beard in 
succession. The explanation probably depends a good deal upon 
the sjmometry of the effects on the two sides of the maximuccu A 
comparison with the capabilities of the eye in a similar case may 

29—2 
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be instructive. In setting the cross wires of a telescope npon the 
centre of a symmetrical luminous band, e.g. an interference band, 
it is found that the error need not exceed vidth. A 

similarly accurate judgment as to the centre of the region excited 
by a given musical note would lead to an estimation of pitch 
accurate to about agreeing well enough with the facts to be 
explained. 

In the light of the same principle we may consider how far 
the perception of pitch would he prejudiced by a limitation of the 
numher of vihrations executed during the continuance of a sound. 
According to the estimate of Helmholtz already employed (§ 388) 
the internal vihrations, excited and then left to themselves, would 
remain sensible over about 10 periods. The number of impulses 
required to produce nearly the full effect is of this order of 
magnitude. If the number were increased beyond 20 or 30, 
there would be little further concentration of effect in the 
neighbourhood of the maximum, and therefore little foundation 
for greater accuracy in the estimation of pitch. 

Experiments upon this subject have been made by Seebeckb 
Pfaundler^ S. Exner^, Auerbach^ and W. Kohlrausch^, those of 
the last being the most extensive. An arc of a circle carrying a 
limited number of teeth was attached to a pendulum, which could 
be let go under known conditions. In their passage the teeth 
struck against a card suitably held ; and the sound thus generated 
was compared with that of a monochord. By varying the length 
in the usual manner the chord was tuned until the pitch was just 
perceptibly higher, or just perceptibly lower, than that proceeding 
from the card, and the interval between the two, called the 
characteristic interval, determined the precision with which the 
pitch could be estimated in the case of a given total number of 
vibrations. The best results were obtained only after considerable 
practice and in the entire absence of extraneous sounds. 

Sixteen teeth appeared to define the pitch with all the 
precision attainable, the characteristic interval (on the mean of a 
number of experiments) being in this case *9922. Even with 9 

^ Jmb. vol. liiii. p. 417, 1841. 

2 Wien. JBer. vol. lxxvi. p. 561, 1877. 

* PJluger’s Archiv, vol, xiii. p. 228, 1876. 

^ Wicd. Ann. vol. vr. p. 6^1, 1879. 

® Wim. Ann. vol. x. p. 1, 1880. 
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teeth the characteristic interval was *9903, stewing that this 
small nuinter of vihrations was capable of defining the pitch to 
within one part in 200. But the most surprising results were 
those obtained with a •ver 3 ' low number of teeth. For 3 teeth 
the characteristic interval was ' 91 ^ 0 , and for 2 teeth *9714. 

The fact that pitch can be defined with considerable accuracy* 
hy so small a sequence of vibrations has sometimes been regarded 
as an objection to Helmholtz’s theory of audition. I do not think 
that there is any ground for this opinion. So far as there is a 
difficulty, it is one that would tell equally against any other 
theory that could be proposed. 

It would seem that the delimitation of pitch in Kohlrausch’s 
experiments may have been greatly favoured by the approximate 
discontinuity of the impulses. For it is to be remembered that 
the internal vibrators concerned are not those only whose period 
ranges round the interval between the taps, but also those whose 
periods are approximately submultiples of this quantity. As 
regards the vibrators in the octave, the number of impulses is 
practically doubled, for the twelfth trebled, and so on, just as in. 
optics the resolving power of a grating with a limited number of 
lines is increased in the spectra of the second and higher orders. 

Vihrations limited to a moderate number of periods are some- 
times generated hy reflection of short sounds from railings or 
steps. At Terling there is a flight of about 20 steps which returns 
an echo of a clap of the hands as a note resembling the chirp of a 
sparrow. In all such cases the action is exactly analogous to that 
of a grating in optics. 

390. When two sounds nearly in unison are compound, we 
have to consider not only the beats of their first partials, or 
primes, but also the beats of the overtones. The beats of the 
octave components are twice, and those of the twelfth three times, 
as quick as the simultaneous beats of the primes. In some cases, 
especially where the pitch is very low, mistakes may easily he 
made by overlooking the prime beats, which affect the ear but 
feebly. If the octave beats be reckoned as though they were the 
beats of the primes, the difference of pitch will be taken to be the 
double of its true value. 

But it is in the case of disturbed consonances other than the 
unison that the importance of upper partials, or overtones, makes 
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itself specially felt. For example, take the Fifth c — g. The third 
partial of c and the second partial of g coincide at g\ If the 
interval be true, there are no heats ; hut if it be slightly disturbed 
from the true ratio 3 : 2, the two previously coincident tones 
separate from one another and give rise to heats. The frequency 
of the heats follows at once from the manner of their genesis. 
Thus if the lower note he disturbed from its original frequency by 
one vibration per second, its third partial is changed by 3 
vibrations per second, and 3 per second is accordingly the 
frequency of the beats. But if the upper note uudergoes a 
disturbance of one vibration per second, while the lower remains 
unaltered, the frequency of the beats is 2. This rule is evidently 
general. If the consonance be such that the /ith partial of the 
lower note coincides with the Ath partial of the upper note, then 
when the lower note is altered hy one vibration per second, the 
frequency of the beats is A, and when the upper note is altered by 
the same quantity, the frequency of the beats is k 

We have stated that the beats heard are the heats of those 
partial tones of both compounds which nearly coincide. Now^ it 
is not always very easy on hearing a Fifth or an Octave which is 
slightly out of tune, to recognise clearly with the unassisted ear 
which part of the whole sound is beating. On listening we are 
apt to feel that the whole sound is alternately reinforced and 
weakened. Yet an ear accustomed to distinguish upper partial 
tones, after directing its attention upon the common upper partials 
concerned, will easily hear the strong beats of these particular 
tones, and recognise the continued and undisturbed sound of the 
primes. Strike the note (c), attend to its upper partial (/), and 
then strike a tempered Fifth {g ) ; the beats of {g') will be clearly 
heard. To an unpractised ear the resonators already described 
will he of great assistance. Apply the resonator for (/), and the 
above beats will be heard with great distinctness. If, on the 
other hand, a resonator, tuned to one of the primes (c) or {g\ be 
employed, the beats are heard much less distinctly, because the 
continuous part of the tone is then reiaforced\'’ 

Experiments of this kind are conveniently made on the 
harmonium. Small changes of pitch may he obtained by only 
partially (instead of fully) depressing the key, the eflfect of which 
is to flatten the note. The beats of the common overtone are 


1 Sensations of Tone, 2nd ed. p. ISU 
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easily heard when a (tempered) Fifth is sounded; those of the 
equal temperament Third are somewhat rapid 

The harmonium is also a suitable instrument for expeiimentvS 
illustrative of just intonation. A reed may be flattened by 
loading* the free end of the tongue with a fragment of wax, and 
sharpened hj a slight filing at the same place. It is easy, 
especially with the aid of resonators, to tune truly the chords 
o' — ^ — c (/ — whose consonance will then contrast favoiu- 
ably Avith the unaltered tempered chord g' — U — It is not 
consistent with the plan of this work to enter at length into 
questions of temperament and just intonation. Full particulars 
will be found in the English edition of Helmholtz (with Ellises 
notes) and in Mr BoKsanqueFs treatise. 

According to Helmholtz s theory it is mainly the beats of the 
upper partials which determine the ordinary consonant interrals, 
any departure from which is made evident by the beats of the 
previously coincident overtones. But even when the notes are 
truly tuned, the various consonances differ in degree, on account 
of the disturbances which may arise from overtones which approach 
one another too nearly. 

The unison, octave, twelfth, double octave, etc., may be 
regarded as absolute consonances, the second component intro- 
ducing no new element but merely reinforcing a part of the other. 

The reniaining consonant intervals, such as the Fifth and the 
Major Third, are in a manner disturbed by their neighbourhood to 
other consonant intervals. In the case of the truly tuned Fifth,, 
for example, with frequencies represented by 3 and 2, there is 
indeed coincidence between the second partial of the higher note 
and the third partial of the graver note, but the partials which 
define the Fourth, of pitch 3x3 = 9 and 4x2 = 8, are within a 
whole Tone of one another and accordingly near enough to 
produce disturbance. In like manner the Major Third may be 
regarded as disturbed by its neighbourhood to the Fourth, and so 
on in the case of other intervals. 

The importance of these disturbances, and consequently the 
order in which the various intervals stand in respect to their 
degree of consonance, varies with the quality of the sounds. As 
an example where overtones’ are present in considerable strength, 
Helmholtz has estimated the degree of consonance of various 
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iiit6rv8/ls on tho violin, and. has exhibited the lesnlts in the form 
of a curve \ 

391 . The principle of superposition (§ 83), assumed in 
ordinary acoustical discussions, depends for its validity upon the 
assumption that the vibrations concerned are infinitely small, oi* 
at any rate similar in their character to infinitely small vibrations, 
and it is only upon this supposition that Ohm s law finds 
immediate application. One apparent exception to the law has 
long been known. This is the combination-tone discovered by 
Sorge and Tartini in the last century. If two notes, at the 
interval for example of a Major Third, be sounded together 
strongly, there is heard a grave sound in addition to the two 
others. In the case specified, where the primary sounds, or 
generators, as they may conveniently be called, are represented by 
the numbers 4 and 5, the combination-tone is represented by 1, 
being thus two octaves below the graver generator. 

In the above example the new tone has the period of the cycle 
of the generating tones ; but Helmholtz found that this rule fiuls 
in many cases. The following table- exhibits his results as 
obtained by means of tuning-forks : 
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In the last three cases the tones heard wei*e not those in the 
period of the complete cycle, but their frequencies are the differ- 
ences of the frequencies of the generators. In virtue of this rule, 
which was found to apply in all cases^, the combination-tones in 
question are called difference-tones. 

^ Semations of Tom, p. 193. 

“ Berlin MonaUher., 1856. 

^ It is, however, disputed by other writers. 
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According to Helmholtz it is necessary to the distinct audibility 
of combination-tones that the generators be strong. We shall see 
presently that this statement has been contested. “ They are 
most easily heard when the two generating tones are less than an 
octave apart, because in that case the dilFerential is deeper than 
either of the two generating tones. To hear it at first, choose two 
tones which can be held with great force for some time, and form 
a justly intoned harmonic interval. First sound the low tone and 
then the high one. On properly directing attention, a weaker low 
tone will be heard at the moment that the higher note is struck; 
this is the required combinational tone. For particular instru- 
ments, as the harmonium, the comhinational tones can he made 
more audible by properly tuned resonators. In this case the tones 
are generated in the air contained within the instrument. Bub in 
other cases where they are generated solely within the ear, the 
resonators are of little or no useV 

On the strength of some observations by Bosanquet and Preyer, 
doubts have been expressed as to the correctness of Helmholtz's 
statement that combination-tones may exist outside the ear, and 
strangely enough they have been adopted by Ellis. The question 
has an important bearing upon the theory of combination-tones ; 
and it has recently been examined by Eticker and Edser'-^, who 
used apparatus entirely independent of the ear. They conclude 
that Helmholtz was correct in stating that the siren produces 
two objective notes the frequencies of which are respectively equal 
to the sum and difference of the frequencies of the fundamentals.” 
My own observations have been made upon the harmonium, and 
leave me at a loss to understand how two opinions are possible. The 
resonator is held with its mouth as near as may be to the reeds 
which, sound the generating notes, and is put in and out of tune 
to the difference-tone by slight movements of the finger. When 
the tuning is good, the difference-tone swells out with considerable 
strength, but a slight mistuning (probably of the order of a 
semitone) reduces it almost to silence. In some eases, e-g. when 
the interval between the generators is a (tempered) Fifth, the 
difference-tone is heard to beat 

The last observation proves that in some cases there exist two 
difference-tones of nearly the same pitch. Helmholtz finds the 


^ SensMions of Tone , p. 153. 

2 Phil. Mag, vol. xxxix. p. 357, 1895. 
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explanation of this in the compound nature of the sounds. Thus 
in the case of the Fifth, represented by the numbers 2 and 3, we 
have not only the primes to consider, but the overtones 2x2, 
3x2, etc., 2x3, 3x3, etc. Accordingly the difference-tone 1 
may be derived from 2x2 = 4 and 3, as vrell as from 3 and 2, and 
since the octave partial is usually strong, the one source may be 
as important as the other. But if we substitute the Major Third 
(5 : 4) for the Fifth, we do not get a second difference- tone 1 until we 
come to the fourth partial (16) of the graver note and the third 
(15) of the higher, and these would usually be too feeble to produce 
much effect. 

As regards the frequency of the beats, let us return to the case 
of the Fifth, supposing it to be so disturbed that the frequencies 
are 200 and 301. The difference tone due to the primes is 
301 —200 = 101, and that due to the octave partial is 

2x200-301=99; 

and these difference-tones sounding together will give beats with 
frequency 2. This, it will be observed, is the same number of 
beats as is due to the common overtone, viz. 2 x 301 - 3 x 200 ; 
but while the latter beats are those of the tone 600, the heats of 
the combination-tone are at pitch 100. 

392 . According to the views of the older theorists Chladni, 
Lagrange, Young, etc., the explanation of the difference- tone 
presented no particular difficulty. As the generators separate in 
pitch, the beats quieten and at last become too rapid for apprecia- 
tion as such, passing into a difference-tone, whose frequency is 
continuous with the frequency of the beats. This view of the 
matter, which has commended itself to many writers, was rejected 
by Helmholtz, as inconsistent with Ohm’s law ; and that physicist 
has elaborated an alternative theory, according to which the 
failure is not in Ohm’s law, but in the principle of superposition. 

Helmholtz’s calculation of the effect of a want of symmetry in 
the forces of restitution, when the vibrations of a system cannot be 
regarded as infinitely small, has already been given (§ 68). It 
appears that in addition to the terms in ft, qt, con*esponding to 
the generating forces, there must be added other terms of the 
second order in 2pt, {p — q)h the last of which repre- 

sents the difference-tone. This explanation depends, as Hermann^ 


1 JPjii/ Archiv, vol. xlix. p. 507, 1891. 
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has remarked, upon the assumed failure of symmetry. If, as in 
§ 67, we suppose a force of restitution proportional partly to the 
first power and partly to the cube of the displacement, vie do not 
obtain a term in (ip — q)t, hut in place of it terms of the third 
order involving — {2q—p)ty etc. This objection, however, 
is of little practical importance, because the failure of symmetry 
almost always occurs. It may suffice to instance the all important 
case of aerial vibrations. Whether we are considering progressive 
waves advancing from a source, or the stationary vibrations of a 
resonator, there is an essential want of symmetry between conden- 
sation and rarefaction, and the formation in some degree of octayes 
and combination- tones is a mathematical necessity. 

The production of external, or objective, combination- tones 
demands the coexistence of the generators at a place where they 
are strong^. This will usually occur only when the generating 
sounds are closely associated, as in the polyphonic siren and in the 
harmonium. In these cases the conditions are especially favourable, 
because the limited mass of air included within the instrument is 
necessarily strongly affected by both tones. When the generating 
sources are two organ-pipes, even though they stand pretty near 
together, the difference-tone is not appreciably strengthened by a 
resonator, from which we may infer that but little of it exists 
externally to the ear. 

We have as yet said nothing about the summation-tone, corre- 
sponding to the term in The existence of this tone was 

deduced by Helmholtz theoretically ; and he afterwards succeeded 
in hearing it, not only from the siren and harmonium, where it 
exists objectively and is reinforced by resonators, but also from 
tuning-forks and organ-pipes. Helmholtz narrates also an experi- 
ment in which he caused a membrane to vibrate in response to 
the summation-tone, and similar experiments have recently been 
carried out with success by Rucker and Edser (1. c.). 

Nevertheless, it must be admitted that summation-tones are 
extremely diflScult to hear. Hermann (1. c.) asserts that he can 
neither hear them himself nor find any one able bo do so ; and he 
regards this difficulty as a serious objection to Helmholtz’s theory, 
according bo which the summation and the difference tone should 
be about equally strong. 

^ The estimates oi condensation (§ 384) for sounds jasfe audible rnii^a it Mghlf 
impiobatle that the principle of superposition could fail to apply to sounds of that 
order of magnitude. ^ 
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An objection of another kind has been raised by Konigb He 
remarks that even if a tone exist of the pitch of the summation- 
tone, it may in reality be a difference-tone, derived from the upper 
partials of the generators. As a matter of arithmetic this argu- 
ment cannot be disputed ; for if p and q be commensurable, it will 
always be possible to find integers A and k, such that 

■p^q=^]ip-kq. 

But this explanation is plausible only when h and k are small 
integers. 

It seems to me that the comparative difficulty with which 
summatiori- tones are heard is in great measure, if not altogether, 
explained by the observations of Mayer (| 386). These tones are 
of necessity higher in pitch than their generators, and are accord- 
ingly liable to be overwhelmed and rendered inaudible. On the 
other hand the difference-tone, being usually graver, and often 
much graver, than either of its generators, is able to make itself 
felt in spite of them. And even as regards difference-tones, it 
had already been remarked by Helmholtz that they become more 
difficult to hear when they cease to constitute the gravest element 
of the sound by reason of the interval between the generators 
exceeding an octave. 

393 . In the numerous cases where differential tones are 
audible which are not reinforced by resonators, it is necessary in 
order to carry out Helmholtz's theory to suppose that they have 
their origin in the vibrating parts of the outer ear, such as the 
drum-skin and its attachments. Helmholtz considers that the 
structure of these parts is so unsymmetrical that there is nothing 
forced in such a supposition. But it is evident that this explana- 
tion is admissible only when the geneiuting sounds are loud, i.e. 
powerful as they reach the ear. Now, the opponents of Helmholtz's 
views, represented hy Hermann, maintain that this condition is 
not at all necessary to the perception of difference-tones. Here 
vfe have an issue as to facts, the satisfactory resolution of which 
demands better experiments, preferably of a quantitative nature, 
than any yet executed. My own experience tends rather to 
support the view of Helmholtz that loud generators are necessary. 
On several occasions stopped organ-pipes were blown with 


1 IRoQg , A ? m . vol. 157, p. 177, 1876. 
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a steady wind, aad were so tuned that the difference-tone gave 
slow beats with an electrically maintained fork, of pitch 128, 
mounted in association with a resonator of the same pitch. When 
the ear w^as brought up close to the mouths of the pipes, the 
difference- tone was so loud as to require all the force of the fork 
in order to get the most distinct heats. These heats could be 
made so slow as to allow the momentary disappearance of the 
grave sound, when the intensities were rightly adjusted, to be 
observed with some precision. In this state of things the two 
tones of pitch 128, one the difference-tone and the other derived 
from the fork, were of equal strength as they reached the observer; 
but as the ear was withdrawn so as to enfeeble both sounds by 
distance, it seemed that the combination-tone fell off more quickly 
than the ordinary tone from the fork. It might be possible to 
execute an experiment of this kind which should prove decisively 
whether the combination-tone is really an effect of the second 
order, or not. 

In default of decisive experiments we must endeavour to 
balance the a priori probabilities of the case. According to the 
views of the older theorists, adopted by Kbnig, Hermann, and 
other critics of Helmholtz, the beats of the generators, with their 
alternations of swellings and pauses, pass into the differential tone 
of like frequency, without any such failure of superposition as is 
invoked by Helmholtz. The critics go further, and maintain that 
the ear is capable of recognising as a tone any periodicity within, 
certain limits of frequency^ 

Plausible as this doctrine is from certain points of view, a 
closer examination will, I think, shew that it is encumbered with 
difficulties. Among these is the ambiguity, referred to in § 12, as 
to what exactly is meant by period A periodicity "with frequency 
128 is also periodicity with frequency 64. Is the latter tone to be 
heard as well as the former ? So far as theor}^ is concerned, such 
questions are satisfactorily answered by Ohm’s law. Experiment 
may compel us to abandon this law, but it is well to remember 
that there is nothing to take its place. Again, by consideration of 
particular oases it is not difficult to prove that the general doctrine 
above formulated cannot be true. Take the example above 
mentioned in which two organ-pipes gave a difference-tone of 
pitch 128. There is periodicity with frequency 128, and the 

Hennana, loc . du p. 514. 
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corresponding tone is heard \ So far, so good. But experiment 
proves also that it is only necessary to superpose upon this another 
tone of frequency 128, obtained from a fork, in order to neutralize 
the combination-tone and reduce it to silence. The periodicity of 
128 remains, if anything in a more marked manner than before, 
but the corresponding tone is not heard. 

I think it is often overlooked in discussions upon this subject 
that a difference-tone is not a mere sensation, hut involves a 
vibration of definite amplitude and phase. The question at once 
arises, how is the phase determined? It would seem natural to 
suppose that the maximum swell of the heats corresponds to one 
or other extreme elongation in the difference- tone, but upon the 
principles under discussion there seems to be no ground for a 
selection between the alternatives. Again, how is the amplitude 
determined ? The bone certainly vanishes with either of the 
generators. From this it would seem to follow that its amplitude 
must be proportional to the product of the amplitudes of the 
generators, exactly as in Helmholtz’s theory. If so, we come back 
to difference-tones of the second order, and their asserted easy 
audibility from feeble generators is no more an objection to one 
theory than to another. 

An observation, of great interest in itself, and with a possible 
bearing upon our present subject, has been made by Konig and 
Mayer^ Experimenting both with forks and bird-calls, they have 
found that audible difference-tones may arise from generators 
whose pitch is so high that they are separately inaudible. Perhaps 
an interpretation might be given in more than one way, but the 
passage of an inaudible heat into an audible difference-tone seems 
to be more easily explicable upon the basis of Helmholtz’s theory. 

Upon the whole this theory seems to afford the best ex- 
planation of the facts thus far considered, but it presupposes a more 
ready departure from superposition of vibrations within the ear 
than would have been expected. 

394 . In § 399 we saw that in the case of ordinary compound 
sounds, containing upper partials fairly developed, the recognised 
consonant intervals are distinguished from neighbouring intervals 

1 In strictness, the periodicity is incomplete, unless p and q are multiples of 

2 Mayer, Bep. BHt. Ass. p. 573, 1894. 
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"by well marked phenomena, of which there was no difficulty in 
reodering a satisfactory account. We have now to consider the 
more difficult subj ect of consonance among pure tones ; and we 
shall have to encounter considerable differences of opinion, not only 
as to theoretical explanations, hut as to matters of observation. 
Here,, as elsewhere, it will be convenient to begin with a statement 
of Helmholtzs views^ according to which, in a word, the heats 
of such mistuned consonances are due to combination- tones. 

‘‘ If combinational tones were not taken into account, two 
simple tones, as those of tuning-forks, or stopped organ-pipes, 
could not produce beats unless they were very nearly of the 
same pitch, and such heats are strong when their interval is 
a minor or major second, but weak for a Third, and then only 
recognisable in the lower parts of the scale, and they gradually 
diminish in distinctness as the interval increases, without shewing 
any special differences for the harmonic intervals themselves. For 
any larger interval between two simple tones there would be 
absolutely no beats at all, if there were no upper partial or 
combinational tones, and hence the consonant intervals... would 
be in no way distinguished from adjacent intervals ; there would 
in fact be no distinction at all between wide consonant intervals 
and absolutely dissonant intervals. 

Now such wider intervals between simple tones are known 
to produce beats, although very much weaker than those hitherto 
considered, so that even for such tones there is a difference be- 
tween consonances and dissonances, although it is very much 
more imperfect than for compound tones 

Experiments upon this subject are difficult to execute satis- 
factorily. In the first place it is not easy to secure simple bones. 
As sources recourse is usually had to stopped organ-pipes or to 
tuning-forksj- but much precaution is required. From the free 
ends of the vibrating prongs of a fork many overtones may usually 
be beards Again, if a fork be enaployed after the maimer of 
musicians with its stalk pressed against a resonating board, the 
octave is loud and often predominant*. The best way is to hold 

^ Ascribed by him io HsillstrQm and Scheibler. 

^ Sensations of Tone^ p. 199. 

3 Eonig’s experiments shew thiat this is especially the oa.se when the prongs are 
thin. Wied, Ann. vol. xw. p. 373, 1881. 

The prime tone may exea disappear altogether. H in their natmal position, 
the prongs of a fork are closest below, an outward movement daring the vihratibn 
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the free ends of the prongs over a suitably tuned resonator. | 
even then we cannot he sure that a loud sound thus obtaiiii*! 
absolutely free from the octave partial. 

In the case of the octave the differential tone already . 
sidered suffices. ‘'If the lower note makes 100 vibrationh 
second, while the imperfect octave makes 201, the first diiferfii 
tone makes 201 —100 = 101, and hence nearly coincides with ^ 
lower note of 100 vibrations, producing one beat for each I * 
vibrations. There is no difficulty in hearing these beats, i 
hence it is easily possible to distinguish imperfect octaves fi 
perfect ones, even for simple tones, by the beats products I 
the former.” 

The frequency of the beats is the same as if it were dui’ 
overtones hut there is one important difference between 
two cases noted hy Ellis though scarcely, if at all, referred to " 
Helmholtz. In the latter the heats would affect the octave t 
whereas according to the above theory the beats will belong ! 
the lower tone. Bosanquet, Konig and others are agreed th .. 
in this respect the theory is verified. 

Again, if the beats were due to combination-tones, they in vs ? 
tend to disappear as the sounds die away. The experimen! 
very easily tried with forks, and according to my experience 1 1 
facts are in harmony. "When the sounds are much redur-^ v - 
the mistuning fails to make itself apparent. 

“ For the Fifth, the first order of differential tones no long* ^ 
suffices. Take an imperfect Fifth with the ratio 200 : 301 ; tli* - 
the differential tone of the first order is 101, which is too 
from either primary to generate beats. But it forms an imperil < 1 
Octave with the tone 200, and, as just seen, in such a case bent ^ 
ensue. Here they are produced by the differential tone 
arising from the tone 101 and the tone 200, and this tone 
makes two beats in a second with the tone 101. These heiti^^ 
then serve to distinguish the imperfect from the justly intoii»*»l 
Fifth, even in the case of two simple tones. The number of tli 4 ^#« 
beats is also exactly the same as if they were the beats due t** 

will depress tlie centre of inertia, the stalk being inmovable, but if the prongs »#« 
closest above, the contrary result may ensue. There must be some intermediil* 
construction for which the centre of inertia yill remain at rest during the vibratl#fi 
In this case the sound from a resonance hoard is of the second order, and w 
destitute of the prime tone. 
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the free ends of the prongs over a suitably tuned resonator. Bat 
even then we cannot be sure that a lond sound thus obtained is 
absolutely free from the octave partial. 

In the case of the octave the differential tone already con- 
sidered suffices. “ If the lower note makes 100 vibrations per 
second, while the imperfect octave makes 201, the first differential 
tone makes 201 —100 = 101, and hence nearly coincides w"ith the 
lower note of 100 vibrations, producing one beat for each 100 
vibrations. There is no difficulty in hearing these beats, and 
hence it is easily possible to distinguish imperfect octaves from 
perfect ones, even for simple tones, by the beats produced by 
the former.'’ 

The frequency of the beats is the same as if it were due to 
overtones ; ^ hut there is one important difference between the 
two cases noted by Ellis though scarcely, if at all, referred to by 
Helmholtz. In the latter the beats would affect the octave tone, 
whereas according to the above theory the beats will belong to 
the lower tone. Bosanquet, Kbnig and others are agreed that 
in this respect the theory is verified. 

Again, if the beats were due to combination-tones, they must 
tend to disappear as the sounds die away. The experiment is 
very easily tried with forks, and according to my experience the 
facts are in harmony. When the sounds are much reduced, 
the mistuning fails to make itself apparent. 

“For the Fifth, the first order of diffei'ential tones no longer 
suffices. Take an imperfect Fifth with the ratio 200 : ;^01 ; then 
the differential tone of the first order is 101, which is too far 
from either primary to generate beats. But it forms an imperfect 
Octave with the tone 200, and, as just seen, in such a case beats 
ensue. Here they are produced by the differential tone 09 
arising from the tone 101 and the tone 200, and this tone 99 
makes two beats in a second with the tone 101. These beats 
then serve to distinguish the imperfect from the justly intoued 
Fifth, even in the case of two simple tones. The number of these 
heats is also exactly the same as if they were the beats due to 

will depress the centre of inertia, the stalk being mmovable, but if the prongs are 
closest above, the oontrarj result nay ensue. There must be some iatermediate 
construction for which the centre of inertia will remain at rest during the vibration. 
In this case the sound from a resonance board is of the second order, and is 
destitute of the prime tone. 
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the upper partial tones. But to observe these beats the two 
primary tones must be loud, and the ear must not be distracted 
by any extraneous noise. Under favourable circumstances, how- 
ever, they are not difficult to hear.’’ 

It is important to be clear as to the order of magnitude of 
the various differential tones concerned. If the primary tones, 
with frequencies represented by p and g, have amplitudes e and 
/ respectively, quantities of the first order, then (§ 68) the first 
difference and summation tones have frequencies corresponding 
to 

2q, p-{~q, p-q, 

and are of the second order in e and f. A complete treatment 
of the second differential tones requires the retention of another 
term (§ 67) in the expression of the force of restitution. From 
this will arise terms of the third order in e and f with frequencies 
corresponding to 

Sp, 2p±q, pt2q, 

and there are in addition other terms of the same frequencies 
and order of magnitude, independent of arising from the full 
development to the third order of ol'uK In the case of the disturbed 
Fifth above taken, the beats are between the tone 2q—p = 99, 
which is of the third order of magnitude, andjp— q = l01 of the 
second order. The exposition, quoted frona Helmholtz, refers to 
the terms last mentioned, which are independent of 

The beats of a disturbed Fourth or major Third depend upon 
difference-tones of a still higher order of magnitude, and according 
to Helmholtz’s observations they are scarcely, if at all, audible, 
even when the primary tones are strong. This is no more than 
would have been expected ; the difficulty is rather to understand 
bow the beats of the disturbed Fifth are perceptible aud those of 
the disturbed Octave so easy to hear. 

When more than two simple tones are sounded together, 
fresh conditions arise. ‘‘We have seen that Octaves are precisely 
limited even for simple tones by the beats of the first differmitial 
tone with the lower primary. Now suppose that an Octave has 
been tuned perfectly, and that then a third tone is interposed 
to act as a Fifth. Then if the Fifth is not perfect, beats will ensue 
from the first differential tone. 

1 Bosaiic[uet, Phil Mag, Tol. xi. p. 497, 18S1. ^ 

m 


R, II. 



466 


OHOEB OF THREE NOTES. 


[394. 

Let the tones forming the perfect Octave have the pitch 
numbers 200 and 400, and let that of the imperfect Fifth be 
301. The differential tones are 

400-301= 99 
301-200 = 101 
JSTumber of beats 2. 

These heats of the Fifth which lies between two Octaves are 
much more audible than those of the Fifth alone without its 
Octave. The latter depend on the weak differential tones of 
the second order, the former on those of the first order. Hence 
Scheibler some time ago laid down the rule for tuning tuning- 
forks, first to tune two of them as a perfect Octave, and then to 
sound them both at once with the Fifth, in order to tune the 
latter. If Fifth and Octave are both perfect, they also give 
together the perfect Fourth. 

The case is similar, when two simple tones have been tuned 
to a perfect Fifth, and we interpose a new tone between them to act 
as a major Third. Let the perfect Fifth have the pitch numbers 
400 and 600. On intercalating the impure major Third with the 
pitch number 501 in lieu of 500, the differential tones are 

600-501= 99 
500-400=^1 
Number of heats 2.” 

395 . In Helmholtzs theory of imperfect consonances the 
cycles heard are regarded as risings and fallings of intensity of 
one or more of the constituents of the sound, whether these be 
present from the first, or be generated by transformation, to use 
Bosanquet’s phrase, in the transmitting mechanism of the ear. 
According to Ohm's law, such changes of intensity are the only 
thing that could be heard, for the relative phases of the constitu- 
ents (supposed to be sufficiently removed from one another in 
pitch) are asserted to be matters of indifference. 

This question of independence of phase-relation was examined 
hy Helmholtz in connection with his researches upon vowel sounds 
(§ 39 V^arious forks, electrically driven from one interrupter 
(§ 64^), could be made to sound the prime tone, octave, twelfth 
etc., of a compound note, and the intensities and phases of the 
constituents could be controlled hy slight modifications in the 
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(natural) pitch of the forks and associated resonators. A-Ccording 
to Helmholtzs observations changes of phase were without 
distinct effect upon the quality of the compound sound. 

It is evident, however, that the question of the effect, if any, 
upon the ear of a change in the phase relationship of the various 
components of a sound can be more advantageously examined hy 
the method of slightly mistuned consonances. If, for example, an 
Octave interval between two pure tones be a very little imperfect, 
the effect upon the ear at any particular moment will be that of a 
true interval with a certain relation of phases, but after a short 
time, the phase relationship will change, and will pass in turn 
through every possible value. The audibility of the cycle is 
accordingly a criterion for the question whether or not the ear 
appreciates phase relationship ; and the results recorded by 
Helmholtz himself, and easily to be repeated, shew that in a 
certain sense the answer must be in the affirmative. Otherwise 
slow beats of an imperfect Octave would not be heard. The 
explanation hy means of combination-tones does not alter the 
fact that the ear appreciates the phase relationship of two 
originally simple tones, at any rate when they are moderately 
loudh 

According to the observations of Lord Kelvin^ the heats of 
imperfect harmonies,'' other than the Octave and Fifth, are not so 
di£S.cult to hear as Helmholtz supposed. The tuning-forks employed 
were mounted upon box resonators, aud it might indeed be argued 
that the sounds conveyed down the stalks were not thoroughly 
purged from Octave partials. But this consideration would hardly 
affect the result in some of the cases mentioned. It appeared that 
the beats on approximations to each of the harnnonies 2 : 3, 3 : 4, 
4 : 5, 5 : 6, 6 : 7, 7 : 8, 1 : 3, 3 : 5 could be distinctly heard, and 
that they all fulfil the condition of having the whole period of the 
imperfection, and not any sub-multiple of it, for their period, the 
same rule as would apply were the beats due to nearly coincident 
overtones. As regards the necessity for loud notes, Kelvin found 
that the beats of an imperfectly tuned chord 3:4:5 were some- 
times the very last sound heard, as the vibrations of the forks 
died down, when, the intensities of the three notes chanced at the 
end to be suitably proportioned. 

1 Konig, Wied. Ann. rol. xw. p. 375, 1881. 

2 Frac. Roy. Soe. EMm. voL ix. p. 602, 1878. • 
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The last observatioa is certainly difficult to reconcile witk a 
theory which ascribes the beats to combination-tones. But on the 
other side it may be remarked that the relatively easy audibility 
of the beats from a disturbed Octave and from a disturbed chord 
of three notes (3:4; 5), which would depend upon the first differ- 
ential tone, is in good accord with that theory, and (so far as 
appears) is not explained by any other. 

396 . But the observations most difficult of reconciliation 
with the theory of Helmholtz are those recorded by Kdnig\ who 
finds tones, described as beat-tones, not included among the 
combination-tones; and these observations, coming from so 
skilful and so well equipped an investigator, must carry great 
weight. The principal conclusions are thus summarised by 
Ellis^. ''If two simple tones of either very slightly or greatly 
different pitches, called generators, be sounded together, then 
the upper pitch number necessarily lies between two multiples 
of the lower pitch number, one smaller and the other greater, and 
the differences between these multiples of the pitch number of the 
lower generator and the pitch number of the upper generator give 
two numbers which either determine the frequency of the two sets 
of beats which may be heard or the pitch of the beat-notes which 
may be heard in their place. 

The frequency arising from the lower multiple of the lower 
generator is called the frequency of the lower beat or lower beat- 
note, that arising from the higher multiple is called the frequency 
of the higher beat or beat-note, without at all implying that one 
set of beats should be greater or less than the other, or that one 
beat-note should be sharper or flatter than the other. They are in 
reality sometimes one way and sometimes the other. 

Both sets of heats, or both beat-notes, are not usually heard 
at the same time. If we divide the intervals examined into groups 
(1) from. 1 : 1 to 1 : 2, (2) from 1 : 2 to 1 : 3, (3) from 1:3 to 1 : 4, 
(4) from 1 : 4 to 1 : 5, and so on, the lower beats and beat-tones 
extend over little more than the lower half of each group, and the 
upper beats and beat-tones over little more than the upper half. 
Tor a short distance in the middle of each period both sets of beats, 
or both beat-notes are audible, and these beat-notes heat with each 


1 Pog{). Ann. toI. olvii. p. 177, 1876. 
^ Sensations oj Tone, p. 629. 
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other, formiag secondary beats, or are replaced by new or secondary 
beat-notes.” 

In certain cases the beat-notes coincide with the differential 
tone, but Konig considers that the existence of combinational 
tones has not been proved with certainty. It is to be observed that 
in these experiments the generating tones were as simple as Kdnig 
could make them ; but the possibility remains that overtones, not 
audible except through their heats, may have arisen within the 
ear by transformation. This is the view favoured hy Bosanquet, 
who has also made independent observations with results less diffi- 
cult of accommodation to Helmholtzs views. 

It will he seen that Kdnig adopts in its entirety the opinion 
that heats, when quick enough, pass into tones. Some objections 
to this idea have already been pointed out ; and the question must 
be regarded as still an open one. Experiments upon these subjects 
have hitherto been of a merely qualitative character. The diffi- 
culties of going further are doubtless considerable ; but I am 
disposed to think that what is most wanted at the present time 
is a better reckoning of the intensities of the various tones dealt 
with and observed. If, for example, it could he shewn that the 
intensity of a beat-tone is proportional to that of the generators, 
it would become clear that something more than comhination-toues 
is necessary to explain the effects. 

Konig has also examined the question of the dependence of 
quality upon phase relation, using a special siren of his own con- 
struction h His conclusion is that while quality is mainly deter- 
mined by the number and relative intensity of the harmonic tones, 
still the influence of phase is not to be neglected. A variation of 
phase produces such differences as are met with in different 
instruments of the same class, or in various voices singing the 
same vowel. A ready appreciation of such minor differences re- 
quires a series of notes, upon which a melody can be executed, and 
they may escape observation when only a single note is available. 
To me it appears that these results are in harmony with the view 
that would ascribe the departure from Ohm’s law, involved in any 
recognition of phase relations, to secondary causes. 

397. The dependence of the quality of nausical sounds of given 
pitch upon the proportions in which the various partial tones are 


1 Wied. Ann. vol. xrv. p. 392, 1881. 
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present has been investigated by Helmholtz in the case of several 
musical instruments. Further observations upon wind instru- 
ments will be found in a paper by Blaikley \ But the most 
interesting, and the most disputed, application of the theory is to 
the vowel sounds of human speech. 

The acoustical treatment of this subject may be considered to 
date from a remarkable memoir by Willis,^. His experiments 
were conducted by means of the free reed, invented by Kratzen- 
stein (1780) and subsequently hy Grenie, which imitates with fair 
accuracy the operation of the larynx. Having first repeated success- 
fully Kempelen's experiment of the production of vowel sounds by 
shading in various degrees the mouth of a funnel-shaped cavity in 
association with the reed, he passed on to examine the effect of 
various lengths of cylindrical tube, the mounting being similar to 
that adopted in organ-pipes. The results shewed that the vowel 
quality depended upon the length of the tube. From these and other 
experiments he concluded that cavities yielding (when sounded in- 
dependently) an identical note will impart the same vowel quality 
to a given reed, or indeed to any reed, provided the note of the 
reed be flatter than that of the cavity.’^ Willis proceeds (p. 243) : 
“ A few' theoretical considerations will shew that some such effects 
as we have seen, might perhaps have been expected. According 
to Euler, if a single pulsation be excited at the bottom of a tube 
closed at one end, it will travel to the mouth of this tube with the 
velocity of sound Here an echo of the pulsation will be formed 
which will run hack again, be reflected from the bottom of the 
tube, and again present itself at the mouth where a new echo will 
be produced, and so on in succession till the motion is destroyed 
by friction and imperfect reflect ion..,. The effect therefore will be 
a propagation from the mouth of the tube of a succession of 
equidistant pulsations alternately condensed and rarefied, at 
intervals corresponding to the time required ' for the pulse to 
travel down the tube and back again ; that is to say, a short burst 
of the musical note corresponding to a stopped pipe of the length 
in question, will be produced. 

Let us now endeavour to apply this result of Euler’s to the 
case before us, of a vibrating reed, applied to a pipe of any length, 

^ Fhil Mag. vol. vi. p. 119, 1878. 

2 Oa the Vowel Sounds, and on Heed Organ-pipes. Canb. ^hil. dram. vol. in. 
p. 231, 1829, 
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and examine the nature of the series of pulsations that ought 
to be produced by such a system upon this theory. 

The vibrating tongue of the reed v^ill generate a series of 
pulsations of equal force, at equal intervals of time, but alternately 
condensed and rarefied, which we may call the primary pulsations ; 
on the other hand each of these will be followed hy a series 
of secondary pulsations of decreasing strength, but also at equal 
intervals from their respective primaries, the interval between 
them being, as we have seen, regulated by the length of the 
attached pipe.’’ 

And further on (p. 247) : Experiment shews us that the series 
of effects produced are characterized and distinguished from each 
other by that quality we call the vowel, and it shews us more, it 
shews us not only that the pitch of the sound produced is always 
that of the reed or primary pulse, hut that the vowel produced is 
always identical for the same value of s [the period of the secondary 
pulses]. Thus, in the example just adduced, g" is peculiar to the 
vowel A° [as in JPa'W, when this is repeated 512 times in 

a second, the pitch of the sound is c', and the vowel is A® : if hy 
means of another reed applied to the same pipe it were repeated 
340 times in a second, the pitch would be f, but the vowel still 
Hence it would appear that the ear in losing the consciousness of 
the pitch of s, is yet able to identify it by this vowel quality.” 

From the importance of his results and from the fact that the 
early volumes of the Cambridge Transactions are not everywhere 
accessible, I have thought it desirable to let Willis speak for 
himself. It will be seen that so far as general principles are 
concerned, he left little to he effected hy his successors. Some- 
what later in the same memoir (p. 249) he gives an account of a 
special experiment undertaken as a test of his theory. Having 
shewn the probability that a given vowel is merely the rapid 
repetition of its peculiar note, it should follow that if we can 
produce this rapid repetition in any other way, we may expect to 
hear vowels. Robison and others had shewn that a quill held 
against a revolving toothed wheel, would produce a musical note 
by the rapid equidistant repetition of the snaps of the quill upon 
the teeth. For the quill I substituted a piece of watch-spring 
pressed lightly against the teeth of the wheel, so that each snap 
became the musical note of the spring. The spring being at the 
same time grasped in a pair of pincers, so as to admit of any 
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alteration in length of the vibrating portion. T1 
evidently produces a compound sound similar to that c 
and reed, and an alteration in the length of the sp3 
therefore to produce the same effect as that of the pipe, 
the sound produced retains the same pitch as long as 
revolves uniformly, but puts on in succession all 
qualities, as the effective length of the spring is alterec 
with considerable distinctness, when due allowaace is 
the harsh and disagreeable quality of the sound itself’ 

In his presentation of vowel theory Helmholtz, 
Wheatstone h pnts the matter a little differently. T 
vibrations constituting natural or artificial vowels are 
uniform regime has been attained (§§ 48, 66, 322 k), truly 
and the period is that of the reed. According to 
theorem they are susceptible of analysis into simple v 
whose periods are accurately submultiples of the ree< 
The effect of an associated resonator can only be to m 
intensity and phase of the several components, whose pe 
already prescribed. If the note of the resonating ca% 
mouth-tone — coincide with one of the partial tones of tl 
or larynx-note, the effect must be to exalt in a special de 
intensity of that tone ; and whether there be coincidence 
those partial tones whose pitch approximates to that 
mouth-tone will he favoured. 

This view of the action of a resonator is of course j 
coirect ; hut at first sight it may appear essentially differe 
or even inconsistent with, the account of the matter g 
Willis. Tor example, according to the latter the mouth -tc 
be, and generally will be, inharmonic as regards the laryi 
In order to understand this matter we must bear in mi 
things which are often imperfectly appreciated. The first 
distinction between forced and free vibrations. AlthoUj 
Tiaturdl vibrations of the oral cavity may be inharmonic, the 
vibrations can include only harmonic partials of the 
note. And again, it is important to remember the del 
of simple vibrations, according to which no vibrations ( 
simple that are not permanently maintained without varia 
amplitude or phase. The secondary vibrations of Willis, 

^ London and Westminster Review , Oct. 1837; Wheatstone's Sdentijic 
London, 1879, p. 348. 
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alteration ir length of the ^ihrating portion. This system 
evidently produces a compound sound similar to that of the pipe 
and reed, and an alteration in the length of the spring ought 
therefore to produce the same effect as that of the pipe. In. effect 
the sound produced retains the same pitch as long as the wheel 
revolves uniformly, but puts on in succession all the vovvel 
qualities, as the effective length of the spring is altered, and that 
with considerable distinctness, when due allowance is made for 
the harsh and disagreeable quality of the sound itself.” 

In his presentation of vowel theory Helmholtz, following 
Wheatstone^, puts the matter a little differently. The aerial 
vibrations constituting natural or artificial vowels are, when a 
uniform regime has been attained (§§ 48, 66,322 h), truly periodic, 
and the period is that of the reed. According to Fourier’s 
theorem they are susceptible of analysis into simple vibrations, 
whose periods are accurately submultiples of the reed period. 
The effect of an associated resonator can only be to modify the 
intensity and phase of the several components, whose periods are 
already prescribed. If the note of the resonating cavity — the 
mouth-tone — coincide with one of the partial tones of the voice- 
or larynx -note, the effect must be to exalt in a special degree the 
intensity of that tone ; and whether there be coincidence or not, 
those partial tones whose pitch approximates to that of the 
mouth-tone will he favoured. 

This view of the action of a resonator is of course perfectly 
correct ; but at first sight it may appear essentially different from, 
or even inconsistent with, the account of the matter given hy 
Willis. For example, according to the latter the mouth-tone may 
he, and generally will be, inharmonic as regards the larynx-tone. 
In order to understand this matter we must bear in mind two 
things which are often imperfectly appreciated. The first is the 
distinction between forced and free vibrations. Although, the 
natural vihrB.tion.B of the oral cavity may be inharmonic, the forced 
vibrations can include only harmonic partials of the larynx 
note. And again, it is important to remember the definition 
of simple vibrations, according to which no vibrations can be 
simple that are not permanently maintained without variation of 
amplitude or phase. The secondary vibrations of Willis, which 

^ London and Westminster Review, Oct. 1837 ; Wheatstone's Scientific Papers,, 
London, 1879, p. 348. 
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die doTO after a few periods, are not simple. When the complete 
succession of them is resolved byTourier’s theorem, it is repre- 
sented, not by one simple vibration, but by a large or infinite 
number of such. 

From these considerations it will be seen that both ways 
of regarding the subject are legitimate and not inconsistent with 
one another. When the relative pitch of the mouth-tone is low, 
so that, for example, the partial of the larynx note most reinforced 
is the second or the third, the analysis by Fourier’s series is the 
proper treatment. But when the pitch of the mouth -tone is high, 
and each succession of vibrations occupies only a small fraction of 
the complete period, we may agree with Hermann that the 
resolution by Fourier^s series is unnatural, and that we may 
do better to concentrate our attention upon the actual form 
of the curve by which the complete vibration is expressed. More 
especially shall we be inclined to take this course if we entertain 
doubts as to the applicability of Ohm’s law to partials of high 
order. 

Since the publication of Helmholtz’s treatise the question has 
been much discussed whether a given vowel is characterized by 
the prominence of partials of given cyrder (the relative pitch 
theory), or by the prominence of partials of given pitch (the fixed 
pitch theory), and every possible conclusion has been advocated. 
We have seen that Willis decided the question, without even 
expressly formulating it, in favour of the fixed pitch theory. 
Helmholtz himself, if not very explicitly, appeared to hold the 
same opinion, perhaps more on a priori grounds than as the result 
6f experiment. If indeed, as has usually been assumed by 
writers on phonetics, a particular vowel quality is associated with 
a given oral configuration, the question is scarcely an open one. 
Subsequently under Helmholtz’s superintendence the matter was 
further examined by Auerbach^, who along with other methods 
employed a direct analysis of the various vowels by means 
of resonators associated with the ear. His conclusion on the 
question under discussion was the intermediate one that hoA 
characteristics were concerned. The analysis shewed also that in 
all cases the first, or fundamental tone, was the strongest element 
in the sound. 

A few years later Edison’s beautiful inventioii of the phono- 

Po^g. Arm, Ergaazimg-band Tin* p. 177, 1876. 
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graph stimulated anew inquiry upon this subject by apparently 
affording easy means of making an experimentum crucis. If 
vowels were characterized by fixed pitch, they should undergo 
alteration with the speed of the machine ; but if on the other 
hand the relative pitch theory were the true one, the vowel 
quality should be preserved and only the pitch of the note 
be altered. But, owing probably to the imperfection of the earlier 
instruments, the results arrived at by various observers were still 
discrepant. The balance of evidence inclined perhaps in favour of 
the fixed pitch theory ^ Jenkin and Ewing*'' analysed the 
impressions actually made upon the recording cylinder, and their 
results led them to take an intermediate view, similar to that of 
Auerbach. It is clear, they say, ‘'that the quality of a vowel 
sound does not depend either on the absolute pitch of reinforce- 
ment of the constituent tones alone, or on the simple grouping of 
relative partials independently of pitch. Before the constituents 
of a vowel can he assigned, the pitch of the prime must be given ; 
and, on the other hand, the pitch of the most strongly reinforced 
partial is not alone sufficient to allow us to name the vowel.’’ 

With the improved phonographs of recent years the question 
can be attacked with greater advantage, and observations have been 
made by McKendrick and others, but still with variable results. 
Especially to he noted are the extensive researches of Hermann 
published in Pflilgers Archiv. Hermann pronounces unequivocally 
in favour of the fixed pitch characteristic as at any rate by far the 
more important, and his experiments apparently justify this 
conclusion. He finds that the vowels sounded by the phonograph 
are markedly altered when the speed is varied. 

Hermann’s general view, to which he was led independently, 
is identical with that of Willis. “ The vowel character consists in 
a mouth-tone of amplitude variable in the period of the larynx 
tone The propriety of this point of view may perhaps be 
considered to he established, but Hermann somewhat exaggerates 
the difference between it and that of Helmholtz. 

His examination of the automatically recorded curves was 
effected in more than one way. In the case of the vowel A ^ the 

1 Graliam Bell, Ann. Joum. cfOtoh^y, vol. i. July, 1879. 

2 EMn. Tram, voL xxvm. p. 745, 1878. 

^ Pflilg. Arch. yol. xtiVii. p. 351, 1890. 

^ Tke vowel signs refer of course to the continental pronunciation. 
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amplitudes of the various partials, as given by the Fourier 
analysis, are set forth in the annexed table, from which it appears 
that the favoured partial lies throughout between and y®. 


Yowei a. 


Note 

1 

2 

3 

Ordinal number of partial. 

4 5 6 7 

8 

9 

10 

G 






•12 

•37 

•42 

•11 

•12 







d2 

<f2 


a2 

h2 

A 





•13 

•30 

•33 

•10 

•09 

•08 






cis^ 

e2 

<g^ 

a2 

h2 

cis^ 

H 

•05 


•00 

•22 

*37 

•45 

•10 

•15 




H 


fis' 


dis2 

fis2 

<a2 

h2 



c 

'll 



*19 

•54 

•38 

•16 

•09 

•10 



c 



c2 



<ais2 

C3 

d3 


d 




•29 

•52 

•08 

•18 


•06 






d2 


a2 

< c® 


e3 


e 



-13 

•55 

•28 

•24 

•07 







h' 

e2 

gis2 

ll2 

<<32 




fis 



•30 

•61 

•07 

•11 

•11 







cis2 


ais2 

cis2 

<e2 




g 

T1 


•39 

•65 

•21 

•11 

•08 





g 


d2 


h2 

d3 

<f5 




a 



•71 

•18 

•18 

•09 










cis^ 

e3 





h 



•74 

•17 

•13 










h2 

dis^ 






c' 


•41 

•54 

•40 

•11 








C3 









d' 


•71 

•31 

•26 









d2 


d3 








The analysis of the curves into their Fourier components 
involves a great deal of computation, and Hermann is of opinion 
that the principal result, the pitch of the vowel characteristic, cmn 
be obtained as accurately and far more simply by direct measure- 
ment on the diagram of the TOve-lengths of the intermittent 
vibrations. The application of this method to the curves for Jl 
before used gave 



476 


YOWEL CHARACTEBISTIC. 


[397. 


Yowel a. 


Note 

L 

mm. 

l 

mm. 

Cia 

Frequency 

racteristic tone 

Kote 

a 

98 

18-5 

2-4 

756 

>fis“ (740) 

A 

110 

16-3 

2-5 

717 


(698-5) 

H 

123-5 

14-9 

2-6 

708 

>F 

(698-5) 

c 

130-8 

13-6 

2-55 

698 

F 

d 

146-8 

11-6 

2-4 

710 


(698-5) 

e 

164-8 

10-9 

2-3 

781 


(784) 

fis 

185 

9*8 

2-5 

725 

<fis^ (744) 

E 

196 

9-1 

2*5 1 

714 


(698-5) 

a 

220 

8-2 

2-5 

714 

>F 

(698-5) 

h 

246-9 

7-3 

2-6 

693 


(698-5) 

c 

261-7 

6-8 

? 

? 


d' 

293-7 

6*2 

<2 

? 




Here £ is the double period of the complete vibration and I the 
double period of the vowel characteristic. It appears plainly 
that I preserves a nearly constant value when L varies over a 
considerable range. 

A general comparison of his results with those obtained by 
other methods has been given by Hermann, from which it will be 
seen that much remains to be done before the perplexities 
involving this subject can be removed. Some of the discrepancies 
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that have been encountered may probably have their origin in 
real differences of pronunciation to which only experts in phonetics 
are sufficiently alive ^ Again, the question of double resonance 
has to be considered, for the known shape of the cavities concerned 
^ Lloyd, JPhmetische Studien, vol. iii. part J. 
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renders it not unlikely that the complete characterization of a 
vowel is of a multiple nature (§ 310). It should be mentioned 
that in Lloyd's view the double characteristio is essential, and 
that the identity of a vowel depends not upon the absolute pitch 
of one or more resonances, but upon the relative pitch of two or 
more. In this way he explains the diflSculty arising from the fact 
that the articulation for a given vowel appears to be the same for 
an infant and for a grown man, although on account of the great 
difference in the size of the resonating cavities the absolute pitch 
must vary widely. 

it would not be consistent with the plan of this work to 
go further into details with regard to particular vowels ; but 
one remarkable discrepancy between the results of Hermann 
and Auerbach must be alluded to. The measurements by the 
former of graphical records shew in all cases a nearly complete 
absence of the first, or fundamental, tone from the general sound, 
which Auerbach on the contrary, using resonators, found this tone 
the most prominent of all Hermann, while admitting that the 
tone is heard, regards it as developed within the ear after 
the manner of combination-tones (§ 393). I have endeavoured 
to repeat some of Auerbach’s observations, and I find that for all 
the principal vowels (except perhaps A) the fundamental tone is 
loudly reinforced, the contrast being very marked as the resonator 
is put in and out of tune by a movement of the finger over 
its mouth. This must be taken to prove that the tone in 
question does exist externally to the ear, as indeed from the 
manner in which the sound is produced could hardly fail to be the 
case; and the contrary evidence from the records must be 
explained in some other way. 

An important branch of the subject is the artificial imitation 
of vowel sounds. The actual synthesis by putting together in 
suitable strengths the various partials was effected by Helm- 
holtz^. Tor this purpose he used tuning-forks and resonators, the 
forks being all driven from a single interrupter 63, 64). These 
experiments are difficult, and do not appear to have been repeated. 
Helmholtz was satisfied with the reproduction in some cases, 
although in others the imitation was incomplete, Less satisfactory 
results were attained when organ-pipes were substituted for 
the forks. 


^ SemaMons of JSound, di. vi. 
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Vowel sounds have been successfully imitated by Preece and 
Stroh^ who employed au apparatus upon the principle of the 
phonograph, in which the motion of the membrane was controlled 
by specially shaped teeth, cut upon the circumference of a re- 
volving wheel. They found that the vowel quality underwent 
important changes as the speed of rotation was altered. 

For artificial vowels, illustrative of his special views, Hermann 
recommends the polyphonic siren (§ 11). If when the series of 
12 holes is in operation and a suitable velocity has been attained, 
the series of 18 holes be put alternately into and out of action, 
the difference-tone (6) is heard with great loudness and it 
assumes distinctly the character of an 0. At a greater speed the 
vowel is Ao, and at a still higher speed an unmistakable A. 

With the use of double resonators, suitably proportioned, 
Lloyd has successfully imitated some of the whisjpered vowels. 

In the account here given of the vowel question it has only 
been possible to touch upon a few of the more general aspects of 
it. The reader who wishes to form a judgment upon controverted 
points and to pursue the subject into detail must consult the 
original writings of recent workers, among whom may be specially 
mentioned Hermann, Pipping, aad Lloyd. The field is an 
attractive one ; but those who would work in it need to be well 
equipped, both on the physical and on the phonetic side. 

^ Proc. Boy. See. vol. xxviii. p. 358, 1879. 



NOTE TO § 86\ 


It may be obserTed that the motion of any point belonging to 
a system of n degrees of freedom, which executes a harmonic motion, is 
ill general linear. Tor, if x, 3/, 2; be the space coordinates of the point,, 
we have 

03 = JT cos nt, y = I" cos cos 

where X, F, Fare certain constants; so that at all times 

If there be more than one mode of the freo[uency in c[nestion, 
the coordinates are not necessarily in the same phase. The most 
general values of x, y, z, subject to the given periodicity, are then 

a; = Xj cos nt 4- X2 sin nt^ 

3/ = Fj cos fit H- Fg sin nty 
2 =: Fj cos nt 4- F2 sin nC, 

equations which indicate elliptic motion in the plane 

* (Y,£r^ - Y, r,) + y * (X, I, - T,X,) = 0. 


1 This note appears now for the first time. 



APPENDIX TO CHAPTER 


ON THE YIBBATIONS OH COMPOUND SYSTEMS WHEN THE AMPLITUDES 
ARE NOT INFINITELY SMALL. 

In §§ 67, 68 we have found second approximations for the vibrations 
of systems of one degree of freedom, both in the case where the 
vibrations are free and where they are due to the imposition of given 
forces acting from without. It is now proposed to extend the investi- 
gation to cases where there is more than one degree of freedom. 

In the absence of dissipative and of impressed forces, everything 
may be expressed (§ 80) by means of the functions T and F. In 
the case of infinitely small motion in the neighbourhood of the 
configuration of equilibrium, T and F reduce themselves to quadratic 
functions of the velocities and displacements with constant coefiicients, 
and by a suitable choice of coordinates the terms ixLYoWuig 2 >Todnct$ 
of the several coordinates may be made to disappear (§ 87). Even 
though we intend to include terms of higher order, we may still avail 
ourselves of this simplification, choosing as coordinates those which 
have the property of reducing the terms of the second order to sums of 
squares. Thus we may write 

+ ... + + ( 1 )} 

in which i422j-** are functions of ^gvi^^cluding constant terms 
<Zi, while ^ 12 ? ^ 13 ) ••• functions of the same variables withovut 

comtant terms : 

+ ... ^ F, + F4 + (2), 

where F3, F4,... denote the parts of V which are of degree 3, 4, ... 
in 

For the first approximation, applicable to infinitely small vibrations, 
we have 

-^11”*^!) F3 = 0, F4=0, 

1 This appendix appears nov? for the first time. 
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so that (§87) Lagrange^s equations are 

+ <Ji0i = 0, as ^2 -1- C2<f>2 = 0, (fee (3), 

in -which the coordinates are separated The solution relative to <^i 
may be taken to be 

<j>j = cos Olt, <^2 = <Pz-0y <fec (4:), 

where' 0 (5). 


Similar solutions exist relative to the other coordinates. 

The second approximation, to which we now proceed, is to he 
founded on (4), (5); and thus <^ 3 , ••• are to be regarded as small 
q[uantities relatively to <i^»l . 

For the coefficients in ( 1 ) we write 

^11 = +■ ai2<#>2 + A.12 = a2<j^>l 4* 4 - . .. 



and m ( 2 ) Fj =yi4>i + (^) ; 

so that for a further approximation. 

drid(f,^ = {a^ + au<^i) + <H4h4a + •••> 

d /'dT\ , 
dt Kd^J ~ ^ 

+ + 02 ^ 1^2 + “t j 

-f Og H- ctg <^3 + . . . 

Thus as the equation (§80) for terms of the order being retained, 
we get 

(^1 + aii<^i) ^'1 + + Ci<^i 4- = 0 ( 8 ). 

To this order of approximation the coordinate cf>^ is separated from the 
others, and the solution proceeds as in the case of but one degree 
of freedom (§ 67). We have from (4) 

<l>j(f>i= - n?II-l cos^ (1 + cos 2-^^), 

sin^ %t = (1 - cos 27i^), 

= E^ cos^ rd ~ (1 + cos 2 n^) ; 

so that ( 8 ) becomes 

+• <^ 1^1 (- + (•” “t l-yi) cos 2nt = 0 

(9). 

The solution of (9) may be expressed in the form 

== ZTq + Ej cos Tit 4- E^ cos 2%t 4 - (10), 

and a comparison gives 

c A = (i^V - 171 ) 

(ci - ? 2 ^ap) = 0 , 


R. II. 


31 
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Thus to a secoad approximation 

Cl Cl - 4^2- ^ ^ 

and the value of n is the same, i.e. ^/{cilai), as in the first approxi- 
mation.. 


We have now to express the corresponding values of 9 ^ 2 , (^ 3 .... 
From ( 6 ) 

dT[d<j>2 = -I- , 

dTIdcf)^ = , 

and Lagrange’s equation becomes, terms of order being retained, 
ct 2 < t >2 ^2*^2 1- oi 24 ^ i 4 ^i + (^2 10^12) + 72 

or on substitution from (4) in the small terms 

«2<^>2 ^2^2 + i^’^%2 + ^72) + (- ^^«2 + i^^ai2 + ^1^ COS 2 nt = 0 


( 12 ). 

Accordingly, if 

^2 = + Ki cos nt -H Zo cos 2 ? 2 z; + (13), 

we find on comparison with ( 12 ) 

c,Zo = (Ka,,-~|y2)^i^ (14), 

(c2--n^a2)Zi = 0 (15), 

(C2 — i7ra^X^={ri^cL^ - Hi (16). 


Thus Xi=:0, and the introduction of the values of and Zg from (14), 
(16) into (13) gives the complete value of 02 to the second approxima- 
tion. 

The values of 03, 04 , &c. are obtained in a similar manner, and 
thus we find to a second approximation the complete expression for 
those vibrations of a system of any number of degrees of freedom 
which to a first approximation are expressed by ( 4 ). 

The principal results of the second approximation are (i) that the 
motion remains periodic with frequency unaltered, (ii) that terms, 
constant and proportional to cos27i^, are added to the value of that 
coordinate which is finite in the first approximation, as well as to those 
which in the first approximation are zero. 

We now proceed to a third approximation ; but for brevity we will 
confine ourselves to the case (a) where there are but two degrees 
of freedom, and {jd) where the kinetic energy is completely expressed as 
a sum of squares of the velocities with constant coefficients. This will 
include the vibrations of a particle moving in two dimensions in 
the neighbourhood of a place of equilibrium. 
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have 

T = ^Oi ^ — 4'i + + F4, 


where + ( 17 ), 

T^4 = 8 i<#>i"+ 8 ,<^/<s!, 3+ (18); 

SO that Lagrange’s equations are 

^ cA^ ^ ^yAi^ + h-AA^ + 0 (19), 

H" ^A^, yA^ *+■ ^yAAi ^ (^^)* 

As before, "we are to take for the first approximation 

</)i = cos n^, 4>2 = ^ (21). 

Per the solution of (19), (20) we may write 

-h ZTi cos nt -1- cos 2'nt + cos 2>nt +■ (22), 

(f>^ = K^ -h Aj cos nt -h Ag cos 27^ + cos Znt i- (23). 


In (22 ), (23) Aq, Aq, are quantities of the second order in A^, 

whose values have already been given, while Aj, Ag, are of the 
third order. Retaining terms of the third order, we have 


-H (2Ao Ai 4 - Ai Aa) cos nt 4 cos 2nt 4 A^ A^ cos 3?w5, 

= (Ai A() 4 I-AiAq) cos 4 ^AiA^cos 
</)i^ = I A/ cos 4 ^ Aj^ cos 3rtt 


Substituting these values in the small terms of (19), (20), and from 
(22), (23) in the tw-o first terms, we get the following 8 equations, 
correct to the third order, 

OiAo4|7iA,^ = 0 (24), 


Cl -n^ai-i 3yi(2Ao 4 Aj) 4 2y2 (A^ 4 JAg) 4 SSjAj® = 0...(25), 

{ci - ai) Ag 4 fyi Ai- = 0 (26), 

(cj^ — 9n^ai) A 3 4 SyiAjA^ 4 ygA^Ag 4 SiA^® = 0...(2^ ) ; 

+ (28). 


(cg — n“«2) Xi + ysHi (2Zf|, + £" 2 ) + y'Si (2^o + -fia) + - 0"-(29), 

(Ca - 4?i®aj) Zj + ~ ® 


(Cj - -^3 + 72 -®!-®! + - 0...(31). 


0£ these (24), (26), (28), (30) give immediately the values of S„ fi’j., 
JS:. Xa, which are the same as to the second order of approximation, 
and the substitation of these values in (27), (29), (31) determines 
Ha, Xj, X, as quantities of the third order. The remaining equatioxi 
(25) serves to determine n. We find as correct to this order 




■^1 




■fri' 




31—2 
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If 72 = 0 , this result ^vill be found to harmonize with. (9) § 67, when the 
differences of notation are allowed for, and the first approximation to n 
is substituted in the small terms. 

The vibration above determined is that founded upon (21) as first 
approximation. The other mode, in which approximately = 0 , can 
he investigated in like manner. 

If 7 be an even function both of <j>i and </> 2 , yi, 72 , y, K vanish, and 
the third approximation is expressed by 

IT, = 0, II, = 0, ; 

iTo^o, jr,=:0, ir,=0, I[,=0; 

— Cl = 3^1 Hi. 

Indeed under this condition vanishes to any order of approxi- 
mation. 

These examples may suffice to elucidate the process of approximation. 
An examination of its nature in the general case shews that the 
following conclusions hold good however far the approximation may be 
carried. 

(a) The solution obtained by this process is periodic, and the 
frequency is an even function of the amplitude of the principal 
term {H^. 

(b) The Fourier series expressive of each coordinate contains 
cosines only, without sines, of the multiples of nt. . Thus the whole 
system comes to rest at the same moment of time, e.g. 0 , and then 
retraces its course. 

(c) The coefficient of cos rnt in the series for any coordinate is of 
the rth order (at least) in the amplitude (Ej) of the principal term. 
For example, the series of the third approximation, in which higher 
powers of than H^^ are neglected, stop at cos ^nt. 

{i) There are as many types of solution as degrees of freedom ; 
hut, it need hardly be said, the various solutions are not superposable. 

One important reservation has yet to be made. It has been 
assumed that all the factors, such as in (30), are finite, that 

is, that no coincidence occurs between a harmonic of the actual 
frequency and the natural frequency of some other mode of infinitesimal 
vibration. Otherwise, some of the coefficients, originally assumed to 
be subordinate, e.g. in (30), become infinite, and the approximation 
breaks down. We are thus precluded from obtaining a solution in 
some of the cases where we should most desire to do so. 

As an example of this failure we may briefly notice the gravest 
vibrations 4m one dimension of a gas, obeying Boyle’s law, and 
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contained in a cylindrical tube with, stopped ends. The equation to be 
satisfied throughout, (4) § 249, is o£ the form 

/dy^ d^y ^ dy 

\dx) dt“ dcd ’ 

and the procedure suggested by the general theory is to assume 
y— X + cos nt 4- cos ^nt + . . . , 

where y^ = sin x + Hq^ sin sin 3a: -f . . . , 

2/1 = Hyi sin X -i- j^Tig sin 2cc + sin 3a; H- . . . , 

2/2 = sin X ■+ E^ sin 2a; 4 - sin 3a; + . . . , 

and so on. In the first approximation 

y ~x ^ sin X cos nt, 

"with n = I, But when we proceed to a second approximation, we find 

still with n equal to 1, so that the method breaks down. The term 
sin 2x cos 2nt in the value of y, originally supposed to be subordinate, 
enters with an infinite coefficient. 


It is possible that we have here an explanation of the difficulty of 
causing long narrow pipes to speak in their gravest mode. 

The behaviour of a system vibrating under the action of an 
impressed force may be treated in a very similar manner. Taking, for 
example, the case of two degrees of freedom already considered in 
respect of its free vibrations, let us suppose that the impressed 
forces are 

4>i = ^iCosp^, <^2 = ^ 

so that the solution to a first approximation is 


<^i = 


El cos pt 


<^2 = 0 (34). 


With substitution of p for n equations (22), (23) are still applicable, 
and also the resulting equations (24) to (31), except that in (25) the 
left-hand memher is to be multiplied hy Ei and that on the right Ei is 
to be substituted for zero. This equation now serves to determine 
instead of, as before, to determine n. 


It is evident that in this way a truly periodic solution can always 
be built up. The period is that of the force, and the phases are such 
that the entire system conies to rest at the moment when the force is 
at a maximum (positive or negative). After this the previous course 
is retraced, as in the case of free vibrations, each series of cosines 
remaining unchanged when the sign of t is reversed. 


m 



NOTE TO § 273*. 


A METHOD of obtaining Poisson^s solution (8) given by Liouville''^ ie 
■worthy of notice. 

If r be the polar radius vector measured from any point 0, and the 
general differential equation be integrated over the volume included 
between spherical surfaces of radii r and r + dr, we find on transforma- 
tion of the second integral by Green’s theorem 


d^jrX) d^rX) 
di^ ~ dr^ 




in which \ = Jfcjydcr, that is^ to say is proportional to the mean value 
of <j5» reckoned over the spherical surface of radius r. Equation (a) rruiy 
be regarded as an extension of (1) § 279 ; it may also be proved 
from the expression (5) § 241 for ^^(j> in terms of the ordinary polar 
co-ordinates r, d, o). 


The general solution of (a) is 

rX = X -I- r) -H ^ — r) (/3), 

where x and 0 are arbitrary functions ; but, as in § 27 9, if the pole be 
not a source, x (^0 ^ ~ 

rA = x{a< + »-)-X (“<-’•) {i)- 

It appears from (y) that at 0, when r = 0, X = 2x'(ai5), which is 
therefore also the value of 47r<^ at 0 at time t. Again from (y) 

, , . d (r\) d (rX) 

V- 


so that 

or in the notation of § 273 




dr 


it=o) 


jj ^ ^ 

By writing at in place of r in (8) we obtain the value of 2x^ (at), or 
4:Tfj>, which agrees with (8) § 273. 


1 This note appeared in the first edition. 
^ Liouville, tom. i. p. 1, 1856. 



APPENDIX A. (§ 307 \) 

CORRECTION FOR OPEN END. 


The prolDlem of determining the correction for the open end of a 
tube is one of considerable difS.cultyj even ■when there is an in'finite 
flange. It is proved in the text (§ 307) that the correction a is greater 
than ■j-Tr 22, and less than (8y37r)i?. The latter Talue is obtained by 
calculating the energy of the motion on the supposition that the velocity 
parallel to the axis is constant over the plane of the mouth, and 
comparing this energy with the square of the total current. The act'ual 
velocity, no doubt, increases from the centre outwards, becoming infinite 
at the sharp edge ; and the assumption of a constant value is a some- 
■what violent one. ISTevertheless the value of a so calculated turns out 
to be nob greatly in excess of the truth. It is e-ndent that we 
should be justified in expecting a very good result, if we assume an 
axial velocity of the form 


1 -^fxryR^ + 

T denoting the distance of the point considered from the centre of the 
mouth, and then determine and fx! so as to make the whole energy a 
minina'um. The energy so calculated, though necessarily in excess, must 
be a very good approximation to the truth. 

In carrying out this plan we have two distinct problems to deal with, 
the determination of the motion (1) outside, and (2) inside the cylinder. 
The former, being the easier, we will take first. 

The conditions are that </> vanish at infinity, and that when a; = 0, 
d(f>ldcc vanish, except over the area of the circle r~R, where 

dct)jdx = 14 - + fx! 'r^/R^ ( 1 ). 

TTnder these circumstances we know (§ 278) that 

^=-ij/£7 

where p denotes the distance of the point where <jf> is to he estimate 
from the element of area dcr. Now 

2 (kinetic energy)“ = - J = jl^J 


1 This appendix appeared in the first edition. 

2 The density of the fluid is supposed to be unity. 
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if P represent the potential on itself of a disc of radius i?, whose 
density = 1 -k- 

The value of P is to be calculated by the method employed in the text 
(§ 307) for a uniform density. At the edge of the disc, when cut down 
to radius a, we have the potential 

20 fjLa^ 356 /xV , 

+ (3), 

and thus 

f, 14 6 , 314 ,214 , , 89 ,,, 

“ 3 r'^15'“'^2l'^ ■'■525^'*'675^^ 825^ / ^ 

on effecting the integration. This quantity divided by tt gives twice 
the kinetic energy of the motion defined by (1). 

The total current 

= j^ 2irrdr^l 4-/*^ = '^-^ (1 + + i/) (5)- 

We have next to consider the problem of determining the motion of 
an incompressible fluid within a rigid cylinder under the conditions 
that the axial velocity shall be uniform when cc = - oo , and when = 0 
shall be of the form 

dffijdx = 1 + 

It will conduce to clearness if we separate from (j), that part of it which 
corresponds to a uniform flow. Thus, if we take 

dcl>ldx = 1 + + + d\f/jdx, 

ij/ will correspond to a motion which vanishes when x is numerically 
great. When £c = 0, 

ci>j//dx =t^{r‘‘-^) + iJ.'{r*-^) (6), 

if for the sake of brevity we put J? = 1. 

Now may be expanded in the series 

ilf=^:^a^e^J,{pr) (7), 

where p denotes a root of the equation 

j:(p)=o ( 8 )^ 

Each term of this series satisfies the condition of giving no radial 


1 The nvunerical values of the roots are approximately 

i)i= 3-831705, ^>2= 7-015, ^>3= 10-174, 

^4=13-324, i)5=16-471, P8=19-616. 
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velocity, whea r = 1 ; and no motion of any kind, when a; = - qo , It 
remains to determine the coetdcients so as to satisfy (6), when a; = 0. 
From r = 0 to r = 1, we must have 

ipr) = - 1) + /.' (r<- J), 

whence maltiplying by J^ipr) rdr and integrating from 0 to 1, 

[•^o (?)]- = 2 rirJ^ {pr) {ix. {^-^) + / - J)}, 

every term on the left, except one, vanishing by the property of the 
functions. For the right-hand side we have 


f rdr J^(pr) — 0^ 

Jo 

L 

1^' 7^ drJ, (pr) = (p - P) -^0 (P) ■> 


■>^drJ,{pr)^^J„{p), 


SO that 


.(9). 


P^} 

The velocity-potential 0 of the whole motion is thus 

<^=(1 + + 

the summation extending to all the admissible values of p. We have 
now to find the energy of motion of so much of the flluid as is included 
between jc = 0, and cc = - ?, where I is so great that the velocity is there 
sensibly constant. 

By Green's theorem 

2 (kinetic energy) == j' <f>^ ^irrdr (cc=0)- j dr (x-- 1)- 

!Now, when xi- — l^ 

0 = - (1 + ^//, + 

(l<j>ldx =1 4- J/x + Jju' ; 
so that the second term is 7r^(l +!•/>*< + 

In calculating the first term, we must remember that if pi and p^ 
he two different values of p. 


rl 

2irr drJ^ (p^r) (pgr) = 0. 
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Thus 

/; w * I (. . 0) = 16 s /; *->■ * K w 

= 16.2{y. + 2/(l-|)}%-l 

Accordingly, on restoring By 

2 (kinetic energy) = ttB^I (1 + |/xh- 


To this must be added the energy of the motion on the positive side 
of 03 = 0. On the whole 


2 kinetic energy I 16 

(current)® ttR^ ttR (1 -^j/uL-t j f/y 

^ 1 -il/^ + P'f^' 




Zti^ R (1 + + ^fx'y 

Hence, if a be the correction to the length, 


3xa/85 — [1 + + (6ir ip ® fj? 

+ {24^(2r'-82;3-’) + M|}w' 

+ {24,r (ip-^ ~ 1 6%-^ + 64:ip->) + ^\} (14-^^+ 

By numerical calculation from the values of p 


2p-'= -00128266; 2p-'- 82^-"= -00061255, 

2j>-® - 162p-' + 642p-» = -00030351, 
and thus 3iraJS£ = [1 + •9333333;t+ -5980951 /x' 

+ -2622728 ,>? + -363223 ,x/x' + -1307634 /x'"]-r-(l + ^/x + 

_ •0666667fx + -0685716/- -0122728 /x“--029890/x/x'- -0196523 /x''* 

(1+J^X + J/)^ 

( 11 )- 


The fraction on the right is the ratio of t-w-o quadratic functions of 
/X, /, and our object is to determine its maximum value. In general if 
S and S' be t-wo quadratic functions, the maximum and minimum values 
of * = S-T-S' are given by the cubic equation 


- Az~‘ + ®z~‘ — ©'a-^ -(- A' = 0, 
where S = aiJ?+ + e -t- 2// + 2gp. + 2A/x/, 

S' = a' p} + J'/> + c' + 2/'/ + 2g'p + 2?i'pp', 

A = abc+ 2fgh - - S/- ch? = ~ ^ 

(X> 


& = (6c -/“) a' + (c*-/) V + (ab - h?) c' 

+ i{,gh-af)f' + 2(h/-lg)g' + % {fg-ch)h', 
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and A', are derived from 0 and A hy interchanging the accented and 
unaccented letters. 

In the present case, since is a product of linear factors, A' = 0 ; 
and since the two factors are the same, 0' = 0, so that = A — 0 simply. 
Substituting the numerical values, and effecting the calculations, we 
find ; 2 ; = -0289864-, which is the maximum value of the fraction consistent 
with real values of /x and fx. 

The corresponding value of a is *82422 i?, than which the true 
correction cannot be greater. 

If we assume /a' = 0, the greatest value of s then possible is *024363, 
which gives 

a = *828146 

On the other hand if we put jw, = 0, the maximum value of 2 ; comes 
out *027653, whence 

a =*825353^. 

It would appear from this result that the variable part of the 
normal velocity at the mouth is better represented by a term varying 
as than by one varying as r^. 

The value a = *8242 R is probably pretty close to the truth. If the 
normal velocity be assumed constant, a = *848826 if of the form 
l+/xr^, a = *82815 i?, when fx is suitably determined ; and when the 
form 1 -I- + /i.V'*, containing another arbitrary constant, is made 

the foundation of the calculation, we get a =*8242 72. 

The true value of a is probably about *82 R. 

In the case of /a= 0, the minimum energy corresponds to jx = 1-103, 
so that 

dcl>/dx = 1 + l-103rVi2^ 

On this supposition the normal velocity of the edge (r = B) would 
be about double of that near the centre. 

^ Notes on Bessel’s functions. Phil, Mag, Nov. 1872. 
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Leyden and electromagnet, i. 434 
Liouville’s theorem, i. 222 
Liquid cylinder and capillary force, ii. 352 
Lissajous’ Tiguies, i. 28 

,, phenomenon, ii. 349 
Load carried by string, i. 53 
Loaded spring, i. 57 
Longitudinal Vibrations, i. 242 
Loudness of Sounds, i. 13 
Low notes from flames, ii. 228 

Maintenance of aerial vibrations by heat, 
II. 226 

,, ,, vibrations, i. 79, 81 

Mass, effect of increase in, i. Ill 
Melde’s experiment, i. 81 
Membranes, boundary an approximate 
circle, i. 337 

„ Bourget’s observations on, 

I. 347 

„ circular, i. 318 

,, elliptical boundary, i. 343 

,, forced vibrations, i. 349 

,, form of maximum period, 

I. 341 

,, loaded, i. 334 

,, nodal figures of, i. 331 

„ potential energy, i. 307 

„ rectangular, i. 307 

,, triangular, i. 317 

Mersenne’s laws for vibration of strings, 

I. 182 

Microscope, vibration, i. 34 
Modulation, i. 10 

Moisture, effect of, on velocity of Sound, 
13. 30 

Motional forces, i. 104 
Motions, coexistence of small, i. 105 
Multiple sources, ii. 249 
Multiply-connected spaces, ir. 11 
Musical sounds, i. 4 

Narrow tubes, propagations of sound in, 

II. 319 

Nodallines for circular membrane, i. 331 
,, ,, „ rectangular membrane, 

I. 314 

,, ,, of square plates, r. 374 

„ meridians of bells, i. 389, 391 
Nodes and Loops, ii. 51, 77, 403 


Nodes of vibrating strings, i. 223 
Normal coordinates, i. 107 
,, functions, i. 118 

,, „ for lateral vibrations 

of bars, i. 262 

Notations, comparison of (elasticity), 
i. 353 

Notes and Noises, i. 4 
„ „ Tones, 1 . 13 

Obstacle, cylindrical, ri. 309 
,, in elastic solid, ii. 420 

„ linear, ir. 423 

„ spherical, I. 272 

Octave, Beats of, ii. 464 

,, corresponds to 2 : 1, i. 7, 8 
Ohm’s law, exceptions to, ii. 443 
One degree of freedom, i. 43 
Open end, condition for, ii. 52, 196 
„ ,, correction for, ii. 487 

„ ,, experiments upon correction 

for, II. 201 

Order, vibrations of the second, ii. 480 
Organ-pipes, ii. 218 

,, influence of wind in dis- 
turbing pitch, II. 219 
„ maintenance of vibration, 

ii. 220 

„ mutual influence of, ii. 222 
„ overtones of, ii. 221 
Overtones, i. 13 

,, absolute pitch by, I. 88 
,, best way of hearing, ii. 446 

Pendulous vibration, i. 19 
Period, i. 19 

,, calculation of, i. 44 
Periodic vibration, i. 5 
Periods of free vibrations, i. 109 

,, ,, lateral vibration of bars, i. 277 

,, for rectangular membrane, i. 311 
,, stationary in value, r. 109 
Permanent type, waves of, ii. 32 
Persistances, theorem respecting, i. 126 
Phase, I. 19 

,, does it influence quality? ii. 467, 
469 

Phases at random, i. 36 

Phonograph, n. 473 

Phonic wheel, r. 67 

Pianoforte string, 1 . 191 

Pisa Baptistery, resonance in, ii. 128 
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Pitch, I. 4, 13 
„ absolute, r. 85 

„ estimation of, ir. 433 

„ high, bird-calls of, ii. 411 
„ number of impulses necessary for 
definition of, ii. 452 
„ range of audibility, ii. 432 
„ related to frequency, i. 6 
„ standard, i. 9 

Plane waves of aerial vibration, ii. 15 
,, ,, reflection of, ii. 427 

Plateau’s theory of jets, ii. 364 
Plate plane, i. 404 

„ vibrating circular, reaction of air 
upon, II. 162 
Plates, circular, i. 359 

,, clamped edge, i. 367 

,, comparison vvith observation, i. 
362 

,, conditions for free edge, i. 357 
,, curved, i, 395 

,, gravest mode of square, i. 379 

„ KirchhofiE’s theory, i. 368, 370 
„ nodal lines by symmetry, i. 381 
,, oscillation of nodes, r. 365 

„ potential energy of bending, i. 353 

,, rectangular, i. 371 

„ theory of a special case, i. 372 
„ vibrations of, i. 352 

Point, most general motion of a, of a 
system executing simple vibrations, 
II. 479 

Poisson’s integral, ii. 38, 41 

,, solution for arbitrary initial 
disturbance, ii. 99 
Porous walls, ii. 328 
Potential energy, i. 92, 353 

„ „ of bending, i. 256 

Pressure, equations of, ir. 2, 14 
Probability of various resultants, i. 41 
Progressive waves, i. 475 

,, „ subject to damping, 

I. 232 

Propagation of sound in water, i. 3 

Quality of sounds, i. 13; ii. 467, 469 
Quinche’s tubes, ii. 210 

Eadiation, ejffect of, on propagation of 
Sound, II. 24 

Bankine’s calculation of specific 'heats, 
II. 23 


Eeaetion at driving point, i. 158 

,, of a dependent system, i. 167 
Beciprocal relation, i. 93, 95, 98, 150 
„ theorem, ii. 145 
Bectangnlar chamber, ii. 70, 156 
,, membrane, i. 307 

,, Plate of air, II. 74 

Beed instruments, ii. 234 
„ interrupter, r. 457 
Beflection and refraction of plane waves, 
II. 78 

„ from a corrugated surface, ii. 
89 

„ „ plate of air of finite 

thickness, ii. 87 
,, „ porous wall, ii. 330 

,, „ curved surfaces, ii. 126 

,, „ strata of varying tempe- 

rature, ii. 83 
,, „ wall, II. 77 

,, of waves at a junction of two 
strings, i. 234 

„ , , waves in elastic solid, ii. 427 

,, total, ri. 84 

Befraction, atmospheric, ir. 130 
,, by wind, ir. 133, 135 

Begnault’s experiments on specific 
heats, II. 23 
Resistance, i. 160, 437 
,, forces of, i. 137 

„ generalised, i. 449 

„ of wires to alternating cur- 

rents, I. 464 
Resonance, i. 70 

„ cases, I. 59 
,, in buildings, ii. 128, 333 
„ multiple, II. 189 
Resonator, ir. 447 

,, absorption of Sound by, II. 209 

,, and double source, ii. 214 

,, close to source, n. 211 

,, excitation by flames, ir. 227 

,, ,, of, II. 218 

„ experiments upon pitch of, 

II. 203 

„ forced vibration of, n. 195 

„ loss of energy from, n. 198 

„ two or more, u. 215 
Resonators and forks, i. 85 

, , comparis on with experiment, 

II. 187 

„ natural pitch of, n. 174 
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Resonators, repulsion of, ii. 42 
,, theory of, ii. 170 
Riemann’s etjuations, ii. 39 
Rijhe’s Sound, ii. 232 
Ring, vibrations of, i. 383 
Rings, circular, vibrations of, i. 304 
Ripples, used for determination of capil- 
lary tension, ir. 346 

Roots of determinantal equation, i. 139 
Routh’s theorems, 1 . 140 

Sand, movements of, i. 368 
Savart’s observations upon jets, ii. 363, 
371 

Second approximation, i. 76, 78; ir. 480 
,, order, phenomena of, ii. 41 
Secondary circuit, influence of, i. 160, 
437 

,, waves, due to variation of 
medium, ii. 150 
Self-induction, i. 160, 437, 434 
Sensitive flames, ii. 400 

,, jets of liquid in liquid, ii. 406 
Shadow caused by sphere, ii. 255 
,, of circular disc, ii. 143 

Shadows, ii. 119 
Shell, cylindrical, i. 384 
„ effect of rotation, i. 387 
„ observations by Penher, i. 387 
„ potential and kinetic energies, i. 
385 

,, tangential vibrations, i. 388 
Shells, I. 395 

„ conditions of inextension, i. 398 

,, conical, i. 399 

,, cylindrical, potential energy, i. 

403 

,, ,, extensional vibra- 

tions, I. 407 

,, potential energy of tending, i. 

411 

,, flexural and extensional vibra- 

tions, I. 396 

,, normal inextensional modes, i. 

401 

„ spherical, i. 401, 417, 420 

Signals, fog, ii. 135 

Silence, points of, due to interference, 
II. 116 

Similarity, dynamical, ii. 410, 413, 429 
Singing flames, ii. 227 
Smoke jets, sensitive, ii. 401 


Smoke jets, periodic view of, ii. 405 
Solid bodies, vibrations of, ii. 415 
„ elastic plane waves, ii. 416 
„ limited initial disturbance, ii. 417 
,, small obstacle in, ii. 420 
Sondhauss’ observations upon bird-calls, 
II. 410 

Sonometer, i. 183 

Sound, movements of, i. 368 

Source, linear, ii. 421 

,, of harmonic type, ii. 105 
,, of sound, direction of, ii. 441 
Sources, multiple, ii. 249 

„ simple and double, ii. 146 
Sparks for intermittent illumination, i. 34 
Speaking trumpet, ii. 113, 138 
„ tubes, I. 3 
Specific heats, ii. 20 

Sphere, communication of motion to air 
from vibrating, ii. 328 
,, obstructing, on which plane 
waves impinge, ii. 272 
,, ,, pressure upon, ii. 279 

Spherical enclosure, gas contained with- 
in a, II. 264 

„ waves, energy propagated, ii. 

112 

„ harmonics, table of zonal, ii. 

251 

„ sheet of gas, ii. 285 

„ ,, transition to two dimen- 

sions, II. 296 
„ waves, II. 109 

Spring, i. 57 

Standard of pitch, i. 9, 60 
Standing waves on running water, ii. 350 
„ jets of liquid in liquid, ii. 406 
Statical theorems, i. 92, 95 
Steel, velocity of sound in a wire of, i. 
245 

Steps, reflection from, ir. 453 
Stokes, investigation of communication 
of vibration from sounding 
body to a gas, ii. 239 
„ on effect of radiation on propa- 
gation of Sound, II. 24 
„ theorem, i. 128 

Stop-cock, effect of, in disturbing sensi- 
tive flames, ii. 404 
Stream -function, ii. 4 
Striations in Xundt’s tubes, ii. 47 
String, employed in experiments on the 
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analysis of sounds by the ear, 
1. 191 ; II. 444 

String extremities not absolutely fixed, 
I. 200 

,, finite load, i. 204 
,, forced vibrations of, i. 192 
, , imperfect flexibility, r. 239 

, , mass concentrated iu equidistant 

points, 1 . 172 

,, nodes under applied force, i. 223 
,, • normal Modes, i. 185 
,, of pianoforte, i. 191 

,, ,, variable density, i. 115, 215 

,, partial Differential Equation, i. 

177 

,, propagation of waves along, i. 224 

„ reflection at a junction, i. 235 

,, SeebecFs observations, i. 184 

,, stretched on spherical surface, 

I. 213 

„ tones form a musical note, 1 . 181 

,, transverse vibrations of, 1 . 170 

„ values of 'X and F, i. 178 

,, vibrations started byplucMng,t. 

188 

„ ,, „ ,, a blow, 1 . 188 

,, violin, I. 209 

„ with load, i- 53 

„ ,, two attached masses, r. 1C5 

Stroboscopic disc, i. 35 ; ii. 407 
Strouhal’s observations upon luolian 
tones, II. 413 
Sturm’s theorems, i. 217 
Subsidence, rates of, i. IBB 
Summation-tone, n. 459 
Superposition, jjrinciple of, i. 49 
Supply tube, influence of, in sensitive 
flames, II. 229 
Syren, i. 5 ; ii. 469 

,, for determining pitch, i. 9 

Telephone expcriinent on conducting 
screen, i. 460 

,, minimum current audible, 

I. 473 

,, plate, L 367 

„ {nee Electricity}, theory of, 

I. 471 

Temperament, i. ID ; ii. 445 
„ equal, i. 10 

Temperature, effect of, in altering vis- 
cosity, XI. 40B 


Temperature, eflect of, on forks, i. 60, 
86 

„ influence on velocity of 
sound, II. 29 

Tension, capillary, determined by me- 
thod of ripples, ii. 346 
Terling bells, i. 393 

Theory, Helmholtz’s, of audition, ii. 
448 

Third, i. 8 

„ major, beats of, n. 465 
Time, principle of least, ii, 126 
Tone corresponds to simple vibration, 

I. 17 ; II. 447 
Tones and Notes, i. 13 

„ pure from forks, i. 59 ; ii- 463 
Tonic, I. 8 

Tonometer, Scheibler’s, r. 62 
Torsional vibrations of bars, i. 263 
Transformation to sums of squares, i. 
108 

Transition, gradual, of density, i. 235 
Transverse vibrations in elastic solids, 

II. 416 

Trevelyan’s rocker, ir. 224 
Triangular membrane, i. 317 
Trumpet, speaking, ii. 113, 138 
Tube, unlimited, containing simple 
source, II. 158 
Tubes, branched, ii. 65 

,, Kundt’s, II. 47 ; n. 334 

,, rectangular, ii. 73 

,, variable section, ir, 67 

,, vibrations in, II. 49 

Tuning by beats, i. 23 
Twelfth (3 : 1), i. 7 
Two degrees of freedom, 1 . 160 
Tyndall’s high pressure sensitive flame, 
II. 401 

Typo, change of, ii. 84 

Fariable section, tubes of, ii. 67 
Vehicle necessary, 1 . 1 
Velocity and condensation, relation be- 
tween, II. 16, 35 
,, in Air, i. 2 

„ independent of Intensity and 
Pitch, r. 2 

„ miniinum, of waves on water, 
II. 345 

„ of sound, dependent on tenape- 
rature, ii. 29 
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Velocity of sound in air, observations 

Water, surface waves on, ii. 344 

upon, ii. 47 

,, waves on running, ri. 350 

,, „ in water, ii. 30 

Waves, aerial, diverging in two dimen- 

,, „ Laplace’s correction. 

sions, II. 304 

II. 19, ^0 

„ dilatational, in an elastic solid, 

,, ,, Newton’scalculation, 

II. 416 

II. 18 

„ diverging, ii. 123 

,, -potential, ii. 4, 8 , 15 

,, of permanent type, ii. 32 

Velocities, system started with given, i. 99 

„ on water, ii. 344 

Vibration, forced, i. 63 

„ plane, energy half potential and 

Vibrations, forced and free, i. 49 

• half kinetic, ii. 17 

„ of the second order, ri. 480 

„ „ exact investigation of, n. 

Violin string, i. 209 

31 

Viscosity, analogy with elastic strain, 

,, ,, of aerial vibration, ii. 15 

II. 313 

,, ,, of transverse vibration, 

,, defined, 11 . 312 

II. 416 

,, narrow tubes with small, II. 325 

,, positive and negative, i. 227 

„ of air, II. 313 

„ progressive, i. 475 

„ varied by temperature, ii. 408 

„ . „ subject to damping, 

Viscous fluid, propagation of plane waves 

I. 232 

in, II. 315, 322 

,-, secondary, due to variation of 

,/ ■ ,, ^threads of, 41. 375 , - 

^• 4 ^ uiedium, ir. 150 

,, ,, transverse vibrations^ xn^ 

' spherical, II. 109 “ 

IL 317 T 

standing, on running water, ii. 

Vortex motion and sensitive jets, ir. 376 

350 

Vortices in Kundt’s tube^ ii. 340 ^ ^ ^ 

4 ^: . .e^’aiioilary, 1 . 227 

Vortieity, case of stability, ii. 384 

„ two trains crossing obliq[uely, 

„ general equation for stratified. 

... ir. 76 

II. 383' ' 

Wheatstone’s bridge, i. 4*49 

„ layers of uniforih, ii. 385 

„ kaleidophone, I. 32 

Vowel A, Hermann’s results, ii, 475, 476 

Wheel, phonic, i. 67 

Vowels, artificial, ii. 471, 477, 478 

Whispering galleries, ii. 127 

,, investigated by phonograph, ii. 

Whistle, steam, ii. 223 

474 

Whistling by the mouth, ii. 224 

,, pitch of characteristic, two theo- 

Wind, refraction by, n. 132, 135 

ries, u. 473 

Windows, how affected by explosions, 

,, presence of prime tone, ii. 477 

II. Ill 

,, question of double resonance, 

Wires, conveyance of sound by, i. 3, 251 

n. 477 

„ electrical currents in, i. 404 1 

,, Wheatstone and Helmholtz’s, 


ir, 472 

Young’s modulus, r. 243 

,, Willis’s experiments and theo- 

„ theorem regarding vibrations of 

ries, II. 470 

strings, 1 . 187 

Wall, porous, ii. 328 

Zonal spherical harmonics, ii. 251 

„ reflexion from fixed, ii. 77, 108 

Zones of Huygens or Fresnel, ir. 119, 

Water, propagation of sound in, i. 3 ; 

141 

II. 30 
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